
Before	
  Topic	
  3	
  –	
  
Summary,	
  Important	
  formulas	
  

and	
  expressions	
  



Clarifica<on/recall	
  

TIME

<latexit sha1_base64="FZLC2qq1h77MJvj3qzoX6r6Mk4M="></latexit>

FREQUENCY

<latexit sha1_base64="k+6aB4ySK2ZwQBuJ5M+KuTCAXZo="></latexit>

Analysis	
  Equa<on	
  
(Direct)	
  “Transforma<on”	
  	
  	
  

FREQUENCY

<latexit sha1_base64="k+6aB4ySK2ZwQBuJ5M+KuTCAXZo="></latexit>

TIME

<latexit sha1_base64="FZLC2qq1h77MJvj3qzoX6r6Mk4M="></latexit>

Synthesis	
  Equa<on	
  
Inverse	
  “Transforma<on”	
  	
  



Continua en frecuenciaDiscreta en frecuencia

Periódica 
en 

frecuencia

DTFTDTFSDiscreta en 
el tiempo

No 
periódica 

en 
frecuencia 

CTFTCTFSContinua 
en el 

tiempo

No periódica en el tiempoPeriódica en el tiempo
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Apéndice: Resumen de transformaciones
Summary:	
  “Fourier	
  so	
  far”	
  

•  did	
  you	
  have	
  studied	
  something	
  more?	
  

Analysis	
  	
  

Analysis	
  –	
  CT	
  Fourier	
  Transform	
  	
  	
  

Analysis	
  –	
  DT	
  Fourier	
  Transform	
  	
  	
  

Synthesis	
  –	
  DT	
  Fourier	
  Series	
  	
  	
   Synthesis	
  –	
  Inverse	
  Fourier	
  Transform	
  	
  

Synthesis	
  –	
  Inverse	
  Fourier	
  Transform	
  	
  

Synthesis	
  –	
  CT	
  Fourier	
  Series	
  	
  	
  

Analysis	
  	
  



Generalized	
  Fourier	
  Transforms	
  
(mathema<cally…is	
  …)	
  

•  	
  for	
  periodic	
  signals	
  (including	
  constants)	
  

!0 =
2⇡

T

<latexit sha1_base64="E2eNqGsM8i4dgTUQnxGxbEExmn4=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJWkVHQjFNy4rNAXNKFMppN26DzCzEQoIRt/xY0LRdz6Ge78G6dtFtp64MLhnHu5954oYVQbz/t21tY3Nre2Szvl3b39g0P36LijZaowaWPJpOpFSBNGBWkbahjpJYogHjHSjSZ3M7/7SJSmUrTMNCEhRyNBY4qRsdLAPQ0kJyM08G6DWCGc1YKE5lkrH7gVr+rNAVeJX5AKKNAcuF/BUOKUE2EwQ1r3fS8xYYaUoZiRvBykmiQIT9CI9C0ViBMdZvMHcnhhlSGMpbIlDJyrvycyxLWe8sh2cmTGetmbif95/dTEN2FGRZIaIvBiUZwyaCScpQGHVBFs2NQShBW1t0I8RjYIYzMr2xD85ZdXSadW9evVq4d6pVEv4iiBM3AOLoEPrkED3IMmaAMMcvAMXsGb8+S8OO/Ox6J1zSlmTsAfOJ8/lXqWXw==</latexit>

⌦0 =
2⇡

N

<latexit sha1_base64="ZU2KJy5Ek2r1tlVGSdjC8+drLtE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokpaIboeDGlVawD2hCmEwn7dCZSZiZCCVk46+4caGIWz/DnX/jtM1CWw9cOJxzL/feEyaMKu0431ZpZXVtfaO8Wdna3tnds/cPOipOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG4+up330kUtFYPOhJQnyOhoJGFCNtpMA+8u44GaLAufIiiXBW9xKaZ7d5YFedmjMDXCZuQaqgQCuwv7xBjFNOhMYMKdV3nUT7GZKaYkbyipcqkiA8RkPSN1QgTpSfzR7I4alRBjCKpSmh4Uz9PZEhrtSEh6aTIz1Si95U/M/rpzq69DMqklQTgeeLopRBHcNpGnBAJcGaTQxBWFJzK8QjZILQJrOKCcFdfHmZdOo1t1E7v29Um40ijjI4BifgDLjgAjTBDWiBNsAgB8/gFbxZT9aL9W59zFtLVjFzCP7A+vwBWTyWOQ==</latexit>

X(!) = 2⇡
+1X

k=�1
ak�(! � k!0)

<latexit sha1_base64="nCzwDVztxqd0y+SJxgk+xcbmfhw="></latexit>

G

<latexit sha1_base64="im6RoAyzZlJdE3PPGTz9W5DrtT8="></latexit>

X(!) = 2⇡
+1X

k=�1
ak�

✓
! � k

2⇡

T

◆

<latexit sha1_base64="gcjvtFje/JcaigaGChnNlYfY0mU="></latexit>

G

<latexit sha1_base64="im6RoAyzZlJdE3PPGTz9W5DrtT8="></latexit>

X(⌦) = 2⇡
+1X

k=�1
ak�

✓
⌦� k

2⇡

N

◆

<latexit sha1_base64="esGMAJg3Kt5qj9nszc1IU1SNscU="></latexit>

G

<latexit sha1_base64="im6RoAyzZlJdE3PPGTz9W5DrtT8="></latexit>

X(⌦) = 2⇡
+1X

k=�1
ak�(⌦� k⌦0)

<latexit sha1_base64="ihkNAlwonMKdpeV26Uwq4V+kKfw="></latexit>

G

<latexit sha1_base64="im6RoAyzZlJdE3PPGTz9W5DrtT8="></latexit>



Generalized	
  Fourier	
  Transforms	
  
(mathema<cally…is	
  …)	
  

•  The	
  Generalized	
  Fourier	
  Transform	
  can	
  be	
  also	
  
used	
  for	
  SUM	
  OF	
  PERIODIC	
  SIGNALS	
  

•  	
  even	
  if	
  the	
  signal	
  defined	
  as	
  sum	
  of	
  signals	
  is	
  
not	
  periodic	
  	
  

•  does	
  z(t)	
  admit	
  Fourier	
  Series?	
  NO!	
  

z(t) = x1(t) + x2(t)

<latexit sha1_base64="YXWe+x2RMT0WfDBNZK78sLph940="></latexit>

periodic

<latexit sha1_base64="toc8UFcE3asTww/igqD+ako8rCs="></latexit>

periodic

<latexit sha1_base64="toc8UFcE3asTww/igqD+ako8rCs="></latexit>

non-periodic

<latexit sha1_base64="1d6eOUnCwaDJt6bNJ2D0Cnul34I="></latexit>

ZG(!) = X1G(!) + X2G(!)

<latexit sha1_base64="R8DQTtHC+Sbu9wWXYuI00SDoUvU="></latexit>

lucamartino
Text Box
Also some other  non-periodic  signals of infinite energies can have a Generalized  TF...



If	
  x(t),	
  x[n]	
  is	
  real	
  	
  

x(t) = x(t)⇤

<latexit sha1_base64="gXEz2OklSFHiqPCiEIjh5z81bJ4="></latexit>

x[n] = x[n]⇤

<latexit sha1_base64="mavM6GPirxqPZlB4UO4qpsNqVHA="></latexit>

if also periodic, i.e., x[n] = x[n + N ]

<latexit sha1_base64="Q6QU10bTFdV+3eWLqrPTpPp8X/8="></latexit>

if also periodic, i.e., x(t) = x(t + T )

<latexit sha1_base64="n/MIWF2E5q+OV0uyfvUUp2Wpfl8="></latexit>

ak = a⇤�k

<latexit sha1_base64="AQmna8TRiQx9PZgEowgfDmxjUzg="></latexit>

ak = a⇤�k

<latexit sha1_base64="AQmna8TRiQx9PZgEowgfDmxjUzg="></latexit>

X(!) = X(�!)⇤

<latexit sha1_base64="yrsnzmRHf7Il9/BRoK6ubtjVf7k="></latexit>

X(⌦) = X(�⌦)⇤

<latexit sha1_base64="sIwPDwnWF2yd0bq2GE0Cp2687+8="></latexit>



If	
  x(t),	
  x[n]	
  is	
  real	
  	
  

This implies:

<latexit sha1_base64="OF7PYJLDGGZSMfKiPH+FlFSbGYs="></latexit>

This implies:

<latexit sha1_base64="OF7PYJLDGGZSMfKiPH+FlFSbGYs="></latexit>

|X(⌦)| = |X(�⌦)|

<latexit sha1_base64="mCQskpPCodRe31QSuH2OWFzP27A="></latexit>

|X(!)| = |X(�!)|

<latexit sha1_base64="vR77WWOCFlFVYdKRSLxxiIbWdrw="></latexit>

|ak| = |a�k|

<latexit sha1_base64="hjH4YIkzFydnf5ePXnMl0KEAmOI="></latexit>

|ak| = |a�k|

<latexit sha1_base64="hjH4YIkzFydnf5ePXnMl0KEAmOI="></latexit>

even module and real part

<latexit sha1_base64="ORLQw6mcXVKTORam2NC0w3PQ+K4="></latexit>

even module and real part

<latexit sha1_base64="ORLQw6mcXVKTORam2NC0w3PQ+K4="></latexit>

Re{X(!)} = Re{X(�!)}

<latexit sha1_base64="vnKfIwgnHqGNOjAyRhayy4xknl4="></latexit>

Re{ak} = Re{a�k}

<latexit sha1_base64="0JixycEdz4LoRLFx+INPEsc8gFY="></latexit>

Re{ak} = Re{a�k}

<latexit sha1_base64="0JixycEdz4LoRLFx+INPEsc8gFY="></latexit>

Re{X(⌦)} = Re{X(�⌦)}

<latexit sha1_base64="ogLwcypIVRvNe27fG7+CK0JHgV0="></latexit>

odd phase and imag. part

<latexit sha1_base64="1Fg1xYXmNjaEK3e8xa38MiufELk="></latexit>

odd phase and imag. part

<latexit sha1_base64="1Fg1xYXmNjaEK3e8xa38MiufELk="></latexit>

Im{X(⌦)} = �Im{X(�⌦)}

<latexit sha1_base64="vMjGNgFOAfhdXVc6O3tV4XR/Bqw="></latexit>

Im{X(!)} = �Im{X(�!)}

<latexit sha1_base64="v7gkD10HbZpGNgCWbvNo4NC+y2c="></latexit>

Im{ak} = �Im{a�k}

<latexit sha1_base64="22SGxFZuIrpThhR669RzyvgsLmE="></latexit>

Im{ak} = �Im{a�k}

<latexit sha1_base64="22SGxFZuIrpThhR669RzyvgsLmE="></latexit>



ONLY	
  for	
  discrete	
  <me	
  (x[n])	
  

ONLY FOR DISCRETE TIME!!!!

<latexit sha1_base64="BTos1SSHh8Je3+g6+vq4K9PNoyY="></latexit>

ak = ak+N

<latexit sha1_base64="AKr2geyuHbq0AOuaOMPlGp/s4W8="></latexit>

X(⌦) = X(⌦ + 2⇡)

<latexit sha1_base64="wvHoo/RF2h1hXmXOowaV3AC3E9g="></latexit>

PERIODIC !!

<latexit sha1_base64="/It2HOzg92kxJQkl3TsrC5vzmxs="></latexit>

PERIODIC !!

<latexit sha1_base64="/It2HOzg92kxJQkl3TsrC5vzmxs="></latexit>

SPOILER:	
  THERE	
  IS	
  an	
  IMPORTANT	
  EXCEPTION	
  !	
  
See	
  the	
  end	
  of	
  these	
  slides….	
  



VERY	
  IMP	
  SLIDE:	
  
	
  Discrete	
  <me	
  !	
  periodicity	
  in	
  frequency	
  

x[n]

<latexit sha1_base64="vSC461ee7bCqkWNGpngjB/TMHHU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevJlMKjW3Lo7B1olXkFqUKA1qH71hzFJBZWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SiQXVQTa/dYbOrDJEUaxsSYPm6u+JDAutpyK0nQKbsV72cvE/z09NdB1kTCapoZIsFkUpRyZG+eNoyBQlhk8twUQxeysiY6wwMTaeig3BW355lXQu6l6jfnnfqDVvijjKcAKncA4eXEET7qAFbSAwhmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMX1I5I</latexit>

Transform

<latexit sha1_base64="DbuIhphvEDbw85sPuRxvzvYXEW0=">AAAB/3icbVDLSsNAFJ3UV42vqODGzWApuCqJVHRZdOOyQl+QhjKZTtqhM5MwM5GW2IW/4saFIm79DXf+jdM2C209cOFwzr3ce0+YMKq0635bhbX1jc2t4ra9s7u3f+AcHrVUnEpMmjhmseyESBFGBWlqqhnpJJIgHjLSDke3M7/9QKSisWjoSUICjgaCRhQjbaSec1Ie+yKwuzyMx1lDIqGiWPJpzym5FXcOuEq8nJRAjnrP+er2Y5xyIjRmSCnfcxMdZEhqihmZ2t1UkQThERoQ31CBOFFBNr9/CstG6UOz2JTQcK7+nsgQV2rCQ9PJkR6qZW8m/uf5qY6ug4yKJNVE4MWiKGVQx3AWBuxTSbBmE0MQltTcCvEQSYS1icw2IXjLL6+S1kXFq1Yu76ul2k0eRxGcgjNwDjxwBWrgDtRBE2DwCJ7BK3iznqwX6936WLQWrHzmGPyB9fkDBweWIg==</latexit>

periodicity in frequency

<latexit sha1_base64="gQWOuhdGjaJ8Dl4mW9tQcp1DdAI=">AAACG3icbVDLSgMxFM34tr6qLt0Ei+CqzBRFl0U3LivYB7RDyWTuaGgmGZOMOAzzH278FTcuFHEluPBvTNtZqPVA4HDOvTf3niDhTBvX/XLm5hcWl5ZXVitr6xubW9XtnY6WqaLQppJL1QuIBs4EtA0zHHqJAhIHHLrB6Hzsd+9AaSbFlckS8GNyLVjEKDFWGlYbB/d94VfywWRUriAsBnEg7/MEFJMho8xkmAkcKbhNQdCsKIbVmlt3J8CzxCtJDZVoDasfg1DSNAZhKCda9z03MX5OlGGUQ1EZpBoSQkfkGvqWChKD9vPJQgU+sEqII6nsEwZP1J8dOYm1zuLAVsbE3Oi/3lj8z+unJjr1cyaS1Ni7ph9FKcdG4nFQOGQKqOGZJYQqZnfF9IYoQo2Ns2JD8P6ePEs6jbp3VD++PKo1z8o4VtAe2keHyEMnqIkuUAu1EUUP6Am9oFfn0Xl23pz3aemcU/bsol9wPr8BCd2isg==</latexit>

ak = ak+N

<latexit sha1_base64="AKr2geyuHbq0AOuaOMPlGp/s4W8="></latexit>

X(⌦) = X(⌦ + 2⇡)

<latexit sha1_base64="wvHoo/RF2h1hXmXOowaV3AC3E9g="></latexit>

PERIODIC !!

<latexit sha1_base64="/It2HOzg92kxJQkl3TsrC5vzmxs="></latexit>

PERIODIC !!

<latexit sha1_base64="/It2HOzg92kxJQkl3TsrC5vzmxs="></latexit>

x[n]

<latexit sha1_base64="vSC461ee7bCqkWNGpngjB/TMHHU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevJlMKjW3Lo7B1olXkFqUKA1qH71hzFJBZWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SiQXVQTa/dYbOrDJEUaxsSYPm6u+JDAutpyK0nQKbsV72cvE/z09NdB1kTCapoZIsFkUpRyZG+eNoyBQlhk8twUQxeysiY6wwMTaeig3BW355lXQu6l6jfnnfqDVvijjKcAKncA4eXEET7qAFbSAwhmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMX1I5I</latexit>

if periodic

<latexit sha1_base64="u1NYExKbSGNSfFKmGukA080a9Cw="></latexit>



Convolu<on	
  in	
  <me….product	
  in…	
  

y(t) = x(t) ⇤ h(t)

<latexit sha1_base64="f3P+LSAlwmhOkImrC0mzQjmkRck="></latexit>

y[n] = x[n] ⇤ h[n]

<latexit sha1_base64="0cnKsybG36Og4n2YUNMYqbrUbQU="></latexit>

Y (⌦) = X(⌦)H(⌦)

<latexit sha1_base64="JYkuK5vfPqGtI404Uu2/rX6qFHs="></latexit>

Y (!) = X(!)H(!)

<latexit sha1_base64="rewolP9XolorLuHrzOTFywnIqb4="></latexit>



Deriva<ves,	
  differences….	
  

tx(t)

<latexit sha1_base64="/C9Edf3hlSYzX2C9EQDCMCjI6iI="></latexit>

j
dX(!)

d!

<latexit sha1_base64="RVyEck99FYwQchNtFaMh7zI4GPg="></latexit>

⌦

<latexit sha1_base64="YXUiyp1m0M5mohR4AEXU0V54AAs="></latexit>

⌦

<latexit sha1_base64="57HOhmICRCfcOGOnrKAja4IAShI="></latexit>

d

i
x(t)
dt

i

<latexit sha1_base64="f+KHCw20Hh/XDDbQ5k8eKGqoIZk=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuimJVHRZdOOygn1Am5bJZNIOnTyYuRFLCPgrblwo4tbvcOffOG2z0NYDFw7n3Mu997ix4Aos69sorKyurW8UN0tb2zu7e+b+QUtFiaSsSSMRyY5LFBM8ZE3gIFgnlowErmBtd3wz9dsPTCoehfcwiZkTkGHIfU4JaGlgHvV8SWjq9Tl+rMBZlnrQ59nALFtVawa8TOyclFGOxsD86nkRTQIWAhVEqa5txeCkRAKngmWlXqJYTOiYDFlX05AETDnp7PwMn2rFw34kdYWAZ+rviZQESk0CV3cGBEZq0ZuK/3ndBPwrJ+VhnAAL6XyRnwgMEZ5mgT0uGQUx0YRQyfWtmI6IzgN0YiUdgr348jJpnVftWvXirlauX+dxFNExOkEVZKNLVEe3qIGaiKIUPaNX9GY8GS/Gu/Exby0Y+cwh+gPj8wcVu5WU</latexit>

(j!)iX(!)

<latexit sha1_base64="P2Xo3G9m/qT9TOQLqITkcQs6vOQ=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2AptCBlRiq6LLpxWcFeoDcymUwbm7mQnBHL0Jdw46u4caGIW8Gdb2PazkJbfwh8/OccTs7vRIIrsKxvI7Oyura+kd3MbW3v7O6Z+wcNFcaSsjoNRShbDlFM8IDVgYNgrUgy4juCNZ3R1bTevGdS8TC4hXHEuj4ZBNzjlIC2+uZJoeNJQhO3x/FDEUqTxIUen+SKd53QZwNS0n6rmHLfzFtlaya8DHYKeZSq1je/Om5IY58FQAVRqm1bEXQTIoFTwSa5TqxYROiIDFhbY0B8prrJ7KoJLmjHxV4o9QsAz9zfEwnxlRr7ju70CQzVYm1q/ldrx+BddBMeRDGwgM4XebHAEOJpRNjlklEQYw2ESq7/iumQ6JRAB5nTIdiLJy9D47RsV8pnN5V89TKNI4uO0DEqIhudoyq6RjVURxQ9omf0it6MJ+PFeDc+5q0ZI505RH9kfP4AcmKdvg==</latexit>

x[n� d]

<latexit sha1_base64="xM3p3FTd87Rn2k7GSGqvKJN4Egc="></latexit>

e�j⌦dX(⌦)

<latexit sha1_base64="JNelMpf3LZCkAzDtgihnzY165HI="></latexit>



Parseval	
  Rela<onships	
  

⌦

<latexit sha1_base64="YXUiyp1m0M5mohR4AEXU0V54AAs="></latexit>

1
T

Z

T
|x(t)|2dt =

1X

k=�1
|ak|2

<latexit sha1_base64="Dvmgv8zXpaCdOk+jk+vWYkmVC+Y="></latexit>

1
N

X

n=<N>

|x[n]|2 =
X

k=<N>

|ak|2

<latexit sha1_base64="F10EF+b119rrR9N6CR52qU+0k/I="></latexit>

non-periodic

<latexit sha1_base64="sgL/cs3Li7cY836YgoVqpwphT4U="></latexit>

non-periodic

<latexit sha1_base64="sgL/cs3Li7cY836YgoVqpwphT4U="></latexit>

periodic

<latexit sha1_base64="tXpYBmGJvKviTueWCL7htpJla+U="></latexit>

periodic

<latexit sha1_base64="tXpYBmGJvKviTueWCL7htpJla+U="></latexit>

Discrete Time

<latexit sha1_base64="EoI4oZQHmwzjtFa7xcfeCfAhyKg="></latexit>

Continuous Time

<latexit sha1_base64="RuCVlajSX6qgnuB5SYgN8rwBTAI="></latexit>



Finite-­‐length	
  signals,	
  and	
  their	
  
periodic	
  “brothers”…	
  

t

<latexit sha1_base64="Mka1Ojtg8zupu+rERpxf0gbGEQ8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1gNOE+xEdKREKRtFKTRyUK27VXYCsEy8nFcjRGJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHRGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuGtnwmVpMgVWy4KU0kwJvOvyVBozlBOLaFMC3srYWOqKUObTcmG4K2+vE7aV1WvVr1u1ir1Wh5HEc7gHC7Bgxuowz00oAUMODzDK7w5j86L8+58LFsLTj5zCn/gfP4A3ouM8g==</latexit>

x(t)

<latexit sha1_base64="ApI4LXDCgXG99v2wA4EdWNtzNwA=">AAAB63icbVBNS8NAEJ34WetX1aOXYBHqpSRS0WPBi8cK9gPaUDbbbbt0dxN2J2IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZeGAtu0PO+nbX1jc2t7cJOcXdv/+CwdHTcMlGiKWvSSES6ExLDBFesiRwF68SaERkK1g4nt5nffmTa8Eg94DRmgSQjxYecEsykpwpe9Etlr+rN4a4SPydlyNHol756g4gmkimkghjT9b0Yg5Ro5FSwWbGXGBYTOiEj1rVUEclMkM5vnbnnVhm4w0jbUujO1d8TKZHGTGVoOyXBsVn2MvE/r5vg8CZIuYoTZIouFg0T4WLkZo+7A64ZRTG1hFDN7a0uHRNNKNp4ijYEf/nlVdK6rPq16tV9rVyv5XEU4BTOoAI+XEMd7qABTaAwhmd4hTdHOi/Ou/OxaF1z8pkT+APn8weAK43Z</latexit>

t

<latexit sha1_base64="Mka1Ojtg8zupu+rERpxf0gbGEQ8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1gNOE+xEdKREKRtFKTRyUK27VXYCsEy8nFcjRGJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHRGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuGtnwmVpMgVWy4KU0kwJvOvyVBozlBOLaFMC3srYWOqKUObTcmG4K2+vE7aV1WvVr1u1ir1Wh5HEc7gHC7Bgxuowz00oAUMODzDK7w5j86L8+58LFsLTj5zCn/gfP4A3ouM8g==</latexit>

T

<latexit sha1_base64="zSmDOOgWRdFhPKUxIujE+J+tWbg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolU9Fjw4rGFfkEbymY7adduNmF3I5TQX+DFgyJe/Une/Ddu2xy09cHA470ZZuYFieDauO63s7G5tb2zW9gr7h8cHh2XTk7bOk4VwxaLRay6AdUouMSW4UZgN1FIo0BgJ5jcz/3OEyrNY9k00wT9iI4kDzmjxkqN5qBUdivuAmSdeDkpQ476oPTVH8YsjVAaJqjWPc9NjJ9RZTgTOCv2U40JZRM6wp6lkkao/Wxx6IxcWmVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE975GZdJalCy5aIwFcTEZP41GXKFzIipJZQpbm8lbEwVZcZmU7QheKsvr5P2dcWrVm4a1XKtmsdRgHO4gCvw4BZq8AB1aAEDhGd4hTfn0Xlx3p2PZeuGk8+cwR84nz+uC4zS</latexit>

ex(t)

<latexit sha1_base64="tuWsFcAtYB+MLm99iClb6wB6+xw=">AAAB+XicbVBNS8NAEN34WetX1KOXYBHqpSRS0WPBi8cK9gPaUDababt0swm7k2oJ/SdePCji1X/izX/jts1BWx8MPN6bYWZekAiu0XW/rbX1jc2t7cJOcXdv/+DQPjpu6jhVDBosFrFqB1SD4BIayFFAO1FAo0BAKxjdzvzWGJTmsXzASQJ+RAeS9zmjaKSebXcfeQjIRQjZ07SMFz275FbcOZxV4uWkRHLUe/ZXN4xZGoFEJqjWHc9N0M+oQs4ETIvdVENC2YgOoGOopBFoP5tfPnXOjRI6/ViZkujM1d8TGY20nkSB6YwoDvWyNxP/8zop9m/8jMskRZBssaifCgdjZxaDE3IFDMXEEMoUN7c6bEgVZWjCKpoQvOWXV0nzsuJVK1f31VKtmsdRIKfkjJSJR65JjdyROmkQRsbkmbySNyuzXqx362PRumblMyfkD6zPH44Yk5E=</latexit>

In one period:

x(t) = ex(t) � T

2

< t <

T

2

<latexit sha1_base64="mw+eqtMK1J8KXixa54S7qTAiIHU="></latexit>

X(!) X(⌦)

<latexit sha1_base64="y1xgnqIKIyQaFIxLznbKPrZiL00="></latexit>

ak

<latexit sha1_base64="2PKTiu6uCisR2PvuRyebORWVMrs="></latexit>

ak =
1
T

X(k!0) =
1
T

X(!)
���
!=k!0

<latexit sha1_base64="xCBxHrytJP3Hzh1iCrAfMX+XXi4="></latexit>

ak =
1
N

X(k⌦0) =
1
N

X(⌦)
���
⌦=k⌦0

<latexit sha1_base64="9H25UtetROryT9UMW3egekbX/h4="></latexit>

⌦0 =
2⇡

N

<latexit sha1_base64="l0omzAON91iunCC/Nrp9VAI1w34="></latexit>

!0 =
2⇡

T

<latexit sha1_base64="aHD9LfzKgk5XVbGj0TnEEBaJjmA="></latexit>

Discrete Time

<latexit sha1_base64="EoI4oZQHmwzjtFa7xcfeCfAhyKg="></latexit>

Continuous Time

<latexit sha1_base64="RuCVlajSX6qgnuB5SYgN8rwBTAI="></latexit>

non-periodic

<latexit sha1_base64="sgL/cs3Li7cY836YgoVqpwphT4U="></latexit>

periodic

<latexit sha1_base64="tXpYBmGJvKviTueWCL7htpJla+U="></latexit>



Deriva<on	
  of	
  Impulse	
  Response	
  in	
  
frequency	
  	
  of	
  LTI	
  systems	
  

Discrete Time

<latexit sha1_base64="EoI4oZQHmwzjtFa7xcfeCfAhyKg="></latexit>

F
(

LX

i=1

biy[n� i]

)
= F

(
RX

r=1

crx[n� r]

)

<latexit sha1_base64="xxPDyw1lnanAUkkkQ6PuktHXF+s="></latexit>

Linear di↵erence equation with constant coe�cients

<latexit sha1_base64="R7IuYBNLOevgTDJE2Ig873kDnzo="></latexit>

LX

i=1

biF {y[n� i]} =
RX

r=1

crF {x[n� r]}

<latexit sha1_base64="+buKvZYCNVSkBbfGgTYaAOaMt4U="></latexit>

 
LX

i=1

bie
�j⌦i

!
Y (⌦) =

 
RX

r=1

cre
�j⌦r

!
X(⌦)

<latexit sha1_base64="NumTHhyibgjROd5fpmaZX2Dw/GI="></latexit>

LX

i=1

biy[n� i] =
RX

r=1

crx[n� r]

<latexit sha1_base64="10TLshS4Oj6cm9av5J6nEGv8++I="></latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>



Deriva<on	
  of	
  Impulse	
  Response	
  in	
  
frequency	
  	
  of	
  LTI	
  systems	
  

Discrete Time

<latexit sha1_base64="EoI4oZQHmwzjtFa7xcfeCfAhyKg="></latexit>

 
LX

i=1

bie
�j⌦i

!
Y (⌦) =

 
RX

r=1

cre
�j⌦r

!
X(⌦)

<latexit sha1_base64="NumTHhyibgjROd5fpmaZX2Dw/GI="></latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

H(⌦) =
Y (⌦)
X(⌦)

=
PR

r=1 cre
�j⌦r

PL
i=1 bie�j⌦i

<latexit sha1_base64="Yj7uJlxsAR0CY8Xy0zAkdiasCcE="></latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>



Deriva<on	
  of	
  Impulse	
  Response	
  in	
  
frequency	
  	
  of	
  LTI	
  systems	
  

Linear di↵erential equation with constant coe�cients

<latexit sha1_base64="TqYvy2CtiBPCjNQasat9WT36gzg="></latexit>

Continuous Time

<latexit sha1_base64="C5LFoUWum5b/gyS0t4N/2bzMqAs="></latexit>

LX

i=1

bi
d

i
y(t)
dt

i
=

RX

r=1

cr
d

r
x(t)
dt

r

<latexit sha1_base64="5VpEGfwBXNOumjDH9PWN9QFcEIM="></latexit>

LX

i=1

biF
⇢

d

i
y(t)
dt

i

�
=

RX

r=1

crF
⇢

d

r
x(t)
dt

r

�

<latexit sha1_base64="GVTHgWkFPRChoh7BTqvTqqsfnsQ="></latexit>

 
LX

i=1

bi (j!)i

!
Y (!) =

 
RX

r=1

cr (j!)r

!
X(!)

<latexit sha1_base64="37kyf7/tmp2Z7YuYGPr0J3FYy84="></latexit>

F
(

LX

i=1

bi
d

i
y(t)
dt

i

)
= F

(
RX

r=1

cr
d

r
x(t)
dt

r

)

<latexit sha1_base64="YBl9/+rVjsnlM2qKA8Bkx/H9mOQ="></latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>



Deriva<on	
  of	
  Impulse	
  Response	
  in	
  
frequency	
  	
  of	
  LTI	
  systems	
  

Continuous Time

<latexit sha1_base64="C5LFoUWum5b/gyS0t4N/2bzMqAs="></latexit>

 
LX

i=1

bi (j!)i

!
Y (!) =

 
RX

r=1

cr (j!)r

!
X(!)

<latexit sha1_base64="37kyf7/tmp2Z7YuYGPr0J3FYy84="></latexit>

H(!) =
Y (!)
X(!)

=
PR

r=1 cr (j!)r

PL
i=1 bi (j!)i

<latexit sha1_base64="amPM1JcM2F7cuFyQ9kalwK26fBg="></latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>



Extension:	
  Laplace	
  and	
  Zeta	
  transforms	
  

X(s) =
Z +1

�1
x(t)e�st

dt

<latexit sha1_base64="yGnpJlUWKj83nM6KFDime3OG/IY="></latexit>

s = � + j!

<latexit sha1_base64="eKSfmP4q2oucqTcKjgyaWInYtig="></latexit>

X(!) = X(s)
���
s=j!

<latexit sha1_base64="DYW30ec6gbKG09I9bzOeGltJDc8="></latexit>

� = 0

<latexit sha1_base64="KUlb4oYMWEhpeYeHpivKsTJHeuM="></latexit>

LAPLACE TRANSFORM

<latexit sha1_base64="02GAEVlAgk74srhd2kj+ZgdsFyE="></latexit>

ZETA TRANSFORM

<latexit sha1_base64="EWP0zfeW4iXRX+ijzOyWdlONpEE="></latexit>

X(z) =
+1X

n=�1
x[n]z�n

<latexit sha1_base64="joVi9O7M1/iRz8qZH95KgV4h1Wo="></latexit>

z = rej⌦

<latexit sha1_base64="qlN3ThMXMSidvlhM6BPoFWuPSn8="></latexit>

X(⌦) = X(z)
���
z=ej⌦

<latexit sha1_base64="Pxo42dlCw/H8UjmOX+PGxAnHyEk="></latexit>

r = 1

<latexit sha1_base64="lp3tW1FxL+5qe+5een1KAYAgIDY="></latexit>



Deriva<ves,	
  differences	
  (again):	
  
	
  Laplace	
  and	
  Zeta	
  

d

i
x(t)
dt

i

<latexit sha1_base64="f+KHCw20Hh/XDDbQ5k8eKGqoIZk=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuimJVHRZdOOygn1Am5bJZNIOnTyYuRFLCPgrblwo4tbvcOffOG2z0NYDFw7n3Mu997ix4Aos69sorKyurW8UN0tb2zu7e+b+QUtFiaSsSSMRyY5LFBM8ZE3gIFgnlowErmBtd3wz9dsPTCoehfcwiZkTkGHIfU4JaGlgHvV8SWjq9Tl+rMBZlnrQ59nALFtVawa8TOyclFGOxsD86nkRTQIWAhVEqa5txeCkRAKngmWlXqJYTOiYDFlX05AETDnp7PwMn2rFw34kdYWAZ+rviZQESk0CV3cGBEZq0ZuK/3ndBPwrJ+VhnAAL6XyRnwgMEZ5mgT0uGQUx0YRQyfWtmI6IzgN0YiUdgr348jJpnVftWvXirlauX+dxFNExOkEVZKNLVEe3qIGaiKIUPaNX9GY8GS/Gu/Exby0Y+cwh+gPj8wcVu5WU</latexit>

x[n� d]

<latexit sha1_base64="xM3p3FTd87Rn2k7GSGqvKJN4Egc="></latexit>

siX(s)

<latexit sha1_base64="PUOeaIM0WdUgWxAelWnEF+ovrk4="></latexit>

z�dX(z)

<latexit sha1_base64="WVUNqhuJvvpzNdM7gEdnBORVnac="></latexit>



Deriva<on	
  of	
  Impulse	
  Response	
  in	
  
frequency	
  	
  of	
  LTI	
  systems	
  (again)	
  

Continuous Time

<latexit sha1_base64="C5LFoUWum5b/gyS0t4N/2bzMqAs="></latexit>

H(s) =
Y (s)
X(s)

=
PR

r=1 crs
r

PL
i=1 bisi

<latexit sha1_base64="PYUPsen5HaGCgilosi15MS6uOyY="></latexit>

H(z) =
Y (z)
X(z)

=
PR

r=1 crz
�r

PL
i=1 biz�i

<latexit sha1_base64="Sw/NtTK9kkKKIfX3aR8NcGt7nXE="></latexit>

Discrete Time

<latexit sha1_base64="EoI4oZQHmwzjtFa7xcfeCfAhyKg="></latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>

0

<latexit sha1_base64="ojnw9kViLGBy0IpXYDlBQ6eZpuE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4fXLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBda2MqA==</latexit>



DELTA	
  FUNCTIONS	
  	
  	
  
in	
  Bme	
  and	
  in	
  frequency	
  



DELTA	
  FUNCTIONS	
  	
  in	
  frequency:	
  
you	
  already	
  know	
  =>	
  

	
  Generalized	
  Fourier	
  Transform	
  



Come	
  back	
  to	
  	
  
Generalized	
  Fourier	
  Transform	
  

•  	
  for	
  periodic	
  signals	
  (including	
  constants	
  and	
  
others…);	
  -­‐	
  but	
  mathema<cally…	
  

•  	
  Examples:	
  

x(t) = 1

<latexit sha1_base64="jse1HKO1AhZ+VxpXna9Cn7wNrs0="></latexit>

a0 = 1

<latexit sha1_base64="xRNtA4gmJo9q2m8MU3Jql33lP8c="></latexit>

XG(!) = 2⇡�(!)

<latexit sha1_base64="Yq8xJW939BwTcXcza4ncKQV0OXc="></latexit>

x(t) = e

jm!0t

<latexit sha1_base64="KjLsOcdwrVZGb2ZAiLIBRB/Rxvc=">AAAB/XicbVDJSgNBEO2JW4zbuNy8DAYhXsKMRPSiBLx4jGAWSGLo6VSSNt0zQ3eNGIfgr3jxoIhX/8Obf2NnOWjig4LHe1VU1fMjwTW67reVWlhcWl5Jr2bW1jc2t+ztnYoOY8WgzEIRqppPNQgeQBk5CqhFCqj0BVT9/uXIr96D0jwMbnAQQVPSbsA7nFE0Usvee8jh0TncJneyEUro0paLw5addfPuGM488aYkS6YoteyvRjtksYQAmaBa1z03wmZCFXImYJhpxBoiyvq0C3VDAypBN5Px9UPn0ChtpxMqUwE6Y/X3REKl1gPpm05JsadnvZH4n1ePsXPWTHgQxQgBmyzqxMLB0BlF4bS5AoZiYAhliptbHdajijI0gWVMCN7sy/Okcpz3CvmT60K2eDGNI032yQHJEY+ckiK5IiVSJow8kmfySt6sJ+vFerc+Jq0pazqzS/7A+vwB+OWU6w==</latexit>

am = 1

<latexit sha1_base64="NWfP/26wBy+/j1eQ1I4Pc9oGQrg=">AAACBHicbVA9SwNBEN2LXzF+RS3THAZBm3AnEW0iARvLCOYDknjsbSbJmt27Y3dODEcKG/+KjYUitv4IO/+Nm49CEx8MPN6bYWaeHwmu0XG+rdTS8srqWno9s7G5tb2T3d2r6TBWDKosFKFq+FSD4AFUkaOARqSASl9A3R9cjv36PSjNw+AGhxG0Je0FvMsZRSN52Rz1ZMnNHD4c4XEJbpM72Qol9Kjn4MjL5p2CM4G9SNwZyZMZKl72q9UJWSwhQCao1k3XibCdUIWcCRhlWrGGiLIB7UHT0IBK0O1k8sTIPjRKx+6GylSA9kT9PZFQqfVQ+qZTUuzreW8s/uc1Y+yetxMeRDFCwKaLurGwMbTHidgdroChGBpCmeLmVpv1qaIMTW4ZE4I7//IiqZ0U3GLh9LqYL1/M4kiTHDkgR8QlZ6RMrkiFVAkjj+SZvJI368l6sd6tj2lryprN7JM/sD5/AN5Slvs=</latexit>

ak = 0 k 6= m

<latexit sha1_base64="p/+DmUbulJsA5uHsY+S9d48Ldlo="></latexit>

XG(!) = 2⇡�(! �m!0)

<latexit sha1_base64="91f6QqiVl8Dq6Woz42iAJYCN2sg="></latexit>



Come	
  back	
  to	
  	
  
Generalized	
  Fourier	
  Transform	
  

	
  Other	
  examples:	
  

x(t) = e

j!0t + e

�j3!0t

<latexit sha1_base64="1/zejn3Ukppz2AW1qVN1CKF+wFs="></latexit>

a1 = 1

<latexit sha1_base64="g2LRMxbvWRry7OJNrjVmxsHwXNQ="></latexit>

a�3 = 1

<latexit sha1_base64="mcrgdQCJ7eYTAp0ATcboZ/Lb7L8="></latexit>

XG(!) = 2⇡�(! + 3!0) + 2⇡�(! � !0)

<latexit sha1_base64="PCDNU1fbCftoehYcXhCoue9hOc0="></latexit>

(the rest are zero)

<latexit sha1_base64="iQ+bqkmws3jenwYX5421gbhq0og="></latexit>

(maybe non-periodic; see previous slides)

<latexit sha1_base64="C5M+RgLLa1asKteeb9ELsamA55A="></latexit>

XG(!) = �2⇡j�(! � !1) + 4⇡�(! + 3!2)

<latexit sha1_base64="iI0g+MWF2Byd7CEKYnqHnDnXEfA="></latexit>

x(t) = �je

j!1t + 2e

�j3!2t

<latexit sha1_base64="riCxYmC6hKyJKE1E2bWNQl4UkFw="></latexit>

where w1, w2 are fundamental frequencies

<latexit sha1_base64="dUmjki0rT2tDbsmkvVC5dx9E5s4="></latexit>



DELTA	
  FUNCTIONS	
  	
  	
  
in	
  Bme	
  domain	
  

(considering	
  the	
  duality,	
  and	
  Fourier	
  
proper<es	
  you	
  already	
  know)	
  



Delta	
  func<ons	
  in	
  <me	
  

Assuming	
  that	
  we	
  can	
  do	
  Fourier	
  transform…	
  

x(t) = �(t)

<latexit sha1_base64="c+hPrsuWKfJbAIpgneNY6mMKt/I="></latexit>

X(!) =
Z +1

�1
�(t)e�j!tdt = 1

<latexit sha1_base64="jb33aiIba9tHKLSwEnEwESwEjcY="></latexit>

x(t) = �(t)

<latexit sha1_base64="c+hPrsuWKfJbAIpgneNY6mMKt/I="></latexit>

X(!) = 1

<latexit sha1_base64="1KNuU1fIUcly3NYeAyIo5IL2ukU="></latexit>



Delta	
  func<ons	
  in	
  <me	
  
Assuming	
  that	
  we	
  can	
  do	
  Fourier	
  transform…	
  

X(!) =
Z +1

�1
�(t� t0)e�j!tdt = e�j!t0

<latexit sha1_base64="UBhEO+XGbLwFQqeToZyzGvE7DYc="></latexit>

X(!) = e�j!t0

<latexit sha1_base64="zOge33mwQf7QAQm577wzXj1JJCo="></latexit>

x(t) = �(t� t0)

<latexit sha1_base64="C89tUUboDHrEriHxV/RcImgvAMI="></latexit>

x(t) = �(t� t0)

<latexit sha1_base64="C89tUUboDHrEriHxV/RcImgvAMI="></latexit>



Sum	
  of	
  deltas	
  in	
  <me	
  

x(t) = �(t� t0) + �(t� t1)

<latexit sha1_base64="T1Hd64o8iTf+5Q2FhAQumF23H3o="></latexit>

X(!) = e�j!t0 + e�j!t1

<latexit sha1_base64="oZQ250Y+Nu8+cnG9t0vxF6TGnUs="></latexit>



Sum	
  of	
  deltas	
  in	
  <me	
  

F
(

+1X

m=�1
�(t�mT )

)
=

+1X

m=�1
F {�(t�mT )}

<latexit sha1_base64="9bJp4E1tbsMPQdQwtzSTRaZthv8="></latexit>

x(t) =
+1X

m=�1
�(t�mT )

<latexit sha1_base64="Rau7JqXBBoyjJeR+x28c39C1TsU="></latexit>

Let us consider

<latexit sha1_base64="qkeBlSm9OtEEyDo6FQl5FfwrdOw="></latexit>

=
+1X

m=�1
e�jmT!

<latexit sha1_base64="scGZDWtD+wnsVeJMIRVK5NedqD8="></latexit>

X(!)

<latexit sha1_base64="O1R6TzrVsiEI0Dj3EP2yRDU8jJE="></latexit>



Sum	
  of	
  deltas	
  in	
  <me	
  

x(t) =
+1X

m=�1
�(t�mT )

<latexit sha1_base64="Rau7JqXBBoyjJeR+x28c39C1TsU="></latexit>

Let us consider AGAIN

<latexit sha1_base64="JjNsb3nWwFIi+qW21zpCpNVVz1Q="></latexit>

NOTE THAT IS PERIODIC

<latexit sha1_base64="ljyU2h16tRwt/JbmnjV4bGeDJXk="></latexit>

with period T

<latexit sha1_base64="0wqd772tzE2ZKTJKXN+7KcRXF4A="></latexit>

T

<latexit sha1_base64="qmoIJCbKm06fKTZMEJ4UkKqyLHU="></latexit>

t

<latexit sha1_base64="hBkUCH9GgwFxNIYM9O6jc4Sah8M="></latexit>

x(t)

<latexit sha1_base64="Azil+c+4DumjGi2U4ZQM72tyBgs="></latexit>

...

<latexit sha1_base64="ImG6L6PGvZQuGW8YamoqctREp1U="></latexit>

...

<latexit sha1_base64="ImG6L6PGvZQuGW8YamoqctREp1U="></latexit>

...we can do the Fourier Series...

<latexit sha1_base64="EOEqofC4l3cyI6ufBSwZFWAHZGQ="></latexit>

1	
   1	
  
The	
  coefficients	
  
are	
  1…	
  



Sum	
  of	
  deltas	
  in	
  <me	
  

x(t) =
+1X

m=�1
�(t�mT )

<latexit sha1_base64="Rau7JqXBBoyjJeR+x28c39C1TsU="></latexit>

NOTE THAT IS PERIODIC

<latexit sha1_base64="ljyU2h16tRwt/JbmnjV4bGeDJXk="></latexit>

with period T

<latexit sha1_base64="0wqd772tzE2ZKTJKXN+7KcRXF4A="></latexit>

ak =
1
T<latexit sha1_base64="WcqjtrWBFPKw6Kr446I/DrT0QRA="></latexit>

ak =
1
T

Z

T
x(t)e�jk 2⇡

T t
dt =

1
T

Z T/2

�T/2
�(t)e�jk 2⇡

T t
dt

<latexit sha1_base64="qvY0Jj51v4cdLvgVwfZ8o9E5mew="></latexit>

for all k

<latexit sha1_base64="DhfMglk4qFok4rkwOTE8659HbIk="></latexit>

!0 =
2⇡

T

<latexit sha1_base64="P2E2qzbi85CDzuLalvcFWR9o4i0="></latexit>



Sum	
  of	
  deltas	
  in	
  <me	
  

x(t) =
+1X

m=�1
�(t�mT )

<latexit sha1_base64="Rau7JqXBBoyjJeR+x28c39C1TsU="></latexit>

Then, the Fourier series is:

<latexit sha1_base64="FIaq78py5WPC3DukBvDmeqUMrCk="></latexit>

x(t) =
1
T

1X

k=�1
e

jk!0t =
1
T

1X

k=�1
e

jk 2⇡
T t

<latexit sha1_base64="tJLQF1yRJZ5oHYN91RHHEAFA3xM="></latexit>

note that this expression is still in time domain

<latexit sha1_base64="wi1RUnnPhURHpvzI7Kc3M7WiVzs="></latexit>

hence, we obtain a first equality...

<latexit sha1_base64="pRz2VJ1Iqdsv3KjxDc5N388wKEo="></latexit>



First	
  equality	
  with	
  sum	
  of	
  deltas	
  
(in	
  <me)	
  

1X

m=�1
�(t�mT ) =

1
T

1X

k=�1
ejk 2⇡

T t

<latexit sha1_base64="FLdR74PHHPA/TzD8HloLyU4I/C0="></latexit>

We did the Fourier series;

<latexit sha1_base64="0yGEvOC0g5Dfqr33MVN+LM5sQfY="></latexit>

then we can also write

<latexit sha1_base64="icFjrrmKUScAF8urNu83jAGVJnw="></latexit>

the Generalized Fourier Transform

<latexit sha1_base64="uOfVkYXFRkt+xIQlTPhdMvWuKks="></latexit>



GFT	
  of	
  a	
  periodic	
  sum	
  of	
  deltas	
  

!0 =
2⇡

T

<latexit sha1_base64="P2E2qzbi85CDzuLalvcFWR9o4i0="></latexit>

=
2⇡

T

+1X

k=�1
�

✓
! � k

2⇡

T

◆

<latexit sha1_base64="AAKBWS9bTyYJVFBp9q8BsFAyqEY="></latexit>

XG(!)

<latexit sha1_base64="/rbOoY9yytqX8kTPymcuOb7yWYU="></latexit>

x(t) =
+1X

m=�1
�(t�mT )

<latexit sha1_base64="Rau7JqXBBoyjJeR+x28c39C1TsU="></latexit>

We have obtained another expression of the transform of x(t)!!

<latexit sha1_base64="4Mzvj4I62e5PrAg+Er/KTZ2oLeU="></latexit>

(Very	
  important	
  slide!	
  Please	
  pay	
  aeen<on….)	
  



Summary:	
  Fourier	
  of	
  a	
  sum	
  of	
  deltas	
  	
  

!0 =
2⇡

T

<latexit sha1_base64="P2E2qzbi85CDzuLalvcFWR9o4i0="></latexit>

=
2⇡

T

+1X

k=�1
�

✓
! � k

2⇡

T

◆

<latexit sha1_base64="AAKBWS9bTyYJVFBp9q8BsFAyqEY="></latexit>

XG(!)

<latexit sha1_base64="/rbOoY9yytqX8kTPymcuOb7yWYU="></latexit>

x(t) =
+1X

m=�1
�(t�mT )

<latexit sha1_base64="Rau7JqXBBoyjJeR+x28c39C1TsU="></latexit>

=
+1X

m=�1
e�jmT!

<latexit sha1_base64="scGZDWtD+wnsVeJMIRVK5NedqD8="></latexit>

X(!)

<latexit sha1_base64="O1R6TzrVsiEI0Dj3EP2yRDU8jJE="></latexit>

We would like to be the same....

<latexit sha1_base64="U9fPiAKPMJJrvQCVazxsLmPw/uY="></latexit>



Second	
  equality	
  (in	
  frequency)	
  

+1X

m=�1
e�jmT! =

2⇡

T

+1X

k=�1
�

✓
! � k

2⇡

T

◆

<latexit sha1_base64="ujIye+MZTFWXd+dtcUSFMMx57qg="></latexit>

X(!) = XG(!)

<latexit sha1_base64="BOSVufDbQEFcSsSKGFCsNRqTB3c="></latexit>



Very	
  important	
  observa<on	
  

=
2⇡

T

+1X

k=�1
�

✓
! � k

2⇡

T

◆

<latexit sha1_base64="AAKBWS9bTyYJVFBp9q8BsFAyqEY="></latexit>

XG(!)

<latexit sha1_base64="/rbOoY9yytqX8kTPymcuOb7yWYU="></latexit>

x(t) =
+1X

m=�1
�(t�mT )

<latexit sha1_base64="Rau7JqXBBoyjJeR+x28c39C1TsU="></latexit>

Note that also XG(!) is also periodic!!

<latexit sha1_base64="EVMiw7TyK22M17Ja2Os4Snqc218="></latexit>

with PERIOD !0 (YES, in this case is ”period”...we are in the frequency domain!)

<latexit sha1_base64="f/BMSNJObaDyrJVxhR29LkWUCp4="></latexit>

...

<latexit sha1_base64="ImG6L6PGvZQuGW8YamoqctREp1U="></latexit>

...

<latexit sha1_base64="ImG6L6PGvZQuGW8YamoqctREp1U="></latexit>

The	
  coefficients…	
  
XG(!)

<latexit sha1_base64="g7hVGxKa4z+CTqFp4BtsvujsHOs="></latexit>

!

<latexit sha1_base64="U3CGOsg+h80yTC073109ZtFroeg="></latexit>

2⇡

T

<latexit sha1_base64="Hoe39btS9Qpr9K7B2vGvTpDlKCg="></latexit>

2⇡

T

<latexit sha1_base64="Hoe39btS9Qpr9K7B2vGvTpDlKCg="></latexit>

!0 =
2⇡

T

<latexit sha1_base64="EHXUZqHbcMnbZwLKtzlV8tObqVw="></latexit>



But	
  before	
  we	
  have	
  said:	
  
	
  ONLY	
  (sure?)	
  discrete	
  <me	
  !	
  periodicity	
  

in	
  frequency	
  

x[n]

<latexit sha1_base64="vSC461ee7bCqkWNGpngjB/TMHHU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevJlMKjW3Lo7B1olXkFqUKA1qH71hzFJBZWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SiQXVQTa/dYbOrDJEUaxsSYPm6u+JDAutpyK0nQKbsV72cvE/z09NdB1kTCapoZIsFkUpRyZG+eNoyBQlhk8twUQxeysiY6wwMTaeig3BW355lXQu6l6jfnnfqDVvijjKcAKncA4eXEET7qAFbSAwhmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMX1I5I</latexit>

Transform

<latexit sha1_base64="DbuIhphvEDbw85sPuRxvzvYXEW0=">AAAB/3icbVDLSsNAFJ3UV42vqODGzWApuCqJVHRZdOOyQl+QhjKZTtqhM5MwM5GW2IW/4saFIm79DXf+jdM2C209cOFwzr3ce0+YMKq0635bhbX1jc2t4ra9s7u3f+AcHrVUnEpMmjhmseyESBFGBWlqqhnpJJIgHjLSDke3M7/9QKSisWjoSUICjgaCRhQjbaSec1Ie+yKwuzyMx1lDIqGiWPJpzym5FXcOuEq8nJRAjnrP+er2Y5xyIjRmSCnfcxMdZEhqihmZ2t1UkQThERoQ31CBOFFBNr9/CstG6UOz2JTQcK7+nsgQV2rCQ9PJkR6qZW8m/uf5qY6ug4yKJNVE4MWiKGVQx3AWBuxTSbBmE0MQltTcCvEQSYS1icw2IXjLL6+S1kXFq1Yu76ul2k0eRxGcgjNwDjxwBWrgDtRBE2DwCJ7BK3iznqwX6936WLQWrHzmGPyB9fkDBweWIg==</latexit>

periodicity in frequency

<latexit sha1_base64="gQWOuhdGjaJ8Dl4mW9tQcp1DdAI=">AAACG3icbVDLSgMxFM34tr6qLt0Ei+CqzBRFl0U3LivYB7RDyWTuaGgmGZOMOAzzH278FTcuFHEluPBvTNtZqPVA4HDOvTf3niDhTBvX/XLm5hcWl5ZXVitr6xubW9XtnY6WqaLQppJL1QuIBs4EtA0zHHqJAhIHHLrB6Hzsd+9AaSbFlckS8GNyLVjEKDFWGlYbB/d94VfywWRUriAsBnEg7/MEFJMho8xkmAkcKbhNQdCsKIbVmlt3J8CzxCtJDZVoDasfg1DSNAZhKCda9z03MX5OlGGUQ1EZpBoSQkfkGvqWChKD9vPJQgU+sEqII6nsEwZP1J8dOYm1zuLAVsbE3Oi/3lj8z+unJjr1cyaS1Ni7ph9FKcdG4nFQOGQKqOGZJYQqZnfF9IYoQo2Ns2JD8P6ePEs6jbp3VD++PKo1z8o4VtAe2keHyEMnqIkuUAu1EUUP6Am9oFfn0Xl23pz3aemcU/bsol9wPr8BCd2isg==</latexit>

ak = ak+N

<latexit sha1_base64="AKr2geyuHbq0AOuaOMPlGp/s4W8="></latexit>

X(⌦) = X(⌦ + 2⇡)

<latexit sha1_base64="wvHoo/RF2h1hXmXOowaV3AC3E9g="></latexit>

PERIODIC !!

<latexit sha1_base64="/It2HOzg92kxJQkl3TsrC5vzmxs="></latexit>

PERIODIC !!

<latexit sha1_base64="/It2HOzg92kxJQkl3TsrC5vzmxs="></latexit>

x[n]

<latexit sha1_base64="vSC461ee7bCqkWNGpngjB/TMHHU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevJlMKjW3Lo7B1olXkFqUKA1qH71hzFJBZWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SiQXVQTa/dYbOrDJEUaxsSYPm6u+JDAutpyK0nQKbsV72cvE/z09NdB1kTCapoZIsFkUpRyZG+eNoyBQlhk8twUQxeysiY6wwMTaeig3BW355lXQu6l6jfnnfqDVvijjKcAKncA4eXEET7qAFbSAwhmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMX1I5I</latexit>

if periodic

<latexit sha1_base64="u1NYExKbSGNSfFKmGukA080a9Cw="></latexit>



A	
  sum	
  of	
  deltas	
  in	
  conBnuous	
  Bme	
  has	
  
also	
  a	
  periodic	
  GFT.	
  	
  	
  

=
2⇡

T

+1X

k=�1
�

✓
! � k

2⇡

T

◆

<latexit sha1_base64="AAKBWS9bTyYJVFBp9q8BsFAyqEY="></latexit>

XG(!)

<latexit sha1_base64="/rbOoY9yytqX8kTPymcuOb7yWYU="></latexit>

x(t) =
+1X

m=�1
�(t�mT )

<latexit sha1_base64="Rau7JqXBBoyjJeR+x28c39C1TsU="></latexit>

Why?	
  



Have	
  a	
  look:	
  

T

<latexit sha1_base64="qmoIJCbKm06fKTZMEJ4UkKqyLHU="></latexit>

t

<latexit sha1_base64="hBkUCH9GgwFxNIYM9O6jc4Sah8M="></latexit>

x(t)

<latexit sha1_base64="Azil+c+4DumjGi2U4ZQM72tyBgs="></latexit>

...

<latexit sha1_base64="ImG6L6PGvZQuGW8YamoqctREp1U="></latexit>

...

<latexit sha1_base64="ImG6L6PGvZQuGW8YamoqctREp1U="></latexit>

1	
   1	
  
The	
  coefficients	
  
are	
  1…	
  

It	
  is	
  defined	
  in	
  conBnuous	
  Bme,	
  
But	
  this	
  signal	
  seems	
  defined	
  in	
  a	
  

discrete	
  Bme….	
  	
  



Have	
  a	
  look:	
  

T

<latexit sha1_base64="qmoIJCbKm06fKTZMEJ4UkKqyLHU="></latexit>

t

<latexit sha1_base64="hBkUCH9GgwFxNIYM9O6jc4Sah8M="></latexit>

x(t)

<latexit sha1_base64="Azil+c+4DumjGi2U4ZQM72tyBgs="></latexit>

...

<latexit sha1_base64="ImG6L6PGvZQuGW8YamoqctREp1U="></latexit>

...

<latexit sha1_base64="ImG6L6PGvZQuGW8YamoqctREp1U="></latexit>

1	
   1	
  
The	
  coefficients	
  
are	
  1…	
  

It	
  is	
  “something”	
  in	
  between	
  	
  
conBnuous	
  and	
  discrete	
  Bme…	
  

it is defined everywhere but looks defined on a discrete space...

<latexit sha1_base64="2Bkkw1QXk9fiH+boEfdLYC+lqxM="></latexit>




