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Introduction: what is a system?

• Any transformation, any mapping of a signal into other signal: 

• even with feedback (autoregressive systems):
<latexit sha1_base64="9IYj99ap0tGRVepnklD3aBiYN2M="></latexit>

y(t) = f(x(t), x(t� 1), ...., y(t� 1), y(t� 2))

<latexit sha1_base64="fVwd/7wsmmvkTcZe+XrpTtHBJ5E=">AAACHHicbVDLSgMxFM34rPU16tJNsAjtwjLjA90IBUFcVugLOrVk0oyGZjJDckc6DP0QN/6KGxeKuHEh+Demj4VaL4RzOPdcbu7xY8E1OM6XNTe/sLi0nFvJr66tb2zaW9sNHSWKsjqNRKRaPtFMcMnqwEGwVqwYCX3Bmn7/YtRv3jOleSRrkMasE5JbyQNOCRipax/tp0UonXtcQjc7MBBAOrwBPCh6QJIS7o0gP/ZcetnAoDfs2gWn7IwLzxJ3SgpoWtWu/eH1IpqETAIVROu268TQyYgCTgUb5r1Es5jQPrllbUMlCZnuZOPjhnjfKD0cRMo8CXis/pzISKh1GvrGGRK40397I/G/XjuB4KyTcRknwCSdLAoSgSHCo6RwjytGQaSGEKq4+Sumd0QRCibPvAnB/XvyLGkclt2TsnN9XKjUpnHk0C7aQ0XkolNUQVeoiuqIogf0hF7Qq/VoPVtv1vvEOmdNZ3bQr7I+vwFSaqBT</latexit>

y(t) = F{x(t)}
<latexit sha1_base64="mGU1y/2lkbpuUTT6WB9Q/yN5Jc4="></latexit>

y(t) = f(x(t), x(t� 1), x(t+ 2)....)
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Some properties of a system 

• In the following, we will describe some properties of a generic system:


• Memory


• Causality 


• Stability


• Time invariance


• Linearity



Memory 

• A system is “with memory” in any other case. 

• Note that the memory can be the past or the future….



Memory 

• Note that the memory can be the past or the future….

memoryless
with memory
with memory
with memory
memoryless
with memory



Memory in a image or 2D signal
• Bidimensional signal

<latexit sha1_base64="+0XOrqYaa28+zZbKWneL3+DFgTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoicpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWesC+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6t6t5fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEFto2c</latexit>

t1

<latexit sha1_base64="4iaPXkA3TNgtSGkuUu+UIUbm6lQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoicpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWesB+rV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnVqt5l1b2/qNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMHOo2d</latexit>

t2
<latexit sha1_base64="3NbphFBjr4KRP3+G2ciwxUlsY90=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpip6k4MVjBdMW2lA22027dLMJuxOhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305hbX1jc6u4XdrZ3ds/KB8eNU2SacZ9lshEt0NquBSK+yhQ8naqOY1DyVvh6G7mt564NiJRjzhOeRDTgRKRYBSt5GOvduH1yhW36s5BVomXkwrkaPTKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlGN8FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qxVvauq+3BZqd/mcRThBE7hHDy4hjrcQwN8YCDgGV7hzVHOi/PufCxaC04+cwx/4Hz+AOG7jg8=</latexit>

t2 � 1
<latexit sha1_base64="4iaPXkA3TNgtSGkuUu+UIUbm6lQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoicpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWesB+rV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnVqt5l1b2/qNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMHOo2d</latexit>

t2
<latexit sha1_base64="GyGHXruuIM7K0BNbY9LLKlxsI08=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSFD1JwYvHCqYttKFstpt26WYTdidCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphKYdB1v53C2vrG5lZxu7Szu7d/UD48apok04z7LJGJbofUcCkU91Gg5O1UcxqHkrfC0d3Mbz1xbUSiHnGc8iCmAyUiwShaycde7cLrlStu1Z2DrBIvJxXI0eiVv7r9hGUxV8gkNabjuSkGE6pRMMmnpW5meErZiA54x1JFY26CyfzYKTmzSp9EibalkMzV3xMTGhszjkPbGVMcmmVvJv7ndTKMboKJUGmGXLHFoiiTBBMy+5z0heYM5dgSyrSwtxI2pJoytPmUbAje8surpFmreldV9+GyUr/N4yjCCZzCOXhwDXW4hwb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8Ad6xjg0=</latexit>

t2 + 1

<latexit sha1_base64="gQj28+3B+0YOUo+Iv3UwZz5A8Y4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiip6k4MVjBWMLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0srq2vlHerGxt7+zuVfcPHk2SacZ9lshEt0NquBSK+yhQ8naqOY1DyVvh6Hbqt564NiJRDzhOeRDTgRKRYBSt5GPPO/N61Zpbd2cgy8QrSA0KNHvVr24/YVnMFTJJjel4bopBTj UKJvmk0s0MTykb0QHvWKpozE2Qz46dkBOr9EmUaFsKyUz9PZHT2JhxHNrOmOLQLHpT8T+vk2F0HeRCpRlyxeaLokwSTMj0c9IXmjOUY0so08LeStiQasrQ5lOxIXiLLy+Tx/O6d1l37y9qjZsijjIcwTGcggdX0IA7aIIPDAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8f3SuODA==</latexit>

t1 + 1

<latexit sha1_base64="+0XOrqYaa28+zZbKWneL3+DFgTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoicpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWesC+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6t6t5fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEFto2c</latexit>

t1

<latexit sha1_base64="KTXZILWeooKby1PXr4KWIkG7lhI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURRU9S8OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8rHnnXm9as2tuzOQZeIVpAYFmr3qV7efsCzmCpmkxnQ8N8Ugpx oFk3xS6WaGp5SN6IB3LFU05ibIZ8dOyIlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XyTC6DnKh0gy5YvNFUSYJJmT6OekLzRnKsSWUaWFvJWxINWVo86nYELzFl5fJ43ndu6y79xe1xk0RRxmO4BhOwYMraMAdNMEHBgKe4RXeHOW8OO/Ox7y15BQzh/AHzucP4DWODg==</latexit>

t1 � 1

<latexit sha1_base64="eqFWdjAPnrnRkjHuRFjSQ4Hk77c=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCC1JmiqIbpeDGZQX7gHYYMmmmDc08SO6IQ6kbf8WNC0Xc+hfu/BvTdhBtPXDh5Jx7yb3HiwVXYFlfxsLi0vLKam4tv76xubVt7uw2VJRIyuo0EpFseUQxwUNWBw6CtWLJSOAJ1vQGV2O/ecek4lF4C2nMnID0Qu5zSkBLrrmfFsG1j8GtlC784v3Po+SaBatsTYDniZ2RAspQc83PTjeiScBCoIIo1batGJwhkcCpYKN8J1EsJnRAeqytaUgCppzh5IIRPtJKF/uR1BUCnqi/J4YkUCoNPN0ZEOirWW8s/ue1E/DPnSEP4wRYSKcf+YnAEOFxHLjLJaMgUk0IlVzvimmfSEJBh5bXIdizJ8+TRqVsn5atm5NC9TKLI4cO0CEqIhudoSq6RjVURxQ9oCf0gl6NR+PZeDPep60LRjazh/7A+PgG1f+UjA==</latexit>

y(t1, t2) = f(x(t1, t2))

<latexit sha1_base64="wFl8GKmhnj2zrn84elhtSxnkqEQ=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSK2tJSkKLpRCm5cVrAPaEuYTCft0MmDmRsxlH6CG3/FjQtF3Lp05984TYNo64GBc8+5lzv3OCFnEkzzS8ssLa+srmXXcxubW9s7+u5eUwaRILRBAh6ItoMl5cynDWDAaTsUFHsOpy1ndDX1W3dUSBb4txCHtOfhgc9cRjAoydaP4wLYVhnsavHCLdz/FOWElpKiZBWLtp43K2YCY5FYKcmjFHVb/+z2AxJ51AfCsZQdywyhN8YCGOF0kutGkoaYjPCAdhT1sUdlb5wcNDGOlNI33ECo54ORqL8nxtiTMvYc1elhGMp5byr+53UicM97Y+aHEVCfzBa5ETcgMKbpGH0mKAEeK4KJYOqvBhligQmoDHMqBGv+5EXSrFas04p5c5KvXaZxZNEBOkQFZKEzVEPXqI4aiKAH9IRe0Kv2qD1rb9r7rDWjpTP76A+0j29uuJkE</latexit>

y(t1, t2) = f(x(t1, t2), x(t1 + 1, t2 + 1))
<latexit sha1_base64="GVqM208mifm6F9shWvTnKD7iVaw=">AAACDnicbVDLSsNAFJ34rPUVdekmWAotlpIURTdKwY3LCvYBbQiT6aQdOnkwcyOG0C9w46+4caGIW9fu/BunbRBtPTBw7jn3cuceN+JMgml+aUvLK6tr67mN/ObW9s6uvrffkmEsCG2SkIei42JJOQtoExhw2okExb7LadsdXU389h0VkoXBLSQRtX08CJjHCAYlOXoxKYFjVcCplS+80v1PUZnS41lRdvSCWTWnMBaJlZECytBw9M9ePySxTwMgHEvZtcwI7BQLYITTcb4XSxphMsID2lU0wD6Vdjo9Z2wUldI3vFCoF4AxVX9PpNiXMvFd1eljGMp5byL+53Vj8M7tlAVRDDQgs0VezA0IjUk2Rp8JSoAnimAimPqrQYZYYAIqwbwKwZo/eZG0alXrtGrenBTql1kcOXSIjlAJWegM1dE1aqAmIugBPaEX9Ko9as/am/Y+a13SspkD9AfaxzeDdJiU</latexit>

y(t1, t2) = f(x(t1, t2), x(t1 + 1, t2))

<latexit sha1_base64="3oXg5zqoFmLwFqw1Cdyh/jOTUsY=">AAACHXicbVBbSwJBFJ61m9ltq8deliRQUtkVo14KoZceDfICKsvsOKuDsxdmzkaL+Ed66a/00kMRPfQS/ZtGXaS0AwPf5RzOnM8JOZNgmt9aamV1bX0jvZnZ2t7Z3dP3DxoyiAShdRLwQLQcLClnPq0DA05boaDYczhtOsPrid+8p0KywL+DOKRdD/d95jKCQUm2XolzYFsFsMv5Szf3MCeFOSxaCSlO6amVz9t61iyZ0zKWgZWALEqqZuufnV5AIo/6QDiWsm2ZIXRHWAAjnI4znUjSEJMh7tO2gj72qOyOpteNjROl9Aw3EOr5YEzV3xMj7EkZe47q9DAM5KI3Ef/z2hG4F90R88MIqE9mi9yIGxAYk6iMHhOUAI8VwEQw9VeDDLDABFSgGRWCtXjyMmiUS9ZZybytZKtXSRxpdISOUQ5Z6BxV0Q2qoToi6BE9o1f0pj1pL9q79jFrTWnJzCH6U9rXD1nFnRA=</latexit>

y(t1, t2) = f(x(t1, t2), x(t1, t2 � 1), x(t1 � 1, t2 + 1))

memoryless with memory with memory with memory



Memory 

<latexit sha1_base64="Lh1D8Wcx+soySeg2c+V09rUzkCg=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxC3ZREFN0IBTcuK/QFbSiTyaQdOnkwcyOGmIW/4saFIm79DXf+jdM2C209cOHMOfcy9x43FlyBZX0bS8srq2vrpY3y5tb2zq65t99WUSIpa9FIRLLrEsUED1kLOAjWjSUjgStYxx3fTPzOPZOKR2ET0pg5ARmG3OeUgJYG5mFahdPrvi8JzTz8oB955kE+MCtWzZoCLxK7IBVUoDEwv/peRJOAhUAFUapnWzE4GZHAqWB5uZ8oFhM6JkPW0zQkAVNONt0/xyda8bAfSV0h4Kn6eyIjgVJp4OrOgMBIzXsT8T+vl4B/5WQ8jBNgIZ195CcCQ4QnYWCPS0ZBpJoQKrneFdMR0VmAjqysQ7DnT14k7bOafVGz7s4r9WYRRwkdoWNURTa6RHV0ixqohSh6RM/oFb0ZT8aL8W58zFqXjGLmAP2B8fkDIkmVmQ==</latexit>

y(t) =
dx(t)

dt

<latexit sha1_base64="CcUU6oK6w+xv0lWftjc+GNGOPtM=">AAACAnicbZDLSgMxFIYzXut4G3UlboKlUDdlRhTdiAU3LivYC7RDyWQybWjmQnJGHIbixldx40IRty58Bne+jelloa0/BP785xyS83mJ4Aps+9tYWFxaXlktrJnrG5tb29bObkPFqaSsTmMRy5ZHFBM8YnXgIFgrkYyEnmBNb3A1qjfvmFQ8jm4hS5gbkl7EA04J6Khr7V+apawMRxedQBKa+/heX4a5D8OuVbQr9lh43jhTU0RT1brWV8ePaRqyCKggSrUdOwE3JxI4FWxodlLFEkIHpMfa2kYkZMrNxysMcUknPg5iqU8EeJz+nshJqFQWerozJNBXs7VR+F+tnUJw7uY8SlJgEZ08FKQCQ4xHPLDPJaMgMm0IlVz/FdM+0SxAUzM1BGd25XnTOK44pxX75qRY9T4nOAroAB2iMnLQGaqia1RDdUTRA3pCL+jVeDSejTfjfdK6YEwR7qE/Mj5+AH/PlvM=</latexit>

?



Causality 

<latexit sha1_base64="ALSjWniNJFOqP+Q2CLq5pqlG4Lg=">AAACJnicbVBbS8MwGE3nbc5b1UdfikPYYJZ2KPoyGPji4wbuAlsZaZpuYemFJBVLKfhffPGv+OLDRMQ3f4pZO0Q3DyTf4ZwvyZdjh5RwYRifSmFtfWNzq7hd2tnd2z9QD4+6PIgYwh0U0ID1bcgxJT7uCCIo7ocMQ8+muGdPb+Z+7x4zTgL/TsQhtjw49olLEBRSGqmNZJhdkjDspHFFVBtu5UGWmtzOzbzUqzVd12txrsQ/SjUdqWVDNzJoq8RckDJYoDVSZ0MnQJGHfYEo5HxgGqGwEsgEQRSnpWHEcQjRFI7xQFIfephbSTZhqp1JxdHcgMnlCy1Tf59IoMd57Nmy04Niwpe9ufifN4iEe20lxA8jgX2UP+RGVBOBNs9McwjDSNBYEogYkbNqaAIZREImW5IhmMtfXiXdum5e6kb7otxsP+ZxFMEJOAUVYIIr0AS3oAU6AIEn8AJm4E15Vl6Vd+Ujby0oiwiPwR8oX9+aoaFB</latexit>

y(t) = f(x(t), x(t� 1), x(t� 2), ..., y(t� 1), y(t� 2), ...)

• and also outputs values in the past…

<latexit sha1_base64="0RHJ6FVlfoU7RRiX4TNF9ship3Q=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVUlihBIBgrscBWJPqQmqhyXKe1aseR7SCqKAMLv8LCAEKsfAQbf4PbZoCWMx2dc6/uuSdMGFXadb+t0srq2vpGebOytb2zu2fvH7SVSCUmLSyYkN0QKcJoTFqaaka6iSSIh4x0wvHV1O/cE6moiO/0JCEBR8OYRhQjbaS+XY3qjuOcQJ+H4iGDQsIcRn5mND/v2zXXcWeAy8QrSA0UaPbtL38gcMpJrDFDSvU8N9FBhqSmmJG84qeKJAiP0ZD0DI0RJyrIZk/k8NgoAxiZBJGINZypvzcyxJWa8NBMcqRHatGbiv95vVRHl0FG4yTVJMbzQ1HKoBZw2ggcUEmwZhNDEJbUZIV4hCTC2vRWMSV4iy8vk/ap45077u1ZrXFT1FEGVXAE6sADF6ABrkETtAAGj+AZvII368l6sd6tj/loySp2DsEfWJ8/aLuWEA==</latexit>

f(...) or f{...}• we are talking of any mapping, any generic transformation,

• remember that “inputs” means also delayed version of the outputs

• just to give an idea:



Non-causal and anti-causal

• Non-Causal: the output depends on the past and future jointly (and can be 
also dependent on the present).  

• Anti-Causal: the output depends on the future (and can be also dependent 
on the present).  

• in different books, there are different definitions…



Causal, Anti-Causal, Non-causal: examples 
• Causal system: 

• Anti-causal system (depends on the future): 

• Non-causal system (depends on the future and the past):

<latexit sha1_base64="iqxDGrjIOATYsF9Fu03bNDtNYck=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahBS0zRdGNUHCjuwr2Ae1QMmmmDc08SO6Iw1Bw46+4caGIW3/CnX9j2s5CqweSezjnXpJ73EhwBZb1ZeQWFpeWV/KrhbX1jc0tc3unqcJYUtagoQhl2yWKCR6wBnAQrB1JRnxXsJY7upz4rTsmFQ+DW0gi5vhkEHCPUwJa6pl7SQnKF17pXpcjfR3bs1Itl3tm0apYU+C/xM5IEWWo98zPbj+ksc8CoIIo1bGtCJyUSOBUsHGhGysWEToiA9bRNCA+U0463WGMD7XSx14o9QkAT9WfEynxlUp8V3f6BIZq3puI/3mdGLxzJ+VBFAML6OwhLxYYQjwJBPe5ZBREogmhkuu/YjokklDQsRV0CPb8yn9Js1qxTyvWzUmxdp3FkUf76ACVkI3OUA1doTpqIIoe0BN6Qa/Go/FsvBnvs9ackc3sol8wPr4BQUeUuA==</latexit>

y(t) = f(x(t), x(t� 1), x(t� 2))

<latexit sha1_base64="QMHiXYbG8q/itoH8X3zndWB5sA4=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvQopQZUXQjFNzoroJ9QDuUTJppQzOZIbkjDqX+ihsXirj1Q9z5N6btLLR6ILmHc+4lN8ePBdfgOF9Wbml5ZXUtv17Y2Nza3rF395o6ShRlDRqJSLV9opngkjWAg2DtWDES+oK1/NHV1G/dM6V5JO8gjZkXkoHkAacEjNSzi2kZKpdB+cGUY3MduZVKzy45VWcG/Je4GSmhDPWe/dntRzQJmQQqiNYd14nBGxMFnAo2KXQTzWJCR2TAOoZKEjLtjWfLT/ChUfo4iJQ5EvBM/TkxJqHWaeibzpDAUC96U/E/r5NAcOGNuYwTYJLOHwoSgSHC0yRwnytGQaSGEKq42RXTIVGEgsmrYEJwF7/8lzRPqu5Z1bk9LdVusjjyaB8doDJy0TmqoWtURw1EUYqe0At6tR6tZ+vNep+35qxspoh+wfr4BluXkqg=</latexit>

y(t) = f(x(t), x(t+ 1))
<latexit sha1_base64="MLJntLrtqRtXDuSZiTHOz9Oblg8=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN8EitCglEYtuhIIb3VWwF2hDmUwn7dDJJMxMxBDqq7hxoYhbH8Sdb+O0zUJbDwzz8f/nMGd+L2JUKtv+NnIrq2vrG/nNwtb2zu6euX/QkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3vp767QciJA35vUoi4gZoyKlPMVJa6pvFpKwqV375UV+nmk9qlUrfLNlVe1bWMjgZlCCrRt/86g1CHAeEK8yQlF3HjpSbIqEoZmRS6MWSRAiP0ZB0NXIUEOmms+Un1rFWBpYfCn24smbq74kUBVImgac7A6RGctGbiv953Vj5l25KeRQrwvH8IT9mlgqtaRLWgAqCFUs0ICyo3tXCIyQQVjqvgg7BWfzyMrTOqk6tat+dl+q3WRx5OIQjKIMDF1CHG2hAEzAk8Ayv8GY8GS/Gu/Exb80Z2UwR/pTx+QNjOZKt</latexit>

y(t) = f(x(t), y(t+ 5))
<latexit sha1_base64="ddc9WqZRmijqdcWpYq/lgmWwYXk=">AAAB9XicbVBNS8NAEN34WetX1aOXxSKkCCUpil6Eghe9VbAf0May2W7apZtN2J2oJfR/ePGgiFf/izf/jds2B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2d3cLefkNHiaKsTiMRqZZPNBNcsjpwEKwVK0ZCX7CmP7ya+M0HpjSP5B2MYuaFpC95wCkBI92PbChdBvaTDSeVUqlbKDplZwq8SNyMFFGGWrfw1elFNAmZBCqI1m3XicFLiQJOBRvnO4lmMaFD0mdtQyUJmfbS6dVjfGyUHg4iZUoCnqq/J1ISaj0KfdMZEhjoeW8i/ue1EwguvJTLOAEm6WxRkAgMEZ5EgHtcMQpiZAihiptbMR0QRSiYoPImBHf+5UXSqJTds7Jze1qs3mRx5NAhOkI2ctE5qqJrVEN1RJFCz+gVvVmP1ov1bn3MWpesbOYA/YH1+QPxDZDd</latexit>

y(t) = f(x(t+ 2))

<latexit sha1_base64="z2uhUiNhSDe43Bcvcmp6pJ3uE1I=">AAAB/nicbVDLSsNAFJ34rPUVFVdugkVIUEviA90IBTe6q2Af0IYymU7aoZMHMzdiCAV/xY0LRdz6He78G6dtFtp64HIP59zL3DlezJkE2/7W5uYXFpeWCyvF1bX1jU19a7suo0QQWiMRj0TTw5JyFtIaMOC0GQuKA4/Thje4HvmNByoki8J7SGPqBrgXMp8RDErq6LupCdaVbz6acOxYR6odnlpWRy/ZZXsMY5Y4OSmhHNWO/tXuRiQJaAiEYylbjh2Dm2EBjHA6LLYTSWNMBrhHW4qGOKDSzcbnD40DpXQNPxKqQjDG6u+NDAdSpoGnJgMMfTntjcT/vFYC/qWbsTBOgIZk8pCfcAMiY5SF0WWCEuCpIpgIpm41SB8LTEAlVlQhONNfniX1k7JzXrbvzkqV2zyOAtpD+8hEDrpAFXSDqqiGCMrQM3pFb9qT9qK9ax+T0Tkt39lBf6B9/gBBL5Mc</latexit>

y(t) = f(x(t� 1), x(t+ 3))
<latexit sha1_base64="DReJyf1AXPGgfiwRiNM1ienIjcc=">AAACA3icbVDLSgMxFM34rPU16k43wSK0qGVGLboRCm50V8E+oB1KJs20oZnMkGTEYSi48VfcuFDErT/hzr8xnc5CWw8k93DOvST3uCGjUlnWtzE3v7C4tJxbya+urW9smlvbDRlEApM6DlggWi6ShFFO6ooqRlqhIMh3GWm6w6ux37wnQtKA36k4JI6P+px6FCOlpa65GxdV6dIrPuhypK/jSloOT0ulrlmwylYKOEvsjBRAhlrX/Or0Ahz5hCvMkJRt2wqVkyChKGZklO9EkoQID1GftDXlyCfSSdIdRvBAKz3oBUIfrmCq/p5IkC9l7Lu600dqIKe9sfif146Ud+EklIeRIhxPHvIiBlUAx4HAHhUEKxZrgrCg+q8QD5BAWOnY8joEe3rlWdI4KduVsnV7VqjeZHHkwB7YB0Vgg3NQBdegBuoAg0fwDF7Bm/FkvBjvxsekdc7IZnbAHxifP0XzlLs=</latexit>

y(t) = f(x(t), x(t� 5), x(t+ 3))



Causality: examples 



Causality: examples 

Causal
Non-causal (…anti-causal…)

Causal
Non-causal
causal



Causality: examples 

<latexit sha1_base64="1T4cnEpsKKq4fIGrZamvhQIWwGQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBHaS0lE0YtQ8OKxBfuBbSib7aZdutmE3YkYQsEf4cWDIl79N978N24/Dtr6YODx3gwz8/xYcI2O822trK6tb2zmtvLbO7t7+4WDw6aOEkVZg0YiUm2faCa4ZA3kKFg7VoyEvmAtf3Qz8VsPTGkeyTtMY+aFZCB5wClBI92nJSxfP5YIlnuFolNxprCXiTsnRZij1it8dfsRTUImkQqidcd1YvQyopBTwcb5bqJZTOiIDFjHUElCpr1sevHYPjVK3w4iZUqiPVV/T2Qk1DoNfdMZEhzqRW8i/ud1EgyuvIzLOEEm6WxRkAgbI3vyvt3nilEUqSGEKm5utemQKELRhJQ3IbiLLy+T5lnFvag49fNitf40iyMHx3ACJXDhEqpwCzVoAAUJz/AKb5a2Xqx362PWumLNIzyCP7A+fwBpGpCK</latexit>

y(t) = x(at)

Non-causal
<latexit sha1_base64="kypU6QR7t/rz5gqEZOGMZBRyk7I=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseCF48V+oVtKJPtpl262YTdjVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqylo0FrHqBqiZ4JK1DDeCdRPFMAoE6wSTu7nfeWJK81g2zTRhfoQjyUNO0VjpsR/GCoUgSAblilt1FyDrxMtJBXI0BuWv/jCmacSkoQK17nluYvwMleFUsFmpn2qWIJ3giPUslRgx7WeLi2fkwipDYpfbkoYs1N8TGUZaT6PAdkZoxnrVm4v/eb3UhLd+xmWSGibpclGYCmJiMn+fDLli1IipJUgVt7cSOkaF1NiQSjYEb/XlddK+qnq1qvtwXak38ziKcAbncAke3EAd7qEBLaAg4Rle4c3Rzovz7nwsWwtOPnMKf+B8/gDeypBx</latexit>

8a

https://www.youtube.com/watch?v=0TzBSqENELM&list=PLBlnK6fEyqRhG6s3jYIU48CqsT5cyiDTO&index=87

https://www.youtube.com/watch?v=A5SlTkKfUz0&list=PLBlnK6fEyqRhG6s3jYIU48CqsT5cyiDTO&index=88

<latexit sha1_base64="1Ua5o0bZmgVIHBZTkIOE7etDX68=">AAAB/nicbVDLSsNAFJ34rPUVFVduBlvBVUlE0WXRjcsK9gFNKJPppB06jzgzUUso+CtuXCji1u9w5984bbPQ1gMXDufcy733RAmj2njet7OwuLS8slpYK65vbG5tuzu7DS1ThUkdSyZVK0KaMCpI3VDDSCtRBPGIkWY0uBr7zXuiNJXi1gwTEnLUEzSmGBkrddz9gEfyMXugpg/LKBDkDvrlUccteRVvAjhP/JyUQI5ax/0KuhKnnAiDGdK67XuJCTOkDMWMjIpBqkmC8AD1SNtSgTjRYTY5fwSPrNKFsVS2hIET9fdEhrjWQx7ZTo5MX896Y/E/r52a+CLMqEhSQwSeLopTBo2E4yxglyqCDRtagrCi9laI+0ghbGxiRRuCP/vyPGmcVPyzindzWqpe5nEUwAE4BMfAB+egCq5BDdQBBhl4Bq/gzXlyXpx352PauuDkM3vgD5zPHz2MlQE=</latexit>

with a 6= 1

https://www.youtube.com/watch?v=0TzBSqENELM&list=PLBlnK6fEyqRhG6s3jYIU48CqsT5cyiDTO&index=87
https://www.youtube.com/watch?v=A5SlTkKfUz0&list=PLBlnK6fEyqRhG6s3jYIU48CqsT5cyiDTO&index=88


Causality: examples 

Causal Anti-causal

<latexit sha1_base64="fL/smcUymo9SglFAwoDlWYMWS6o=">AAAB/XicbZBLSwMxFIUz9VXH1/jYuQmWQruwzIiiG6HgxmUL9gHtUDJp2oZmHiZ3xHEo+lPcuFDErf/Dnf/G9LHQ1gOBj3NuyM3xIsEV2Pa3kVlaXlldy66bG5tb2zvW7l5dhbGkrEZDEcqmRxQTPGA14CBYM5KM+J5gDW94Nc4bd0wqHgY3kETM9Uk/4D1OCWirYx0kBShe3hfg2CuaedIW7BbbHStnl+yJ8CI4M8ihmSod66vdDWnsswCoIEq1HDsCNyUSOBVsZLZjxSJCh6TPWhoD4jPlppPtRzivnS7uhVKfAPDE/X0jJb5Sie/pSZ/AQM1nY/O/rBVD78JNeRDFwAI6fagXCwwhHleBu1wyCiLRQKjkeldMB0QSCrowU5fgzH95EeonJeesZFdPc+Xq07SOLDpER6iAHHSOyugaVVANUfSAntErejMejRfj3fiYjmaMWYX76I+Mzx+KLJPL</latexit>

y(t) = x(t� b)

<latexit sha1_base64="vLJTMrcksenTAFtitNMB38STYrw=">AAAB+nicbZBLSwMxFIUz9VXH11SXboKl0C4sM6LoQqHgxmUL9gHtUDJppg3NPEjuqEMt+EfcuFDErb/Enf/G9LHQ1gOBj3NuyM3xYsEV2Pa3kVlZXVvfyG6aW9s7u3tWbr+hokRSVqeRiGTLI4oJHrI6cBCsFUtGAk+wpje8nuTNOyYVj8JbSGPmBqQfcp9TAtrqWrlCWoTS1UMRjr2S6V1iu2vl7bI9FV4GZw55NFe1a311ehFNAhYCFUSptmPH4I6IBE4FG5udRLGY0CHps7bGkARMuaPp6mNc0E4P+5HUJwQ8dX/fGJFAqTTw9GRAYKAWs4n5X9ZOwL9wRzyME2AhnT3kJwJDhCc94B6XjIJINRAqud4V0wGRhIJuy9QlOItfXobGSdk5K9u103yl9jSrI4sO0REqIgedowq6QVVURxTdo2f0it6MR+PFeDc+ZqMZY17hAfoj4/MH8WCSTA==</latexit>

b < 0
<latexit sha1_base64="sZEi5/PYu1tlE2Ulyor9v1B+9Vw=">AAAB/XicbZBLSwMxFIUz9VXH1/jYuQmWQruwzIiiG6HgxmUL9gHtUDJppg3NPEzuiGMp+lPcuFDErf/Dnf/G9LHQ1gOBj3NuyM3xYsEV2Pa3kVlaXlldy66bG5tb2zvW7l5dRYmkrEYjEcmmRxQTPGQ14CBYM5aMBJ5gDW9wNc4bd0wqHoU3kMbMDUgv5D6nBLTVsQ7yaQGKl/cFOPaKptfusVtsd6ycXbInwovgzCCHZqp0rK92N6JJwEKggijVcuwY3CGRwKlgI7OdKBYTOiA91tIYkoApdzjZfoTz2uliP5L6hIAn7u8bQxIolQaengwI9NV8Njb/y1oJ+BfukIdxAiyk04f8RGCI8LgK3OWSURCpBkIl17ti2ieSUNCFmboEZ/7Li1A/KTlnJbt6mitXn6Z1ZNEhOkIF5KBzVEbXqIJqiKIH9Ixe0ZvxaLwY78bHdDRjzCrcR39kfP4AgnmTxw==</latexit>

b � 0



Causal systems and memoryless systems 



Stability 

<latexit sha1_base64="N8PTsoCmhiKQL1wmEMuGe1ynNQc=">AAACD3icbVC7TsMwFHV4lvAKMLIYKhBTlSAQjJVYYCsSfUhNVDmO21q1nch2EFWUP2DhV1gYQIiVlY2/wU0zQMuRLB2dc6/vvSdMGFXadb+thcWl5ZXVypq9vrG5te3s7LZUnEpMmjhmseyESBFGBWlqqhnpJJIgHjLSDkdXE799T6SisbjT44QEHA0E7VOMtJF6znHmF59kkkS57fdjiRiDGvo8jB8yeGAAczvvOVW35haA88QrSRWUaPScLz+KccqJ0Jghpbqem+ggQ1JTzIiZlCqSIDxCA9I1VCBOVJAVq+TwyCgRNLuYJzQs1N8dGeJKjXloKjnSQzXrTcT/vG6q+5dBRkWSaiLwdFA/NffGcBIOjKgkWLOxIQhLanaFeIgkwtpEaJsQvNmT50nrtOad19zbs2r9poyjAvbBITgBHrgAdXANGqAJMHgEz+AVvFlP1ov1bn1MSxessmcP/IH1+QPuy5tK</latexit>

8t !!!!



Stability 

Stable

Unstable

The corresponding system that 
produces these outputs is:



Stability: examples 

Stable
Stable

Stable
Stable
Stable
Stable

Unstable
Unstable



Stability: examples 

<latexit sha1_base64="41odYWHFKOJTqwjOJb2QzBkrztg=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEilASUXQjFNzoroJ9QBvKZDpph04mYeZGLCHgr7hxoYhbv8Odf+O0zUKrBy6cOede5t7jx4JrcJwvq7CwuLS8Ulwtra1vbG7Z2ztNHSWKsgaNRKTaPtFMcMkawEGwdqwYCX3BWv7oauK37pnSPJJ3MI6ZF5KB5AGnBIzUs/fGFTi67AaK0NTN0gfzOnaznl12qs4U+C9xc1JGOeo9+7Pbj2gSMglUEK07rhODlxIFnAqWlbqJZjGhIzJgHUMlCZn20un6GT40Sh8HkTIlAU/VnxMpCbUeh77pDAkM9bw3Ef/zOgkEF17KZZwAk3T2UZAIDBGeZIH7XDEKYmwIoYqbXTEdEhMFmMRKJgR3/uS/pHlSdc+qzu1puXaTx1FE++gAVZCLzlENXaM6aiCKUvSEXtCr9Wg9W2/W+6y1YOUzu+gXrI9vuWmUtQ==</latexit>

y(t) =
1

x(t) + 1
Unstable



Time invariance 



Time invariance

Output of a time invariant



Time invariance

Output of a  

Time variant system



Time invariance: method



Time invariance: examples

time invariant
time variant
time variant
time variant

time invariant
<latexit sha1_base64="yiIKnnXa17WrIBRPoEL96t7U3uE=">AAACDHicbVDLSgMxFM34rPVVdekmWIR2YZkRRTdCwY3uKtgHdGrJpJk2NJMZkjviMPQD3Pgrblwo4tYPcOffmGm70NYL4R7OOZebe7xIcA22/W0tLC4tr6zm1vLrG5tb24Wd3YYOY0VZnYYiVC2PaCa4ZHXgIFgrUowEnmBNb3iZ6c17pjQP5S0kEesEpC+5zykBQ3ULxaQE5QuXS+imR6b5kIzuAD+UXCBxGfeyZlx2xR4XngfOFBTRtGrdwpfbC2kcMAlUEK3bjh1BJyUKOBVslHdjzSJCh6TP2gZKEjDdScfHjPChYXrYD5V5EvCY/T2RkkDrJPCMMyAw0LNaRv6ntWPwzzspl1EMTNLJIj8WGEKcJYN7XDEKIjGAUMXNXzEdEEUomPzyJgRn9uR50DiuOKcV++akWL2expFD++gAlZCDzlAVXaEaqiOKHtEzekVv1pP1Yr1bHxPrgjWd2UN/yvr8AbZLmss=</latexit>

y(t) =

Z t

�1
x(⌧)d⌧ time invariant

https://www.youtube.com/watch?v=BZq7j2b-7Lw

https://www.youtube.com/watch?v=P4_iWrawCZs

https://www.youtube.com/watch?v=BZq7j2b-7Lw


Linearity



Linearity



Linearity: examples

non-linear 

linear 
non-linear 



Important properties



Homeworks
• Study the properties of both  systems:



Summary: what we saw so far

•what is a system 
•properties of a system



Summary: what will see…

• We will focus on: LINEAR TIME INVARIANT (LTI) SYSTEMS 

•  LTI systems in time 

•  LTI systems in transformed domain (frequency domain etc.)



Questions?


