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What we saw

•An LTI system in continuous time can be 
expressed (mathematically):

•   Forced L-ODE with constant coefficients and 

with NULL initial conditions

•  Convolution integral where h(t) is the impulse 

response



In this slides…

• properties of the convolution 



Convolution

• if we know h(t) 



Property: Commutative 



Property: Commutative - proof 
<latexit sha1_base64="bW/givyQ9wDNPE2J/Na6xrp6rSg=">AAACI3icbZDPSwJBFMdn7ZfZL6tjlyEJrFB2oyiCQOjS0UBTUJPZcVYHZ2eXmbehLP4vXfpXunQopEuH/pdG3UNpD2beh+97j5n3dUPBNdj2l5VaWl5ZXUuvZzY2t7Z3srt7DzqIFGVVGohA1V2imeCSVYGDYPVQMeK7gtXc/u2kXntiSvNAVmAYspZPupJ7nBIwUjt7PcjD8UnPXDdNLqEdF0zyYDh6jE8TwoN8E0h0jE1XYUadSWpnc3bRngZeBCeBHEqi3M6Om52ARj6TQAXRuuHYIbRiooBTwUaZZqRZSGifdFnDoCQ+0614uuMIHxmlg71AmSMBT9XfEzHxtR76run0CfT0fG0i/ldrROBdtWIuwwiYpLOHvEhgCPDEMNzhilEQQwOEKm7+immPKELB2JoxJjjzKy/Cw1nRuSja9+e5UiWxI40O0CHKIwddohK6Q2VURRQ9o1f0jj6sF+vNGlufs9aUlczsoz9hff8AH4ujZw==</latexit>

x(t) ⇤ h(t) =
Z +1

�1
x(⌧)h(t� ⌧)d⌧

• Change of variable: 
<latexit sha1_base64="nCN4kOy77LKSyPp/KrBuMWfoBw0="></latexit>

v = t� ⌧ =) ⌧ = t� v =) d⌧ = �dv

<latexit sha1_base64="WT/CNj1k5ZpJIWeIz+k560Zyapg="></latexit>

⌧ ! �1 =) v ! 1
<latexit sha1_base64="nmidBBdLd6Dg69xDLMxKPel0KB4="></latexit>

⌧ ! +1 =) v ! �1



Property: Commutative - proof 
• Replacing: 

<latexit sha1_base64="syevK4PDr0Dg++jZqCaVrsGvHvU="></latexit>Z +1

�1
x(⌧)h(t� ⌧)d⌧ = �

Z �1

+1
x(t� v)h(v)dv

<latexit sha1_base64="JFElKX1Gx1XRTA5oO85GL5ztdNY="></latexit>

=

Z +1

�1
x(t� v)h(v)dv

<latexit sha1_base64="AtHIC9K0A71heTiWP1xMjPgmXxQ="></latexit>

= h(t) ⇤ x(t)

<latexit sha1_base64="VG/A5e0JuLZ8pl+vvN+pXuEyAa4="></latexit>

=

Z +1

�1
h(v)x(t� v)dv

<latexit sha1_base64="1ETI34BdBZABZ7Bn46xaZhHAOtA="></latexit>

x(t) ⇤ h(t) =



Property: Commutative 

• Then we finally obtain: 

<latexit sha1_base64="4WTfvOlsSUl0XCivpRb6Gy2CV1Y="></latexit>

x(t) ⇤ h(t) = h(t) ⇤ x(t)



Connections among systems



Connections among systems

SERIES

PARALLEL

Combination of 
series and parallel….

FEEDBACK



Property: Associative 

• We can also switch the positions of h_1(t) and h_2(t), 
and nothing does not change. 

<latexit sha1_base64="tAji7TVif5725jUraRVwTaS5qlc="></latexit>

heq(t) = h1(t) ⇤ h2(t)

• Think on integral properties…



Property: Associative 

<latexit sha1_base64="2ADHN89v22YvWOBuHuFCCdBMLSM="></latexit>

heq(t) = h1(t) ⇤ h2(t)

<latexit sha1_base64="A+ORT7HsIy3Ce3GDH2M6c898VkU="></latexit>

x(t)
<latexit sha1_base64="YsGvRKcBkjPdgqEoeBZPz9oVmgc="></latexit>

y(t)
<latexit sha1_base64="5Km8peuFpasFG5sEXb4NJA1N1/I="></latexit>

yI(t)

<latexit sha1_base64="ESeomApnWBooiOgr9FqNLSqUQ4E="></latexit>

h1(t)
<latexit sha1_base64="6EqVTG1jKqxk1NxrmrahrlzFJEo="></latexit>

h2(t)

<latexit sha1_base64="A+ORT7HsIy3Ce3GDH2M6c898VkU="></latexit>

x(t)
<latexit sha1_base64="YsGvRKcBkjPdgqEoeBZPz9oVmgc="></latexit>

y(t)

 SERIES of Systems

<latexit sha1_base64="gMuv2Rk2+z8fIBe8Odp0gmBzA+w="></latexit>

y(t) = x(t) ⇤ heq(t)



Series of systems: equivalent impulse response

<latexit sha1_base64="A+ORT7HsIy3Ce3GDH2M6c898VkU="></latexit>

x(t)
<latexit sha1_base64="5Km8peuFpasFG5sEXb4NJA1N1/I="></latexit>

yI(t)

<latexit sha1_base64="ESeomApnWBooiOgr9FqNLSqUQ4E="></latexit>

h1(t)
<latexit sha1_base64="6EqVTG1jKqxk1NxrmrahrlzFJEo="></latexit>

h2(t)

 SERIES of Systems

<latexit sha1_base64="xxb23EOSc701HIailQa3SlIU/1s="></latexit>

yI(t) = x(t) ⇤ h1(t)

<latexit sha1_base64="U9e3JgO8ZVFCRcw2M21+HLaB+3w="></latexit>

y(t) = yI(t) ⇤ h2(t)

<latexit sha1_base64="L8RV+kBiOO8jAJvVDTv87Fn0yuk="></latexit>

y(t) = (x(t) ⇤ h1(t)) ⇤ h2(t)



Series of systems: equivalent impulse response

<latexit sha1_base64="L8RV+kBiOO8jAJvVDTv87Fn0yuk="></latexit>

y(t) = (x(t) ⇤ h1(t)) ⇤ h2(t)

<latexit sha1_base64="9VFj+FwNBFPi4ZJ7X1hpSiiG8WQ="></latexit>

y(t) = x(t) ⇤ h1(t) ⇤ h2(t)

<latexit sha1_base64="gMuv2Rk2+z8fIBe8Odp0gmBzA+w="></latexit>

y(t) = x(t) ⇤ heq(t)

<latexit sha1_base64="tAji7TVif5725jUraRVwTaS5qlc="></latexit>

heq(t) = h1(t) ⇤ h2(t)



Property: Distributive • Think on integral properties…



Property: Distributive 

<latexit sha1_base64="A+ORT7HsIy3Ce3GDH2M6c898VkU="></latexit>

x(t)

<latexit sha1_base64="ESeomApnWBooiOgr9FqNLSqUQ4E="></latexit>

h1(t)

<latexit sha1_base64="6EqVTG1jKqxk1NxrmrahrlzFJEo="></latexit>

h2(t)

<latexit sha1_base64="A+ORT7HsIy3Ce3GDH2M6c898VkU="></latexit>

x(t)
<latexit sha1_base64="YsGvRKcBkjPdgqEoeBZPz9oVmgc="></latexit>

y(t)

 PARALLEL  Systems

<latexit sha1_base64="gMuv2Rk2+z8fIBe8Odp0gmBzA+w="></latexit>

y(t) = x(t) ⇤ heq(t)

<latexit sha1_base64="iihN5gPFGUKTXa6HqWfg43IVBfs="></latexit>

y1(t)

<latexit sha1_base64="x6hRST4yjeNJyTjr1e9tuUv6k2w="></latexit>

y2(t)

<latexit sha1_base64="uMH6WM1Gc1s27EAdm8BXVu0FN6g="></latexit>

y(t) = y1(t) + y2(t)

<latexit sha1_base64="fl+/VUhwwnl/RUM2+dB3LUVjEwA="></latexit>

heq(t) = h1(t) + h2(t)



Parallel systems: equivalent impulse response

<latexit sha1_base64="A+ORT7HsIy3Ce3GDH2M6c898VkU="></latexit>

x(t)

<latexit sha1_base64="ESeomApnWBooiOgr9FqNLSqUQ4E="></latexit>

h1(t)

<latexit sha1_base64="6EqVTG1jKqxk1NxrmrahrlzFJEo="></latexit>

h2(t)

 PARALLEL  Systems
<latexit sha1_base64="iihN5gPFGUKTXa6HqWfg43IVBfs="></latexit>

y1(t)

<latexit sha1_base64="x6hRST4yjeNJyTjr1e9tuUv6k2w="></latexit>

y2(t)

<latexit sha1_base64="uMH6WM1Gc1s27EAdm8BXVu0FN6g="></latexit>

y(t) = y1(t) + y2(t)

<latexit sha1_base64="OtFwSd1hfSsPlUnGm/KpLky3XQE="></latexit>

y1(t) = x(t) ⇤ h1(t)
<latexit sha1_base64="vxHM1tR8BiEbNd+KuG+LlkuYUBU="></latexit>

y2(t) = x(t) ⇤ h2(t)

<latexit sha1_base64="uMH6WM1Gc1s27EAdm8BXVu0FN6g=">AAAERniclVNNb9MwGPaSASN8rIMjF4sqUkeVKplA2yXSJC4cEBoS3SY1JXIcp7WWL2ynNIry67hw5sZP4MIBhLjifNBl7YSGpfh99D7P49fvq9hLQ8qFaX7dUtTtW7fv7NzV7t1/8HC3t/folCcZw2SMkzBh5x7iJKQxGQsqQnKeMoIiLyRn3sXLij9bEMZpEr8TeUqmEZrFNKAYCZly9xQnH4h9O3ctGYa5eyCDpte5wVLuz+ Y1U8UO1WFWROHUtym8MCNlV1WQD6VEpaavsH3FW66ZG18tq9CykVxmHRoLtzBkCERevi+GLYLLgSNQtg+lymiQXwVNX9hNAjqvk3jG6GwuEGPJR1glJbfYIGqjbfgLTf/fcrbROIYrh3HpkLUqg9yqo//Vyk2VtaSVN9LV1OTd66Y7fbUHrPcrR9RVtaJr/MMb+f9WcXt9c2TWC24CqwV90K4Tt/fF8ROcRSQWOEScTywzFdMCMUFxSErNyThJEb5AMzKRMEYR4dOi/ndKqMuMD4OEyS8WsM52HQWKOM8jTyojJOZ8nauS13GTTARH04LGaSZIjJtCQRZCkcDqTUGfMoJFmEuAMKPyrhDPEUNYyJenySFY6y1vgtODkfViZL593j9+045jBzwBT8EAWOAQHINX4ASMAVY+Kd+UH8pP9bP6Xf2l/m6kylbreQyurG3wB/EUXW4=</latexit>

y(t) = y1(t) + y2(t)
<latexit sha1_base64="T5q/hIMvSnJlwagW3WQ7apJIeRE="></latexit>

= x(t) ⇤ h1(t) + x(t) ⇤ h2(t) = x(t) ⇤ (h1(t) + h2(t))



Parallel systems: equivalent impulse response

<latexit sha1_base64="uMH6WM1Gc1s27EAdm8BXVu0FN6g="></latexit>

y(t) = y1(t) + y2(t)
<latexit sha1_base64="T5q/hIMvSnJlwagW3WQ7apJIeRE="></latexit>

= x(t) ⇤ h1(t) + x(t) ⇤ h2(t) = x(t) ⇤ (h1(t) + h2(t))

<latexit sha1_base64="gMuv2Rk2+z8fIBe8Odp0gmBzA+w="></latexit>

y(t) = x(t) ⇤ heq(t)

<latexit sha1_base64="fl+/VUhwwnl/RUM2+dB3LUVjEwA="></latexit>

heq(t) = h1(t) + h2(t)

DISTRIBUTIVE



Property: convolution with a delta function 

<latexit sha1_base64="h0G1JxiBYTTiDV6UETLbuoMKqVM="></latexit>

y(t) =

Z +1

�1
x(⌧)�(t� ⌧)d⌧ =

Z +1

�1
�(⌧)x(t� ⌧)d⌧= x(t)

• Recall the delta properties…



Property: convolution with a delta function 

• Recall the delta properties…



Property: convolution with a delta function 

<latexit sha1_base64="l0/EXIFV2kHptIu3rUpkmh+W4Cs="></latexit>

x(t) ⇤ �(t� t0) = x(t� t0)

• VERY IMPORTANT:



Convolution with a delta function: example 

<latexit sha1_base64="jdVxkQGidQJWtNNx9erQ5+tkGpQ="></latexit>

y(t) = x(t) ⇤ [�(t� 2)� �(t+ 2)]

= x(t) ⇤ �(t� 2)� x(t) ⇤ �(t+ 2)

= x(t� 2)� x(t+ 2)

<latexit sha1_base64="QW+JOcs1slAMh86FmFSPiEpQ6R4="></latexit>

Compute y(t) = x(t) ⇤ h(t) with h(t) = �(t� 2)� �(t+ 2)



Convolution with a delta function: example 



Recall that: 

• Then h(t) summarizes all the properties of LTI systems ==>



Then: 

• We can study the properties of the system looking h(t) ==>



Property of an LTI system: memory 



Property of an LTI system: memory 



Property of an LTI system: causality 

h_1(t)



Property of an LTI system: causality 



Property of an LTI system: stability 

<



Property of an LTI system: stability 



We will see…

• examples of convolutions

• LTI systems in a transformed domain 



Questions?


