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Important example

Periodic signal of period  To

Use a proper mathematical tool for analyzing the Spectrum of this signal

<latexit sha1_base64="21T2fF7Q7pEUuM7Os7M3j3T49SQ=">AAACLXicbVDLSsNAFJ3UV42vqEs3wVKomzIpRd0UirpwWaEvaGqYTCft0MmDmYlQQn7Ijb8igouKuPU3nLYRauuBgcM553LnHjdiVEgIp1puY3Nreye/q+/tHxweGccnbRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxx7czv/NEuKBh0JSTiPR9NAyoRzGSSnKMu6Id+mSIHFizPY5wUrEjmiZNB6Z6Zj0mpfFFWhv/Bpd0qHSoQ8cowDKcw1wnVkYKIEPDMd7sQYhjnwQSMyREz4KR7CeIS4oZSXU7FiRCeIyGpKdogHwi+sn82tQsKmVgeiFXL5DmXF2eSJAvxMR3VdJHciRWvZn4n9eLpXfdT2gQxZIEeLHIi5kpQ3NWnTmgnGDJJoogzKn6q4lHSJUmVcG6KsFaPXmdtCtl67JcfagW6jdZHXlwBs5BCVjgCtTBPWiAFsDgGbyCKfjQXrR37VP7WkRzWjZzCv5A+/4BNEamOA==</latexit>

0

<latexit sha1_base64="21T2fF7Q7pEUuM7Os7M3j3T49SQ=">AAACLXicbVDLSsNAFJ3UV42vqEs3wVKomzIpRd0UirpwWaEvaGqYTCft0MmDmYlQQn7Ijb8igouKuPU3nLYRauuBgcM553LnHjdiVEgIp1puY3Nreye/q+/tHxweGccnbRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxx7czv/NEuKBh0JSTiPR9NAyoRzGSSnKMu6Id+mSIHFizPY5wUrEjmiZNB6Z6Zj0mpfFFWhv/Bpd0qHSoQ8cowDKcw1wnVkYKIEPDMd7sQYhjnwQSMyREz4KR7CeIS4oZSXU7FiRCeIyGpKdogHwi+sn82tQsKmVgeiFXL5DmXF2eSJAvxMR3VdJHciRWvZn4n9eLpXfdT2gQxZIEeLHIi5kpQ3NWnTmgnGDJJoogzKn6q4lHSJUmVcG6KsFaPXmdtCtl67JcfagW6jdZHXlwBs5BCVjgCtTBPWiAFsDgGbyCKfjQXrR37VP7WkRzWjZzCv5A+/4BNEamOA==</latexit>

0

<latexit sha1_base64="0SmImZuOSlrh9NhmEqpIwnf/ENs="></latexit>

T0

2

<latexit sha1_base64="9dR77Bf1t3axGnmksVjF9T9PjMA="></latexit>

�T0

2

<latexit sha1_base64="EQLA84kkquS2ZkHUwiGmc3gS9FQ=">AAACKnicbVDLSsNAFJ3UV42vqEs3wVKomzIpRd0Uqm5cVugLmhom00k7dPJgZiKUkO9x46+46UIpbv0Qp22E2npg4HDOudy5x40YFRLCmZbb2t7Z3cvv6weHR8cnxulZW4Qxx6SFQxbyrosEYTQgLUklI92IE+S7jHTc8cPc77wQLmgYNOUkIn0fDQPqUYykkhzjzg59MkQOrNkeRzip2BFNk6YDU724tJ6T0vgqrY1/gys6VDp0jAIswwXMTWJlpAAyNBxjag9CHPskkJghIXoWjGQ/QVxSzEiq27EgEcJjNCQ9RQPkE9FPFqemZlEpA9MLuXqBNBfq6kSCfCEmvquSPpIjse7Nxf+8Xiy9235CgyiWJMDLRV7MTBma897MAeUESzZRBGFO1V9NPEKqMqna1VUJ1vrJm6RdKVvX5epTtVC/z+rIgwtwCUrAAjegDh5BA7QABq/gHXyAT+1Nm2oz7WsZzWnZzDn4A+37B/zqpbs=</latexit>

!0 =
2⇡

T0



Important example
<latexit sha1_base64="21T2fF7Q7pEUuM7Os7M3j3T49SQ=">AAACLXicbVDLSsNAFJ3UV42vqEs3wVKomzIpRd0UirpwWaEvaGqYTCft0MmDmYlQQn7Ijb8igouKuPU3nLYRauuBgcM553LnHjdiVEgIp1puY3Nreye/q+/tHxweGccnbRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxx7czv/NEuKBh0JSTiPR9NAyoRzGSSnKMu6Id+mSIHFizPY5wUrEjmiZNB6Z6Zj0mpfFFWhv/Bpd0qHSoQ8cowDKcw1wnVkYKIEPDMd7sQYhjnwQSMyREz4KR7CeIS4oZSXU7FiRCeIyGpKdogHwi+sn82tQsKmVgeiFXL5DmXF2eSJAvxMR3VdJHciRWvZn4n9eLpXfdT2gQxZIEeLHIi5kpQ3NWnTmgnGDJJoogzKn6q4lHSJUmVcG6KsFaPXmdtCtl67JcfagW6jdZHXlwBs5BCVjgCtTBPWiAFsDgGbyCKfjQXrR37VP7WkRzWjZzCv5A+/4BNEamOA==</latexit>

0

<latexit sha1_base64="0SmImZuOSlrh9NhmEqpIwnf/ENs="></latexit>

T0

2

<latexit sha1_base64="9dR77Bf1t3axGnmksVjF9T9PjMA="></latexit>

�T0

2

<latexit sha1_base64="Xk/DZCVhthARvD5w/B3FzYUQxA0="></latexit>

ak =
1

T0

Z T0/2

�T0/2
x(t)e�jk!0tdt =

1

T0

Z T1

�T1

1e�jk!0tdt = (k 6= 0)

=
1

T0

�1

jk!0

⇥
e�jk!0t

⇤T1

�T1
=

�1

jk!0T

⇥
e�jk!0T1 � ejk!0T1

⇤
= · · · = sin (k!0T1)

k⇡<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0



Important example
• we give more details


• we come back the notation for the period To
<latexit sha1_base64="XsvBWf0oaitd8WnUGlXoJ9XLVQc="></latexit>

ak =
�1

jk!0T0
[e�jk!0T1 � ejk!0T1 ]

<latexit sha1_base64="esxzQLPmjUQe+Rv3PZDtjoAe5U4="></latexit>

!0 =
2⇡

T0

<latexit sha1_base64="B5uU7V0HNm2SIJIb2S9/uEM+NJI="></latexit>

�2j sin(k!0T1) = �ejk!0T1 + e�jk!0T1

<latexit sha1_base64="ghROG6JUYuqt4/DKUOMbCJ069Xs="></latexit>

sin(k!0T1) =
1

2j
[ejk!0T1 � e�jk!0T1 ]



Important example
• we give more details


replacing inside:


<latexit sha1_base64="XsvBWf0oaitd8WnUGlXoJ9XLVQc="></latexit>

ak =
�1

jk!0T0
[e�jk!0T1 � ejk!0T1 ]

<latexit sha1_base64="66SMUTgmaGB1uO1PwCwu6gjS3yg="></latexit>

ak =
sin k!0T1

k⇡

<latexit sha1_base64="KlFkn1b0hBEymToZ6Edn1wLsU/A="></latexit>

ak =
�1

jk2⇡
[�2j sin(k!0T1)]



Important example

<latexit sha1_base64="p2DZ2FimIVh+WFw6pkflDwWMTiE="></latexit>

ak =
sin k!0T1

k⇡

• in this example, the a_k 
are real: this is due to x(t) 
is real and even…

• in k=0, we have an indeterminate form (0/0), we can solve in this 
way (again the notation for the period here is T, not To):

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0 <latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0



Important example: final solution

<latexit sha1_base64="p2DZ2FimIVh+WFw6pkflDwWMTiE="></latexit>

ak =
sin k!0T1

k⇡
<latexit sha1_base64="kW2W4gqABlJ6P/mscE5NCsVINXo="></latexit>

a0 =
2T1

T0

<latexit sha1_base64="9dS1Ij/olbmsST6LYn65a8Osyys=">AAACGHicbVDLSsNAFJ34rPUVdekmWAp1U5NS1E2h6MZlhb6giWEynbRDZpIwMxFKyGe48VfcuFDEbXf+jdM2grYeGDiccy537vFiSoQ0zS9tbX1jc2u7sFPc3ds/ONSPjrsiSjjCHRTRiPc9KDAlIe5IIinuxxxD5lHc84Lbmd97xFyQKGzLSYwdBkch8QmCUkmuflG2I4ZH0DUbts8hSmt2TLK0nRUX+kNaCc6zRvCTcvWSWTXnMFaJlZMSyNFy9ak9jFDCcCgRhUIMLDOWTgq5JIhitSYROIYogCM8UDSEDAsnnR+WGWWlDA0/4uqF0pirvydSyISYME8lGZRjsezNxP+8QSL9ayclYZxIHKLFIj+hhoyMWUvGkHCMJJ0oAhEn6q8GGkPVj1RdFlUJ1vLJq6Rbq1qX1fp9vdS8yesogFNwBirAAlegCe5AC3QAAk/gBbyBd+1Ze9U+tM9FdE3LZ07AH2jTb8cOn6A=</latexit>

!(k) = k!0

<latexit sha1_base64="jmL7iDrZAyDdn3cOV6Gb4wrzG08=">AAACKHicbVDLSsNAFJ3UV42vqEs3wVKom5KUom6KRTcuK/QFTQyT6aQdMnkwMxFKyOe48VfciCjSrV/itI2irQcGDuecy5173JgSLgxjqhTW1jc2t4rb6s7u3v6BdnjU5VHCEO6giEas70KOKQlxRxBBcT9mGAYuxT3Xv5n5vQfMOInCtpjE2A7gKCQeQVBIydGuylYU4BF0jIblMYjSmhWTLG1nam7cpxX/LGv43zH1RzakbDhayagac+irxMxJCeRoOdqrNYxQEuBQIAo5H5hGLOwUMkEQxZlqJRzHEPlwhAeShjDA3E7nh2Z6WSpD3YuYfKHQ5+rviRQGnE8CVyYDKMZ82ZuJ/3mDRHiXdkrCOBE4RItFXkJ1Eemz1vQhYRgJOpEEIkbkX3U0hrIvIbtVZQnm8smrpFurmufV+l291LzO6yiCE3AKKsAEF6AJbkELdAACj+AZvIF35Ul5UT6U6SJaUPKZY/AHyucXpvulGA==</latexit>

!(0) = 0



Considerations
• We have saw that the a_k are real (this is due to x(t) is real 

and even)


• Then, in this case we can represent directly a_k.


• For “normalization” reasons, we will plot a_kTo (a_k times 
To)



Again about the example of the rectangle
<latexit sha1_base64="p2DZ2FimIVh+WFw6pkflDwWMTiE="></latexit>

ak =
sin k!0T1

k⇡

<latexit sha1_base64="Bzqe28+VzXudLtspVytA3c0kjdE="></latexit>

ak =
sin k2⇡ 1

4

k⇡
=

sin k ⇡
2

k⇡

<latexit sha1_base64="2d8eoxXCKC40rsuQieO7aSDCLWM="></latexit>

ak =
sin k 2⇡

T0
T1

k⇡
=

sin k2⇡ T1
T0

k⇡

• Frequencies contained in 
the periodic signal x(t) and 
the coefficients a_k times 
T_0, when the ratio T_1/
T_0=1/4

• What is the dashed line? 
we cannot answer now…



And increasing the period To? 

• More frequencies in the 
signal ! ! ! “mas banda 
espectrales”


• What is the dashed line? 
we cannot answer now…

<latexit sha1_base64="p2DZ2FimIVh+WFw6pkflDwWMTiE="></latexit>

ak =
sin k!0T1

k⇡
<latexit sha1_base64="2d8eoxXCKC40rsuQieO7aSDCLWM="></latexit>

ak =
sin k 2⇡

T0
T1

k⇡
=

sin k2⇡ T1
T0

k⇡
<latexit sha1_base64="+MJtGrTNhLnl0BFjYQ7Etk/J0HA="></latexit>

ak =
sin k2⇡ 1

8

k⇡
=

sin k ⇡
4

k⇡



And again increasing the period To? 

• More frequencies in the signal !!! 

• What is the dashed line? we cannot 
answer now…

<latexit sha1_base64="p2DZ2FimIVh+WFw6pkflDwWMTiE="></latexit>

ak =
sin k!0T1

k⇡
<latexit sha1_base64="2d8eoxXCKC40rsuQieO7aSDCLWM="></latexit>

ak =
sin k 2⇡

T0
T1

k⇡
=

sin k2⇡ T1
T0

k⇡
<latexit sha1_base64="Pg9GJcO4/Ss1ti+pPIsX0D61yn8="></latexit>

ak =
sin k2⇡ 1

16

k⇡
=

sin k ⇡
8

k⇡



And again increasing the period To? 

• what happens when To  diverges? i.e., To goes 
to infinity?


• the signal becomes non-periodic….


• we will see it again, and we will see what is the 
dashed line…

<latexit sha1_base64="21T2fF7Q7pEUuM7Os7M3j3T49SQ=">AAACLXicbVDLSsNAFJ3UV42vqEs3wVKomzIpRd0UirpwWaEvaGqYTCft0MmDmYlQQn7Ijb8igouKuPU3nLYRauuBgcM553LnHjdiVEgIp1puY3Nreye/q+/tHxweGccnbRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxx7czv/NEuKBh0JSTiPR9NAyoRzGSSnKMu6Id+mSIHFizPY5wUrEjmiZNB6Z6Zj0mpfFFWhv/Bpd0qHSoQ8cowDKcw1wnVkYKIEPDMd7sQYhjnwQSMyREz4KR7CeIS4oZSXU7FiRCeIyGpKdogHwi+sn82tQsKmVgeiFXL5DmXF2eSJAvxMR3VdJHciRWvZn4n9eLpXfdT2gQxZIEeLHIi5kpQ3NWnTmgnGDJJoogzKn6q4lHSJUmVcG6KsFaPXmdtCtl67JcfagW6jdZHXlwBs5BCVjgCtTBPWiAFsDgGbyCKfjQXrR37VP7WkRzWjZzCv5A+/4BNEamOA==</latexit>

0



Namely we saw and we will see:

Increasing the 
period To

<latexit sha1_base64="KtY2Fd7bwsFVpg4wrRavVotL9qQ="></latexit>

akT0

<latexit sha1_base64="KtY2Fd7bwsFVpg4wrRavVotL9qQ="></latexit>

akT0

<latexit sha1_base64="KtY2Fd7bwsFVpg4wrRavVotL9qQ="></latexit>

akT0

<latexit sha1_base64="KtY2Fd7bwsFVpg4wrRavVotL9qQ="></latexit>

akT0



Example: Stand. Fourier Transform (FT) of a rectangle

<latexit sha1_base64="7OculQOdIplssg1dTlLAVPVZa3Y="></latexit>

1
<latexit sha1_base64="7OculQOdIplssg1dTlLAVPVZa3Y="></latexit>

1

<latexit sha1_base64="7OculQOdIplssg1dTlLAVPVZa3Y="></latexit>

1
<latexit sha1_base64="7OculQOdIplssg1dTlLAVPVZa3Y="></latexit>

1

<latexit sha1_base64="8Qmr0M4kMEhQKW582qRnbSqv2EU="></latexit>

X(!) =

Z +1

�1
x(t)e�j!tdt =

Z +T1

�T1

e�j!tdt

<latexit sha1_base64="dwOJlotBaUTjAIHikwep3lbYboA="></latexit>

=


�1

j!
e�j!t

�+T1

�T1

<latexit sha1_base64="E21otkgIrCUflsMvajr3F0ZAvXk="></latexit>

=
�1

j!

⇥
e�j!T1 � ej!T1

⇤

<latexit sha1_base64="nZIlEogkPBUx+VnJW1g/uT0DH3Q="></latexit>

1
<latexit sha1_base64="nZIlEogkPBUx+VnJW1g/uT0DH3Q="></latexit>

1



Example: Fourier Transform (FT) of a rectangle

<latexit sha1_base64="aR17yJj/LMOQkZ3Bn1uAqjvaVoM="></latexit>

X(!) =
�1

j!

⇥
e�j!T1 � ej!T1

⇤

<latexit sha1_base64="j+P7xlD76cVh0Yhp63UM+4EsELI="></latexit>

=
�1

j!
[�2j sin(!T1)]

<latexit sha1_base64="k44zjuDMIpWV6N9aN+YZqiK+O5o="></latexit>

X(!) =
2 sin(!T1)

!

<latexit sha1_base64="7OculQOdIplssg1dTlLAVPVZa3Y="></latexit>

1
<latexit sha1_base64="7OculQOdIplssg1dTlLAVPVZa3Y="></latexit>

1

<latexit sha1_base64="7OculQOdIplssg1dTlLAVPVZa3Y="></latexit>

1
<latexit sha1_base64="7OculQOdIplssg1dTlLAVPVZa3Y="></latexit>

1

<latexit sha1_base64="nZIlEogkPBUx+VnJW1g/uT0DH3Q="></latexit>

1
<latexit sha1_base64="nZIlEogkPBUx+VnJW1g/uT0DH3Q="></latexit>

1



Example: more general rectangle

<latexit sha1_base64="7OculQOdIplssg1dTlLAVPVZa3Y="></latexit>

1
<latexit sha1_base64="7OculQOdIplssg1dTlLAVPVZa3Y="></latexit>

1

<latexit sha1_base64="7OculQOdIplssg1dTlLAVPVZa3Y="></latexit>

1
<latexit sha1_base64="7OculQOdIplssg1dTlLAVPVZa3Y="></latexit>

1

<latexit sha1_base64="5qtTigR3Z3wTdAaW1peR71XgEKA="></latexit>

X(!) =
2A sin(!T1)

!

• Let plot this function… that in this case is real (since 
the rectangle is real and even)



SINC FUNCTION: “the octopus” 

<latexit sha1_base64="5qtTigR3Z3wTdAaW1peR71XgEKA="></latexit>

X(!) =
2A sin(!T1)

!

<latexit sha1_base64="M7w6kOVN8iUlwRsWCFLuuvC+szQ="></latexit>

1
<latexit sha1_base64="M7w6kOVN8iUlwRsWCFLuuvC+szQ="></latexit>

1
<latexit sha1_base64="M7w6kOVN8iUlwRsWCFLuuvC+szQ="></latexit>

1
<latexit sha1_base64="M7w6kOVN8iUlwRsWCFLuuvC+szQ="></latexit>

1

<latexit sha1_base64="M7w6kOVN8iUlwRsWCFLuuvC+szQ="></latexit>

1

• Sinc function:

• i t s e e m s a n 
“octopus”



Recalling again this figure….

Increasing the 
period To

<latexit sha1_base64="KtY2Fd7bwsFVpg4wrRavVotL9qQ="></latexit>

akT0

<latexit sha1_base64="KtY2Fd7bwsFVpg4wrRavVotL9qQ="></latexit>

akT0

<latexit sha1_base64="KtY2Fd7bwsFVpg4wrRavVotL9qQ="></latexit>

akT0

<latexit sha1_base64="KtY2Fd7bwsFVpg4wrRavVotL9qQ="></latexit>

akT0
• The sinc function - the octopus   !!!



Generalization of this idea: 
IMPORTANT RELATIONSHIP VALID FOR 
SIGNALS OF FINITE LENGTH 



Signal with finite length and its periodic “brother”

<latexit sha1_base64="xTWCCE8WhNb5sbPXBqOq4l/9zTo="></latexit>

x(t)
<latexit sha1_base64="DG5TWiaYAa1DJK5zAne6KING20M="></latexit>

ex(t)
Signal with finite length Its periodic “brother”



Signal with finite length and its periodic “brother”

<latexit sha1_base64="xTWCCE8WhNb5sbPXBqOq4l/9zTo="></latexit>

x(t)
We can compute FT for 

<latexit sha1_base64="DG5TWiaYAa1DJK5zAne6KING20M="></latexit>

ex(t)
We can compute FS for 

<latexit sha1_base64="slf85IOAqE1+O6+hptSI644SPNo="></latexit>

0

<latexit sha1_base64="JYVAhoMp3eGXxtAFfMoFOlK0Kxg="></latexit>

X(!) =

Z +1

�1
x(t)e�j!tdt



Important result - relationship FT - FS

<latexit sha1_base64="AyIA21xt5atoYknDVLsHH/fCHXk=">AAACBXicbVDLSgMxFM3UV62vUZe6CBbBjWWmKLqSghuXFfqCzlAyaaYNzWSGJCOUMBs3/oobF4q49R/c+Tem01lo64ELh3PuTe49QcKoVI7zbZVWVtfWN8qbla3tnd09e/+gI+NUYNLGMYtFL0CSMMpJW1HFSC8RBEUBI91gcjvzuw9ESBrzlpomxI/QiNOQYqSMNLCPtZc/ogOWkuzcCwXCujVwMl3PsoFddWpODrhM3IJUQYHmwP7yhjFOI8IVZkjKvuskytdIKIoZySpeKkmC8ASNSN9QjiIifZ0vkMFTowxhGAtTXMFc/T2hUSTlNApMZ4TUWC56M/E/r5+q8NrXlCepIhzPPwpTBlUMZ5HAIRUEKzY1BGFBza4Qj5EJQpngKiYEd/HkZdKp19zLmnN/UW3cFHGUwRE4AWfABVegAe5AE7QBBo/gGbyCN+vJerHerY95a8kqZg7BH1ifPzTOmQA=</latexit>

�T0

2



more explications….

<latexit sha1_base64="C0Iq9y/J/YwvrIfcsepWtuGIvik="></latexit>

ak =
1

T0

Z T0
2

�T0
2

x̃(t)e�jk!0tdt =
1

T0

Z T0
2

�T0
2

x(t)e�jk!0tdt

<latexit sha1_base64="6lATBT5hf6086Q2U+9XIEZMgahw="></latexit>

ak =
1

T0

Z T0
2

�T0
2

x(t)e�jk!0tdt+ 0 + 0

<latexit sha1_base64="2T9lkg9rppX2TNuuPINUgmcNYoo="></latexit>

ex(t) = x(t)

<latexit sha1_base64="03SEDOnC/IVmexyFnVl9D1cIwcU="></latexit>

(2� 2)
<latexit sha1_base64="03SEDOnC/IVmexyFnVl9D1cIwcU="></latexit>

(2� 2)

<latexit sha1_base64="H8rh1alfaZN6JJ9DCZkB43wKTt0="></latexit>

1

T0

Z �T0
2

�1
x(t)e�jk!0tdt+

1

T0

Z 1

T0
2

x(t)e�jk!0tdt



more explications….

<latexit sha1_base64="NV/fP1qxoZmVKXyr16Cu8P7Jy1A="></latexit>

ak =
1

T0

Z 1

�1
x(t)e�jk!0tdt

<latexit sha1_base64="JltZjQzyhr5pirEmo63RHeQH1Ys="></latexit>

ak =
1

T0

Z T0
2

�T0
2

x(t)e�jk!0tdt+
1

T0

Z �T0
2

�1
x(t)e�jk!0tdt+

1

T0

Z 1

T0
2

x(t)e�jk!0tdt

<latexit sha1_base64="fCNaqZbpQd4Lm81tL0dtMn554DU="></latexit>Z 1

�1
=

Z T0
2

�T0
2

...+

Z �T0
2

�1
...+

Z 1

T0
2

....



Important result - relationship FT - FS

• Valid only if x(t) has finite length:

<latexit sha1_base64="FzNJlVebXzuq/GpfMn7xYtXMn28="></latexit>

ak =
1

T0
X(k!0)

<latexit sha1_base64="/WADClFkxfub56CjPT1Ssaib25k="></latexit>

ak =
1

T0
[X(!)]!=k!0



Check in the rectangular example
<latexit sha1_base64="5qtTigR3Z3wTdAaW1peR71XgEKA="></latexit>

X(!) =
2A sin(!T1)

!

<latexit sha1_base64="6sNICofO8jeoI4bh8AzAth6vOAc="></latexit>

X(k!0) =
2A sin(k!0T1)

k!0

<latexit sha1_base64="YUIphWhotMwR+MwTgyD1w8QPGOg="></latexit>

1

T0
X(k!0) =

1

T0

2A sin(k!0T1)

k!0

<latexit sha1_base64="nqDyAZlxX4txEBgv8K3A/0ndXik="></latexit>

!0 =
2⇡

T0
<latexit sha1_base64="ms34cFy8Dvw1NSv6Fe7hI6NR/E0="></latexit>

1

T0
X(k!0) =

A sin(k!0T1)

k⇡



Check in the rectangular example
<latexit sha1_base64="5qtTigR3Z3wTdAaW1peR71XgEKA="></latexit>

X(!) =
2A sin(!T1)

!

<latexit sha1_base64="nqDyAZlxX4txEBgv8K3A/0ndXik="></latexit>

!0 =
2⇡

T0

<latexit sha1_base64="ms34cFy8Dvw1NSv6Fe7hI6NR/E0="></latexit>

1

T0
X(k!0) =

A sin(k!0T1)

k⇡

<latexit sha1_base64="Z83oVAGHO4wyJRvTuG8N0YtLT08="></latexit>

ak =
1

T0
X(k!0) =

A sin(k!0T1)

k⇡

Exactly !!! (we obtain it with A=1, but it is very easy to re-do for a generic A)



For obtaining FS we are sampling of the FT 
• A periodic signal contains 

only certain frequencies, 
t h e m u l t i p l e o f t h e 
fundamental frenquency.

• Sinc function



Find the Generalized Fourier transform of…

Periodic signal of period  To

Use a proper mathematical tool for analyzing the Spectrum of this signal

<latexit sha1_base64="21T2fF7Q7pEUuM7Os7M3j3T49SQ=">AAACLXicbVDLSsNAFJ3UV42vqEs3wVKomzIpRd0UirpwWaEvaGqYTCft0MmDmYlQQn7Ijb8igouKuPU3nLYRauuBgcM553LnHjdiVEgIp1puY3Nreye/q+/tHxweGccnbRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxx7czv/NEuKBh0JSTiPR9NAyoRzGSSnKMu6Id+mSIHFizPY5wUrEjmiZNB6Z6Zj0mpfFFWhv/Bpd0qHSoQ8cowDKcw1wnVkYKIEPDMd7sQYhjnwQSMyREz4KR7CeIS4oZSXU7FiRCeIyGpKdogHwi+sn82tQsKmVgeiFXL5DmXF2eSJAvxMR3VdJHciRWvZn4n9eLpXfdT2gQxZIEeLHIi5kpQ3NWnTmgnGDJJoogzKn6q4lHSJUmVcG6KsFaPXmdtCtl67JcfagW6jdZHXlwBs5BCVjgCtTBPWiAFsDgGbyCKfjQXrR37VP7WkRzWjZzCv5A+/4BNEamOA==</latexit>

0

<latexit sha1_base64="21T2fF7Q7pEUuM7Os7M3j3T49SQ=">AAACLXicbVDLSsNAFJ3UV42vqEs3wVKomzIpRd0UirpwWaEvaGqYTCft0MmDmYlQQn7Ijb8igouKuPU3nLYRauuBgcM553LnHjdiVEgIp1puY3Nreye/q+/tHxweGccnbRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxx7czv/NEuKBh0JSTiPR9NAyoRzGSSnKMu6Id+mSIHFizPY5wUrEjmiZNB6Z6Zj0mpfFFWhv/Bpd0qHSoQ8cowDKcw1wnVkYKIEPDMd7sQYhjnwQSMyREz4KR7CeIS4oZSXU7FiRCeIyGpKdogHwi+sn82tQsKmVgeiFXL5DmXF2eSJAvxMR3VdJHciRWvZn4n9eLpXfdT2gQxZIEeLHIi5kpQ3NWnTmgnGDJJoogzKn6q4lHSJUmVcG6KsFaPXmdtCtl67JcfagW6jdZHXlwBs5BCVjgCtTBPWiAFsDgGbyCKfjQXrR37VP7WkRzWjZzCv5A+/4BNEamOA==</latexit>

0

<latexit sha1_base64="0SmImZuOSlrh9NhmEqpIwnf/ENs="></latexit>

T0

2

<latexit sha1_base64="9dR77Bf1t3axGnmksVjF9T9PjMA="></latexit>

�T0

2

<latexit sha1_base64="EQLA84kkquS2ZkHUwiGmc3gS9FQ=">AAACKnicbVDLSsNAFJ3UV42vqEs3wVKomzIpRd0Uqm5cVugLmhom00k7dPJgZiKUkO9x46+46UIpbv0Qp22E2npg4HDOudy5x40YFRLCmZbb2t7Z3cvv6weHR8cnxulZW4Qxx6SFQxbyrosEYTQgLUklI92IE+S7jHTc8cPc77wQLmgYNOUkIn0fDQPqUYykkhzjzg59MkQOrNkeRzip2BFNk6YDU724tJ6T0vgqrY1/gys6VDp0jAIswwXMTWJlpAAyNBxjag9CHPskkJghIXoWjGQ/QVxSzEiq27EgEcJjNCQ9RQPkE9FPFqemZlEpA9MLuXqBNBfq6kSCfCEmvquSPpIjse7Nxf+8Xiy9235CgyiWJMDLRV7MTBma897MAeUESzZRBGFO1V9NPEKqMqna1VUJ1vrJm6RdKVvX5epTtVC/z+rIgwtwCUrAAjegDh5BA7QABq/gHXyAT+1Nm2oz7WsZzWnZzDn4A+37B/zqpbs=</latexit>

!0 =
2⇡

T0



Generalized Fourier Trasform (GFT) - for a periodic signal

<latexit sha1_base64="SgVliEHSIM/VzVf63BtMtOfWue8=">AAACBHicbVDNS8MwHE3n15xfVY+7BIewIYxWFL0IAy8eJ+xLtlLSLN3C0rQkqThKD178V7x4UMSrf4Q3/xuzrgfdfJDweO/3kTwvYlQqy/o2Ciura+sbxc3S1vbO7p65f9CRYSwwaeOQhaLnIUkY5aStqGKkFwmCAo+Rrje5nvndeyIkDXlLTSPiBGjEqU8xUlpyzXIyyIYkHotJ+lBVtSt9nbRcq5a6ZsWqWxngMrFzUgE5mq75NRiGOA4IV5ghKfu2FSknQUJRzEhaGsSSRAhP0Ij0NeUoINJJsv0pPNbKEPqh0IcrmKm/OxIUSDkNPF0ZIDWWi95M/M/rx8q/dBLKo1gRjueL/JhBFcJZInBIBcGKTTVBWFD9VojHSCCsdG4lHYK9+OVl0jmt2+d16/as0rjL4yiCMjgCVWCDC9AAN6AJ2gCDR/AMXsGb8WS8GO/Gx7y0YOQ9h+APjM8f60aXrA==</latexit>

x(t) = x(t+ T0)

<latexit sha1_base64="diIlEa44SkjmeKHvFwiTd1GJphA="></latexit>

FSz }| {
���� >ak

<latexit sha1_base64="sGpzT92Sw8PjpaCVpxIvtCavdK8="></latexit>

For periodic signals

<latexit sha1_base64="NjdksdvxaGFQhR8itxskA8UFLgw="></latexit>

XG(!) = 2⇡
+1X

�1
ak�(! � k!0)

<latexit sha1_base64="jSBonGb9udVtAn090y0I2WDPdHo="></latexit>

k =



Generalized Fourier Trasform (GFT) in our example
<latexit sha1_base64="p2DZ2FimIVh+WFw6pkflDwWMTiE="></latexit>

ak =
sin k!0T1

k⇡
<latexit sha1_base64="kW2W4gqABlJ6P/mscE5NCsVINXo="></latexit>

a0 =
2T1

T0

<latexit sha1_base64="rW6UYm2GdlZLhVrW2Fsl2aLVUFc="></latexit>

XG(!) = 4⇡
T1

T0
�(!) + 2⇡

X

k 6=0

sin k!0T1

k⇡
� (! � k!0)



Recall something of the FS…
<latexit sha1_base64="sG8jxNYa24NN7FpsmLHqnrK88gw="></latexit>

|ak|

<latexit sha1_base64="dnBHwLqbdXN5EB5n6DOyC2JF3bo="></latexit>!0
<latexit sha1_base64="Hydcr6AsdPUt8t12ClltIHEsz5k="></latexit>

2!0
<latexit sha1_base64="ZnuZvgU/2+bJvwaJCOiOWUKIG3c="></latexit>

3!0
<latexit sha1_base64="cWhC4sd1Sc/nHVZFnFsw2BmCsGc="></latexit>

4!0
<latexit sha1_base64="pvkckbEJiP+0qjOVOsoV+ECMdwU="></latexit>

5!0
<latexit sha1_base64="s97bekvkbW8yzZbWPhVzYjwK9TA="></latexit>�!0

<latexit sha1_base64="L18ZAcmqNYJ5wggYc0CrUzSeHbo="></latexit>�2!0
<latexit sha1_base64="CCvJDng6gEH2u2ZkORCFBMEiIqE="></latexit>!

• If we consider a function that is equal  to a_k at each kw_0 
and “0” otherwise (there), then “almost nothing changes”…

<latexit sha1_base64="q0dXGxPMRzwd60OfmYWADhiAn9U=">AAAB+HicbVDLTsJAFJ3iC/FB1aWbRmKCG9ISoi6JLnSJiTwSqM10mMKEeTQzUxMsfIkbFxrj1k9x5984QBcKnuQmJ+fcm3vvCWNKlHbdbyu3tr6xuZXfLuzs7u0X7YPDlhKJRLiJBBWyE0KFKeG4qYmmuBNLDFlIcTscXc/89iOWigh+r8cx9hkccBIRBLWRArs46QQ35Z5geADPJg/VwC65FXcOZ5V4GSmBDI3A/ur1BUoY5hpRqFTXc2Ptp1BqgiieFnqJwjFEIzjAXUM5ZFj56fzwqXNqlL4TCWmKa2eu/p5IIVNqzELTyaAeqmVvJv7ndRMdXfop4XGiMUeLRVFCHS2cWQpOn0iMNB0bApEk5lYHDaGESJusCiYEb/nlVdKqVrzzSu2uVqpfZXHkwTE4AWXggQtQB7egAZoAgQQ8g1fwZj1ZL9a79bFozVnZzBH4A+vzB8VmkoY=</latexit>

|XG(!)|2



Questions?


