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for signals in discrete time
Discrete Time Systems
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Transformations for signal in discrete time

Fourier Series (FS) Stand. Fourier Transform (FT) Zeta Transform (ZT)

Generalized 
Fourier Transform 
(GFT)

For Periodic signals For non-periodic signals

Mathematically, it is not 
completely valid… or we need 
other definition of Fourier 
Transformation….

also for some 
Signals with 

Infinite Energy



Standard Fourier Transform

DEFINITIONS: (x[n] NO-periodic)

Syntesis Equation:

Analysis Equation:
<latexit sha1_base64="rOqjAP1v/tF+WHrfcx3XzDE09Z8="></latexit>

X(⌦) =
+1X

n=�1
x[n]e�j⌦n

<latexit sha1_base64="KVKGT2VYq77Mhwj0j4tMPfsLCWY="></latexit>

x[n] =
1

2⇡

Z

2⇡
X(⌦)ej⌦nd⌦Inverse 

freq. ==> time

Direct 
time ==> freq. Fourier Transform

Inverse Fourier Transform

periodic with period 
<latexit sha1_base64="R1u696y0RW2pv+DE7W01TVypJLc="></latexit>

2⇡



Standard Fourier Transform

Important property: 

periodic with period 
<latexit sha1_base64="R1u696y0RW2pv+DE7W01TVypJLc="></latexit>

2⇡

<latexit sha1_base64="JH39D9tnyRedJZ9QSaE0Xd+bJkw="></latexit>

X(⌦) = X(⌦+ 2⇡)

<latexit sha1_base64="j7si4fGUiqgItoH3W9etiuuZ4UQ="></latexit>

z = rej⌦



Existence (convergence of series of stand. FT)

<latexit sha1_base64="rOqjAP1v/tF+WHrfcx3XzDE09Z8="></latexit>

X(⌦) =
+1X

n=�1
x[n]e�j⌦n

<latexit sha1_base64="hNqrAgyWnHkkSezKm6322cFDIQ0="></latexit> 1X

n=�1
|x[n]|2 < 1 -Enerǵıa finita

<latexit sha1_base64="XJ9vCCUgkk5Z0kxzp3Ss7NxbQR0=">AAACEHicbZC7TsMwFIadcivlFmBksagQLFQJQsAAUgULY5HoRUpC5LhOa9VxIttBVGkfgYVXYWEAIVZGNt4Gt80ALb9k6fN/zpF9/iBhVCrL+jYKc/MLi0vF5dLK6tr6hrm51ZBxKjCp45jFohUgSRjlpK6oYqSVCIKigJFm0Lsa1Zv3REga81vVT4gXoQ6nIcVIacs3912ZRn7GLw5dykPVH95lOQweHO4Nzic36Jtlq2KNBWfBzqEMctV888ttxziNCFeYISkd20qUlyGhKGZkWHJTSRKEe6hDHI0cRUR62XihIdzTThuGsdCHKzh2f09kKJKyHwW6M0KqK6drI/O/mpOq8MzLKE9SRTiePBSmDKoYjtKBbSoIVqyvAWFB9V8h7iKBsNIZlnQI9vTKs9A4qtgnFevmuFy9zOMogh2wCw6ADU5BFVyDGqgDDB7BM3gFb8aT8WK8Gx+T1oKRz2yDPzI+fwAwM53w</latexit> 1X

n=�1
|x[n]| < 1<latexit sha1_base64="QnFB4GWCGUUIc8l3d9nmzrY2Q10=">AAACE3icbZDLSgMxFIYzXut4G3XpJlgKIlhmRNSFQtGNywr2Au1YMmmmDU0yQ5IRy7Tv4MZXceNCEbdu3Pk2pu0stPWHwJf/nENy/iBmVGnX/bbm5hcWl5ZzK/bq2vrGprO1XVVRIjGp4IhFsh4gRRgVpKKpZqQeS4J4wEgt6F2N6rV7IhWNxK3ux8TnqCNoSDHSxmo5B5FdaKqEt1JxcdikItT94V2aweChIfzB+eQGW07eLbpjwVnwMsiDTOWW89VsRzjhRGjMkFINz421nyKpKWZkaDcTRWKEe6hDGgYF4kT56XinISwYpw3DSJojNBy7vydSxJXq88B0cqS7aro2Mv+rNRIdnvkpFXGiicCTh8KEQR3BUUCwTSXBmvUNICyp+SvEXSQR1iZG24TgTa88C9WjondSdG+O86XLLI4c2AV7YB944BSUwDUogwrA4BE8g1fwZj1ZL9a79TFpnbOymR3wR9bnD6innqw=</latexit>o

<latexit sha1_base64="KVKGT2VYq77Mhwj0j4tMPfsLCWY="></latexit>

x[n] =
1

2⇡

Z

2⇡
X(⌦)ej⌦nd⌦



Existence (convergence of series of stand. FT)

with the calculus rules you 
know for Series…. we need:

<latexit sha1_base64="rOqjAP1v/tF+WHrfcx3XzDE09Z8="></latexit>

X(⌦) =
+1X

n=�1
x[n]e�j⌦n

<latexit sha1_base64="hNqrAgyWnHkkSezKm6322cFDIQ0="></latexit> 1X

n=�1
|x[n]|2 < 1 -Enerǵıa finita

<latexit sha1_base64="XJ9vCCUgkk5Z0kxzp3Ss7NxbQR0=">AAACEHicbZC7TsMwFIadcivlFmBksagQLFQJQsAAUgULY5HoRUpC5LhOa9VxIttBVGkfgYVXYWEAIVZGNt4Gt80ALb9k6fN/zpF9/iBhVCrL+jYKc/MLi0vF5dLK6tr6hrm51ZBxKjCp45jFohUgSRjlpK6oYqSVCIKigJFm0Lsa1Zv3REga81vVT4gXoQ6nIcVIacs3912ZRn7GLw5dykPVH95lOQweHO4Nzic36Jtlq2KNBWfBzqEMctV888ttxziNCFeYISkd20qUlyGhKGZkWHJTSRKEe6hDHI0cRUR62XihIdzTThuGsdCHKzh2f09kKJKyHwW6M0KqK6drI/O/mpOq8MzLKE9SRTiePBSmDKoYjtKBbSoIVqyvAWFB9V8h7iKBsNIZlnQI9vTKs9A4qtgnFevmuFy9zOMogh2wCw6ADU5BFVyDGqgDDB7BM3gFb8aT8WK8Gx+T1oKRz2yDPzI+fwAwM53w</latexit> 1X

n=�1
|x[n]| < 1<latexit sha1_base64="QnFB4GWCGUUIc8l3d9nmzrY2Q10=">AAACE3icbZDLSgMxFIYzXut4G3XpJlgKIlhmRNSFQtGNywr2Au1YMmmmDU0yQ5IRy7Tv4MZXceNCEbdu3Pk2pu0stPWHwJf/nENy/iBmVGnX/bbm5hcWl5ZzK/bq2vrGprO1XVVRIjGp4IhFsh4gRRgVpKKpZqQeS4J4wEgt6F2N6rV7IhWNxK3ux8TnqCNoSDHSxmo5B5FdaKqEt1JxcdikItT94V2aweChIfzB+eQGW07eLbpjwVnwMsiDTOWW89VsRzjhRGjMkFINz421nyKpKWZkaDcTRWKEe6hDGgYF4kT56XinISwYpw3DSJojNBy7vydSxJXq88B0cqS7aro2Mv+rNRIdnvkpFXGiicCTh8KEQR3BUUCwTSXBmvUNICyp+SvEXSQR1iZG24TgTa88C9WjondSdG+O86XLLI4c2AV7YB944BSUwDUogwrA4BE8g1fwZj1ZL9a79TFpnbOymR3wR9bnD6innqw=</latexit>o

…the for the convergence of the analysis 
equation (direct Fourier transformation)

FINITE ENERGY

Both are sufficient conditions !!



Extended theories for Series (in order to 
divergent series become convergent in some 
“world”…)
• Cesaro convergence, Cesaro summation 

• Abel summation 

• Borel summation 

• Euler summation, Srinivasa Ramanujan 
formulas…



Extended theories for Series (in order to 
divergent series become convergent in some 
“world”…)
• In Srinivasa Ramanujan's “world”: 

• but only in Ramanujan's “world” !!! (‘’Analytic 
continuation of the Zeta function’’) 

<latexit sha1_base64="bEEjGuz6ZUbf5NyXZ96WvxKPsnw="></latexit> 1X

n=1

n = 1 + 2 + 3 + 4 + 5 + 6 + ... = � 1

12



Extended theories for Series (in order to 
divergent series become convergent in some 
“world”…)



Extended theories for Series (in order to 
divergent series become convergent in some 
“world”…)
• a GOOD STUDENT MUST SAY:

<latexit sha1_base64="GYzu3yNEKY58n5yE4Yq4iGFHPfw=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARxEBIaq1uCkU3LivYVmhqmUwn7dDJJMxMhBD6Dm58FTcuFHHrxp1v4/Sy0NYDAx//fw5nzu/HjErlON9Gbml5ZXUtv17Y2Nza3jF395oySgQmDRyxSNz5SBJGOWkoqhi5iwVBoc9Iyx9ejf3WAxGSRvxWpTHphKjPaUAxUlrqmieeTMJuxqvu6N6jPFAp1GyVrFOrbJ1ZFcu27erU6JpFx3YmBRfBnUERzKreNb+8XoSTkHCFGZKy7Tqx6mRIKIoZGRW8RJIY4SHqk7ZGjkIiO9nkphE80koPBpHQjys4UX9PZCiUMg193RkiNZDz3lj8z2snKrjoZJTHiSIcTxcFCYMqguOAYI8KghVLNSAsqP4rxAMkEFY6xoIOwZ0/eRGaJdut2M5NuVi7nMWRBwfgEBwDF5yDGrgGddAAGDyCZ/AK3own48V4Nz6mrTljNrMP/pTx+QOTvJtr</latexit> 1X

n=1

n = 1 + 2 + 3 + 4 + 5 + 6 + ... = 1

<latexit sha1_base64="bEEjGuz6ZUbf5NyXZ96WvxKPsnw="></latexit> 1X

n=1

n = 1 + 2 + 3 + 4 + 5 + 6 + ... = � 1

12



Extended theories for Series (in order to 
divergent series become convergent in some 
“world”…)
• very good, and proper/correct videos (from 

Mathologer):


• https://www.youtube.com/watch?
v=YuIIjLr6vUA


• https://www.youtube.com/watch?
v=jcKRGpMiVTw&t=1s

https://www.youtube.com/watch?v=YuIIjLr6vUA
https://www.youtube.com/watch?v=YuIIjLr6vUA
https://www.youtube.com/watch?v=jcKRGpMiVTw&t=1s
https://www.youtube.com/watch?v=jcKRGpMiVTw&t=1s


Generalized Fourier Transform
Discrete Time Systems



Generalized Fourier Transform  
(for some signals with infinite energy)

• We should use an extended theory for series… 
as we saw….


• The next formulas cannot be obtained with the 
calculus rules that you know so far (in this 
sense, they are not true, and they cannot be 
proved in “our world").   

https://www.youtube.com/watch?v=jcKRGpMiVTw&t=1s


“Inverse” definition for GFTs 

• “Inverse” definition: We could consider a generalized FT 
as a function in the transformed domain (Omega 
domain) such that inverting it with the inverse FT 
transformation (the synthesis equation)  we get the 
signal x[n] we desire (in the time domain).

<latexit sha1_base64="fU1ZfW1pFI8vQHS/RDggaNoFjfs="></latexit>

x[n] =
1

2⇡

Z

2⇡
XG(⌦)e

j⌦nd⌦



Example
• For instance: 

<latexit sha1_base64="HkvszXHLz2MQkXfudUxPbac5SBE="></latexit>

1

2⇡

Z ⇡

�⇡
2⇡�(⌦� ⌦0)e

j⌦nd⌦ = ej⌦0n = x[n]

Recall that in discrete time, a complex exponential can be also non-periodic 
(with respect to the discrete time variable n) 

periodic with period 
<latexit sha1_base64="R1u696y0RW2pv+DE7W01TVypJLc="></latexit>

2⇡

<latexit sha1_base64="8KNIzJnb+X6ako2vbcV3f9ThZeI="></latexit>

XG(⌦) =
<latexit sha1_base64="ia0XBB9CnocumkxthJZOmIRhvUY="></latexit>

ej⌦0n GT F���! 2⇡�(⌦� ⌦0)



Example
<latexit sha1_base64="ia0XBB9CnocumkxthJZOmIRhvUY="></latexit>

ej⌦0n GT F���! 2⇡�(⌦� ⌦0)
periodic with period 

<latexit sha1_base64="R1u696y0RW2pv+DE7W01TVypJLc="></latexit>

2⇡

<latexit sha1_base64="uozGEfIoL0WTeuM31TM03Id5j9o="></latexit>

1
<latexit sha1_base64="iWmsucq8FjZznMHM4tjPqINV52w="></latexit>

⌦0
<latexit sha1_base64="0zRKXLbxlk23YdBwdaM0tTKHqVM="></latexit>�1

<latexit sha1_base64="21cco6vD0mKHPGjNY53clvEQ8Tc="></latexit>

j

<latexit sha1_base64="ZTe4jsnoIz1YGTmdutza3R3MVZI="></latexit>�j

<latexit sha1_base64="QwKvpAWPLy+RZyV6dN5vKRnvD7Q="></latexit>

ej⌦0n GT F���! 2⇡
1X

m=�1
�(⌦� ⌦0 � 2⇡m)

It is periodic if 
<latexit sha1_base64="1qFVcGoS5evDsZUxMpful+BM24s="></latexit>

⌦0 = 2⇡
m

N

<latexit sha1_base64="Re+syQhmkrGE8wEg2XssfJtwyac="></latexit>

⌦<latexit sha1_base64="Ej4yI3iUae049afIAX3ZECn8s2c="></latexit>

⌦0

<latexit sha1_base64="x5ZtVq1VwEeEM+dy0iBSoMjsS38="></latexit>

2⇡
<latexit sha1_base64="x5ZtVq1VwEeEM+dy0iBSoMjsS38="></latexit>

2⇡

<latexit sha1_base64="rCBW0okm7t5bgln3mnsXau4dgBg="></latexit>�⇡ <latexit sha1_base64="eyNOuOmmjQazkuNersHd/9DbNe4="></latexit>⇡<latexit sha1_base64="oCD1uH85iq87qhEhoW21LaWM5OE="></latexit>

0

<latexit sha1_base64="nQuqxjzYfRTcJEx0tWX/NgvEhy8="></latexit>

XG(⌦)



Example
• For instance: 


• Note that alreadyis a “train” in delta (due to the 2\pi-
periodicity):

<latexit sha1_base64="ia0XBB9CnocumkxthJZOmIRhvUY="></latexit>

ej⌦0n GT F���! 2⇡�(⌦� ⌦0)
periodic with period 

<latexit sha1_base64="R1u696y0RW2pv+DE7W01TVypJLc="></latexit>

2⇡

<latexit sha1_base64="QwKvpAWPLy+RZyV6dN5vKRnvD7Q="></latexit>

ej⌦0n GT F���! 2⇡
1X

m=�1
�(⌦� ⌦0 � 2⇡m)

It is periodic if 
<latexit sha1_base64="1qFVcGoS5evDsZUxMpful+BM24s="></latexit>

⌦0 = 2⇡
m

N



Generalized Fourier Transform 
for periodic signals
Discrete Time Systems



Generalized Fourier Transform of periodic signals

• Periodic signals have infinite energy  

• For periodic signals, the Fourier Series is well-
defined with our calculus rules. 

<latexit sha1_base64="1rGhp64Q9WYxPyEGIFh2J3bZFDg="></latexit>

x[n] ! ak
<latexit sha1_base64="L/A6f4WSZmoAg8DAC8NORm2dWQA="></latexit>

ak periodic with period N
<latexit sha1_base64="sndS9/A8dpOQa5ymIGjaSwNHe8I="></latexit>ak = ak+N

https://www.youtube.com/watch?v=jcKRGpMiVTw&t=1s


Generalized Fourier Transform of periodic signals

• The direct transformation of standard does not 
exist (in our word - for a periodic signal)

<latexit sha1_base64="rOqjAP1v/tF+WHrfcx3XzDE09Z8="></latexit>

X(⌦) =
+1X

n=�1
x[n]e�j⌦n



Generalized Fourier Transform of periodic signals

• We could use the “inverse” definition idea…

<latexit sha1_base64="rOqjAP1v/tF+WHrfcx3XzDE09Z8="></latexit>

X(⌦) =
+1X

n=�1
x[n]e�j⌦n

<latexit sha1_base64="fU1ZfW1pFI8vQHS/RDggaNoFjfs="></latexit>

x[n] =
1

2⇡

Z

2⇡
XG(⌦)e

j⌦nd⌦



Generalized Fourier Transform of periodic signals

• GTF of a periodic signal of period N:


•  We will check that is periodic with period 2\pi

<latexit sha1_base64="D9mQuKRDz3HK5auFlBzvD463vcc="></latexit>

X(⌦) = 2⇡
1X

k=�1
ak�(⌦� k⌦0)

<latexit sha1_base64="Vg2XGB/HJS5OMnusifkbbmiPYTk="></latexit>

X(⌦) = 2⇡
1X

k=�1
ak�

✓
⌦� 2⇡k

N

◆

<latexit sha1_base64="WmA6r2d63gnjVln9lqI0sod2DS4="></latexit>

⌦0 =
2⇡

N

<latexit sha1_base64="E7TtRTV7Eqr7ztd5vlwtAMNTk+g="></latexit>

XG(⌦)

<latexit sha1_base64="E7TtRTV7Eqr7ztd5vlwtAMNTk+g="></latexit>

XG(⌦)



GFT of periodic signals

<latexit sha1_base64="L/A6f4WSZmoAg8DAC8NORm2dWQA="></latexit>

ak periodic with period N
<latexit sha1_base64="sndS9/A8dpOQa5ymIGjaSwNHe8I="></latexit>ak = ak+N

Moreover, 
since:

<latexit sha1_base64="tdfYJZNM+RobhgO7IHqddJ8DgWo="></latexit>

ak+N�

✓
⌦� 2⇡(k +N)

N

◆
= ak+N�

✓
⌦� 2⇡k

N
� 2⇡N

N

◆

= ak+N�

✓
⌦� 2⇡k

N
� 2⇡

◆

<latexit sha1_base64="Vg2XGB/HJS5OMnusifkbbmiPYTk="></latexit>

X(⌦) = 2⇡
1X

k=�1
ak�

✓
⌦� 2⇡k

N

◆
<latexit sha1_base64="E7TtRTV7Eqr7ztd5vlwtAMNTk+g="></latexit>

XG(⌦)



GFT of periodic signals

<latexit sha1_base64="L/A6f4WSZmoAg8DAC8NORm2dWQA="></latexit>

ak periodic with period N
<latexit sha1_base64="sndS9/A8dpOQa5ymIGjaSwNHe8I="></latexit>ak = ak+N

Since:

So each 2\pi in 
Omega,  
we have deltas 
with the same 
“values”/“areas” 
(see next slide)

<latexit sha1_base64="64SE8njKoUTDHO2l4a95tMk7L+o="></latexit>

ak+N�

✓
⌦� 2⇡(k +N)

N

◆
= ak�

✓
⌦� 2⇡k

N
� 2⇡

◆



GFT of periodic signals
<latexit sha1_base64="TaKjhy8gqZ6SsOImNILRzyB6ndQ="></latexit>

ak+N�

✓
⌦� 2⇡(k +N)

N

◆
= ak�

✓
⌦� 2⇡k

N
� 2⇡

◆
<latexit sha1_base64="OLaMCpdNpFST2i7mO8Iy5bgOMf8="></latexit>

k +N
<latexit sha1_base64="S2E97MCFfZlQZFDB8EaoU70f5dE="></latexit>

k
<latexit sha1_base64="weDL9W/Q4LyDD/ks/KohmE+GM0E="></latexit>

ak�

✓
⌦� 2⇡k

N

◆

<latexit sha1_base64="Vg2XGB/HJS5OMnusifkbbmiPYTk="></latexit>

X(⌦) = 2⇡
1X

k=�1
ak�

✓
⌦� 2⇡k

N

◆

periodic with period 
<latexit sha1_base64="R1u696y0RW2pv+DE7W01TVypJLc="></latexit>

2⇡

<latexit sha1_base64="JH39D9tnyRedJZ9QSaE0Xd+bJkw="></latexit>

X(⌦) = X(⌦+ 2⇡)
<latexit sha1_base64="kDh785tXhtyLL+4Gzaht11Go1GQ="></latexit>

= X(⌦� 2⇡)<latexit sha1_base64="WSgcmt/TK9PDYy6ioa3Agwxs0aE="></latexit>

G
<latexit sha1_base64="WSgcmt/TK9PDYy6ioa3Agwxs0aE="></latexit>

G <latexit sha1_base64="WSgcmt/TK9PDYy6ioa3Agwxs0aE="></latexit>

G

<latexit sha1_base64="WSgcmt/TK9PDYy6ioa3Agwxs0aE="></latexit>

G



Examples



Example

It can be considered as a signal of periodic of period N=1;

Indeed, it has a Fourier Series with coefficients:

<latexit sha1_base64="aX22fRxkgrz5JSsFY5Y4hbMT19E="></latexit>

note that ak = ak+N = ak+1
<latexit sha1_base64="l0QG5vS2XzbTaDPZguQ8NzhhGfU="></latexit>

ak = 1 for all k

<latexit sha1_base64="twI9OQqlHKAub5Z5agyDIboMkTY="></latexit>

X(⌦) = 2⇡
1X

k=�1
1�(⌦� 2⇡k)

<latexit sha1_base64="XTTsOp3UickVb+HTG/OdUsF/tNQ="></latexit>

X(⌦) = 2⇡
1X

k=�1
�(⌦� 2⇡k)

<latexit sha1_base64="WSgcmt/TK9PDYy6ioa3Agwxs0aE="></latexit>

G

<latexit sha1_base64="WSgcmt/TK9PDYy6ioa3Agwxs0aE="></latexit>

G

==> It has infinite energy

<latexit sha1_base64="D9mQuKRDz3HK5auFlBzvD463vcc="></latexit>

X(⌦) = 2⇡
1X

k=�1
ak�(⌦� k⌦0)

<latexit sha1_base64="Vg2XGB/HJS5OMnusifkbbmiPYTk="></latexit>

X(⌦) = 2⇡
1X

k=�1
ak�

✓
⌦� 2⇡k

N

◆
<latexit sha1_base64="WSgcmt/TK9PDYy6ioa3Agwxs0aE="></latexit>

G
<latexit sha1_base64="WSgcmt/TK9PDYy6ioa3Agwxs0aE="></latexit>

G

<latexit sha1_base64="d1i1u0g0NfTLRzzyAtOmKB+zE88="></latexit>

x[n] = 1



Other Example

It can be considered as a signal of periodic of period N; 

with N=1 we come back to the previous example;


It has a Fourier Series with coefficients:

==> It has infinite energy
<latexit sha1_base64="kra2Cg6jHsQM7afrop4lAX8LfRo="></latexit>

x[n] =
1X

k=�1
�[n� kN ]

<latexit sha1_base64="1P9ZPCwCnbVgfS3Vdu5ycLtKPJI="></latexit>

note that ak = ak+N

<latexit sha1_base64="DiA3aywJnPsmZAEoXEdsuXSSvi8="></latexit>

ak = 1
N for all k

<latexit sha1_base64="/BntRmXk664wdWT1F87N8XNpbaM="></latexit>

XG(⌦) =
2⇡

N

1X

k=�1
�

✓
⌦� 2⇡

N
k

◆



Example: again the complex exponential 

<latexit sha1_base64="0qXuYJhJ0BXYSjUVC7vwNtm/P9M="></latexit>

x[n] = ej⌦0n Such that  

<latexit sha1_base64="1qFVcGoS5evDsZUxMpful+BM24s="></latexit>

⌦0 = 2⇡
m

N

<latexit sha1_base64="7cO2cfkYLN+zQ3saFzT6Qjyk0Lo="></latexit>

a1 = 1
<latexit sha1_base64="vxd2OhjAp2Gqf/q7LaxNkn2EIpE="></latexit>

aN+1 = 1
<latexit sha1_base64="IKwVKWQWAQbZJC9wZncP1lpKVwk="></latexit>

amN+1 = 1
<latexit sha1_base64="IYONzxO6TYGyFpTzmKGTtYtJXC0="></latexit>ak = ak+N

<latexit sha1_base64="EiR2UcbZ5ZGpHKYbFSHBYM+Xenw="></latexit>

Considering k = 0, ..., N � 1

<latexit sha1_base64="ia0XBB9CnocumkxthJZOmIRhvUY="></latexit>

ej⌦0n GT F���! 2⇡�(⌦� ⌦0)
periodic with period 

<latexit sha1_base64="R1u696y0RW2pv+DE7W01TVypJLc="></latexit>

2⇡

<latexit sha1_base64="F9VzRHXibt6fof0SzuOSZmsrF5Q="></latexit>

ak = 0 for k = 0 and k = 2, ..., N � 1



Example: again the complex exponential 

<latexit sha1_base64="0qXuYJhJ0BXYSjUVC7vwNtm/P9M="></latexit>

x[n] = ej⌦0n Such that  

<latexit sha1_base64="1qFVcGoS5evDsZUxMpful+BM24s="></latexit>

⌦0 = 2⇡
m

N

<latexit sha1_base64="7cO2cfkYLN+zQ3saFzT6Qjyk0Lo="></latexit>

a1 = 1
<latexit sha1_base64="vxd2OhjAp2Gqf/q7LaxNkn2EIpE="></latexit>

aN+1 = 1
<latexit sha1_base64="IKwVKWQWAQbZJC9wZncP1lpKVwk="></latexit>

amN+1 = 1
<latexit sha1_base64="IYONzxO6TYGyFpTzmKGTtYtJXC0="></latexit>ak = ak+N

<latexit sha1_base64="EiR2UcbZ5ZGpHKYbFSHBYM+Xenw="></latexit>

Considering k = 0, ..., N � 1

<latexit sha1_base64="F9VzRHXibt6fof0SzuOSZmsrF5Q="></latexit>

ak = 0 for k = 0 and k = 2, ..., N � 1

If we replace this a_k’s in the definition:
<latexit sha1_base64="D9mQuKRDz3HK5auFlBzvD463vcc="></latexit>

X(⌦) = 2⇡
1X

k=�1
ak�(⌦� k⌦0)<latexit sha1_base64="+VIBt/lIYXEZc3zo+f9lMHUO7hI="></latexit>

G



Example: again the complex exponential 

<latexit sha1_base64="QwKvpAWPLy+RZyV6dN5vKRnvD7Q="></latexit>

ej⌦0n GT F���! 2⇡
1X

m=�1
�(⌦� ⌦0 � 2⇡m)

If we replace this a_k’s in the definition:
<latexit sha1_base64="D9mQuKRDz3HK5auFlBzvD463vcc="></latexit>

X(⌦) = 2⇡
1X

k=�1
ak�(⌦� k⌦0)<latexit sha1_base64="+VIBt/lIYXEZc3zo+f9lMHUO7hI="></latexit>

G

<latexit sha1_base64="7cO2cfkYLN+zQ3saFzT6Qjyk0Lo="></latexit>

a1 = 1
<latexit sha1_base64="vxd2OhjAp2Gqf/q7LaxNkn2EIpE="></latexit>

aN+1 = 1
<latexit sha1_base64="IKwVKWQWAQbZJC9wZncP1lpKVwk="></latexit>

amN+1 = 1
<latexit sha1_base64="IYONzxO6TYGyFpTzmKGTtYtJXC0="></latexit>ak = ak+N

<latexit sha1_base64="F9VzRHXibt6fof0SzuOSZmsrF5Q="></latexit>

ak = 0 for k = 0 and k = 2, ..., N � 1

We can rewrite as:



Let see if the “inverse” definition works…



GFT of periodic signals

• Let prove that the GTF of a periodic signal is true by the 
the “inverse” definition:

<latexit sha1_base64="SN0Iy5hoSWodYYVOmMD5NH8LC78="></latexit>

x[n] =
1

2⇡

Z 2⇡

0

"
2⇡

1X

k=�1
ak� (⌦� k⌦0)

#
ej⌦nd⌦

<latexit sha1_base64="KVKGT2VYq77Mhwj0j4tMPfsLCWY="></latexit>

x[n] =
1

2⇡

Z

2⇡
X(⌦)ej⌦nd⌦

<latexit sha1_base64="Mw1PTHZ7In6ExO9qMq7BJSnLDM4="></latexit>

XG



GFT of periodic signals

• Let prove that the GTF of a periodic signal is true by the 
the “inverse” definition:

<latexit sha1_base64="SN0Iy5hoSWodYYVOmMD5NH8LC78="></latexit>

x[n] =
1

2⇡

Z 2⇡

0

"
2⇡

1X

k=�1
ak� (⌦� k⌦0)

#
ej⌦nd⌦

<latexit sha1_base64="FRb629dXOqpuzlh9SvQB0x96EBM="></latexit>

x[n] =
1

2⇡

Z 2⇡

0

"
2⇡

1X

k=�1
ak�

✓
⌦� 2⇡k

N

◆#
ej⌦nd⌦



GFT of periodic signals

• Let prove that the GTF of a periodic signal is true by the 
the “inverse” definition:

<latexit sha1_base64="zQBX2qsMNImaPO2G6xnYMSfGts8="></latexit>

x[n] =
1

2⇡

Z 2⇡

0

"
2⇡

N�1X

k=0

ak� (⌦� k⌦0)

#
ej⌦nd⌦

<latexit sha1_base64="87SPMelwl9v17aS3oo0mO9/SgRQ="></latexit>

x[n] =
N�1X

k=0

ak

Z 2⇡

0
� (⌦� k⌦0) e

j⌦nd⌦



GFT of periodic signals

• Let prove that the GTF of a periodic signal is true by the 
the “inverse” definition:


• which is the FS of x[n], that is x[n] itself (we proved that).

<latexit sha1_base64="87SPMelwl9v17aS3oo0mO9/SgRQ="></latexit>

x[n] =
N�1X

k=0

ak

Z 2⇡

0
� (⌦� k⌦0) e

j⌦nd⌦

<latexit sha1_base64="Mmqi72XIENlGkmX3+3+HyFo8pd4="></latexit>

x[n] =
N�1X

k=0

ake
jk⌦0n



Other Generalized Fourier 
Transforms (for signals with infinite 
energy)
Discrete Time Systems



GFT of non-periodic signals with infinite energy

• In different books/texts, we can find other GTFs.


• (1) For instance, a sum of periodic signals (that is not 
always periodic) has a GTF.  


• (2) In discrete time, a complex exponential can be also 
non-periodic (with respect to the discrete time variable 
n) but always has a GTF.


• (3) Also cosine and sine are not always periodic in 
discrete time, and they can have GTF.



Example

==> 
<latexit sha1_base64="I5SYiUsvk8NaPhxla/uyVFL/Ix8="></latexit>

x[n] = cos(⌦0n)

It is periodic 
<latexit sha1_base64="1qFVcGoS5evDsZUxMpful+BM24s="></latexit>

⌦0 = 2⇡
m

N

<latexit sha1_base64="uozGEfIoL0WTeuM31TM03Id5j9o="></latexit>

1
<latexit sha1_base64="iWmsucq8FjZznMHM4tjPqINV52w="></latexit>

⌦0
<latexit sha1_base64="0zRKXLbxlk23YdBwdaM0tTKHqVM="></latexit>�1

<latexit sha1_base64="21cco6vD0mKHPGjNY53clvEQ8Tc="></latexit>

j

<latexit sha1_base64="ZTe4jsnoIz1YGTmdutza3R3MVZI="></latexit>�j

<latexit sha1_base64="pwePz9nTdzy1sg7/ZYwsBoy0cWE="></latexit>

�⌦0

<latexit sha1_base64="7fldCA2theGE5kdycv+eYetWCTA="></latexit>

cos(⌦0n) =
1

2
ej⌦0n +

1

2
e�j⌦0n

<latexit sha1_base64="ia0XBB9CnocumkxthJZOmIRhvUY="></latexit>

ej⌦0n GT F���! 2⇡�(⌦� ⌦0)
periodic with 

<latexit sha1_base64="R1u696y0RW2pv+DE7W01TVypJLc="></latexit>

2⇡

<latexit sha1_base64="Re+syQhmkrGE8wEg2XssfJtwyac="></latexit>

⌦<latexit sha1_base64="Ej4yI3iUae049afIAX3ZECn8s2c="></latexit>

⌦0

<latexit sha1_base64="x5ZtVq1VwEeEM+dy0iBSoMjsS38="></latexit>

2⇡
<latexit sha1_base64="x5ZtVq1VwEeEM+dy0iBSoMjsS38="></latexit>

2⇡

<latexit sha1_base64="rCBW0okm7t5bgln3mnsXau4dgBg="></latexit>�⇡ <latexit sha1_base64="eyNOuOmmjQazkuNersHd/9DbNe4="></latexit>⇡<latexit sha1_base64="EfoGScDZ4DFY5TpD8wTrA4HRm40=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBG8WBIR9Vj04s0K9kPaUDbbSbt0dxN2N0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3n1BpFssHM0owEKQvWcQoMVZ6PO3cCeyTrtctlb2KN4W7SPyclCFHrVv66vRimgqUhnKiddv3EhNkRBlGOY6LnVRjQuiQ9LFtqSQCdZBNDx67x1bpuVGsbEnjTtXfExkRWo9EaDsFMQM9703E/7x2aqKrIGMySQ1KOlsUpdw1sTv53u0xhdTwkSWEKmZvdemAKEKNzahoQ/DnX14kjbOKf1Hx7s/L1es8jgIcwhGcgA+XUIVbqEEdKAh4hld4c5Tz4rw7H7PWJSefOYA/cD5/APL3j9o=</latexit>

�⌦0

<latexit sha1_base64="JbZUtBWCkMppzPieiWiBM/JBeos="></latexit>

XG(⌦)

<latexit sha1_base64="4QDkZVC++CKh5C4ue45bu85kgis="></latexit>⇡ <latexit sha1_base64="4QDkZVC++CKh5C4ue45bu85kgis="></latexit>⇡



Example
<latexit sha1_base64="I5SYiUsvk8NaPhxla/uyVFL/Ix8="></latexit>

x[n] = cos(⌦0n) It is periodic if 
<latexit sha1_base64="1qFVcGoS5evDsZUxMpful+BM24s="></latexit>

⌦0 = 2⇡
m

N

<latexit sha1_base64="TuhksEVbSgBVlg4w4+bJ8R/cIUc="></latexit>

a1 = a�1 =
1

2

<latexit sha1_base64="7fldCA2theGE5kdycv+eYetWCTA="></latexit>

cos(⌦0n) =
1

2
ej⌦0n +

1

2
e�j⌦0n

<latexit sha1_base64="PfFx4UnwsUS0Ud2G7P2JPD87O20="></latexit>

Considering (N consecutive coe�cients) from
<latexit sha1_base64="dYc4AR1L+d0jAFpg6aM13LWLVPk="></latexit>

k = �1, 0, 1..., N � 2
<latexit sha1_base64="v/A5g93EZP0eawhBuYs2gv2ZMlQ="></latexit>

ak = 0, for all k 6= �1, 1 and

<latexit sha1_base64="S2eDK6M/H1GspZ+gMNsZ41p3vIA="></latexit>

ak = ak+N ) amN+1 = amN�1 = 1

if it is periodic, we can write 
the FS:  

We could replace all 
those values in the GTF 

of periodic signals ! 



Example
<latexit sha1_base64="I5SYiUsvk8NaPhxla/uyVFL/Ix8="></latexit>

x[n] = cos(⌦0n)

Then, in any case, periodic or non-periodic:

<latexit sha1_base64="zYg0/f38XGwQGyy9XbB1VmLZMrk="></latexit>

XG(⌦) =



Other Example

<latexit sha1_base64="35/MsBorPEIyA2hZnbK8MnpTUqY="></latexit>

XG(⌦) =

<latexit sha1_base64="uozGEfIoL0WTeuM31TM03Id5j9o="></latexit>

1
<latexit sha1_base64="iWmsucq8FjZznMHM4tjPqINV52w="></latexit>

⌦0
<latexit sha1_base64="0zRKXLbxlk23YdBwdaM0tTKHqVM="></latexit>�1

<latexit sha1_base64="21cco6vD0mKHPGjNY53clvEQ8Tc="></latexit>

j

<latexit sha1_base64="ZTe4jsnoIz1YGTmdutza3R3MVZI="></latexit>�j

<latexit sha1_base64="pwePz9nTdzy1sg7/ZYwsBoy0cWE="></latexit>

�⌦0

<latexit sha1_base64="ia0XBB9CnocumkxthJZOmIRhvUY=">AAADGnicfVJdb9MwFHXC1whfHTzyYtFWGooWJWUMXipNIAFPY0jrNqnJIsdxWlPHiWyHtbLyO3jhr/DCAwjxhnjh3+C0QYwVcSVL557je+177KRkVCrf/2nZly5fuXpt47pz4+at23c6m3ePZFEJTEa4YIU4SZAkjHIyUlQxclIKgvKEkeNk9rzRj98RIWnBD9WiJFGOJpxmFCNl qHjT8vuhrPJY82FQn4aUZ2oBDXYH7iN3x33s7rqe5w1XgkNO9VsYvs7JBMU+5DXsh6zgE0YyJehkqpAQxZkTzv8k40iHOVJTjJh+efiiruEgLCkMU8IU2lq12v7d8aHTD/OkmOseimc9WBJBi5RieEbVtM1gb79XO32jD1GsZ+6+ScJMIKyDWg+g6V1Dc1kV6+0Gn+ol878z4bmhmpHSFg/h2rTD+ZhHcafre/4y4DoIWtAFbRzEne9hWuAqJ1xhhqQcB36pIo2EopiR2gkrSUqEZ2hCxgZylBMZ6eXTGoMNk8KsEGZxBZfs+QqNcikXeWJ2NjbLi1pD/ksbVyp7GmnKy0oRjlcHZRWDqoDNP4EpFQQrtjAAYUHNXSGeImO0Mr/JMSYEF0deB0cDL9j1/Dc73b1nrR0b4D54ALZAAJ6APfAKHIARwNZ766P12fpif7A/2V/tb6utttXW3AN/hf3jF/3U94E=</latexit>

ej⌦0n GT F���! 2⇡�(⌦� ⌦0)
periodic with period 

<latexit sha1_base64="R1u696y0RW2pv+DE7W01TVypJLc="></latexit>

2⇡



GFT of non-periodic signals with infinite energy

• In different books/texts, we could find other GTFs.


• (4) more generally, any signals with infinity energy where 
we can define GTF with the “inverse” definition, have a 
GTF.



Questions?


