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ITEM RESPONSE THEORY (IRT)



WHAT IS A TEST?

• A SET OF ITEMS/QUESTIONS/PROBLEMS 

• Here, we just care about a correct (1) or a wrong answer (0) 


• We can have open answers or multiple answers (etc.). However, we assume 
that we can perfectly identify a correct (y=1) or a wrong answer (y=0) 


• We consider N items in a Test. 

• We also M persons doing the same Test. Each person gives us N answers.



<latexit sha1_base64="iDGBM5TVtMRbMSyeXH+b7Q5t20g=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxGMIskQ+jp9CRNenrG7hohDPkJLx4U8ervePNv7CwHTXxQ8Hiviqp6QSKFQdf9dnJLyyura/n1wsbm1vZOcXevbuJUM15jsYx1M6CGS6F4DQVK3kw0p1EgeSMY3Iz9xhPXRsTqHocJ9yPaUyIUjKKVmlk7CMnVw6hTLLlldwKySLwZKcEM1U7xq92NWRpxhUxSY1qem6CfUY2CST4qtFPDE8oGtMdblioaceNnk3tH5MgqXRLG2pZCMlF/T2Q0MmYYBbYzotg3895Y/M9rpRhe+plQSYpcsemiMJUEYzJ+nnSF5gzl0BLKtLC3EtanmjK0ERVsCN78y4ukflL2zstnd6elyvUsjjwcwCEcgwcXUIFbqEINGEh4hld4cx6dF+fd+Zi25pzZzD78gfP5A4bMj6Y=</latexit>

= Y

DATA:
<latexit sha1_base64="neeYgXUBChAxCMW6jwYWJTa46Kk=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4kJKIr2XRjRulgn1IU8tkOmmHTiZhZiKUkJ0bf8WNC0Xc+gvu/Bunj4W2HrhwOOde7r3HjzlT2nG+rZnZufmFxdxSfnlldW3d3tisqiiRhFZIxCNZ97GinAla0UxzWo8lxaHPac3vXQz82gOVikXiVvdj2gxxR7CAEayN1LJ3Us8P0F3mMYG81Dlwvew+vfI0C6lC11nLLjhFZwg0TdwxKcAY5Zb95bUjkoRUaMKxUg3XiXUzxVIzwmmW9xJFY0x6uEMbhgps9jTT4R8Z2jNKGwWRNCU0Gqq/J1IcKtUPfdMZYt1Vk95A/M9rJDo4a6ZMxImmgowWBQlHOkKDUFCbSUo07xuCiWTmVkS6WGKiTXR5E4I7+fI0qR4W3ZPi8c1RoXQ+jiMH27AL++DCKZTgEspQAQKP8Ayv8GY9WS/Wu/Uxap2xxjNb8AfW5w+yI5iV</latexit>

Y 2 {0, 1}M⇥N

<latexit sha1_base64="Eno8XD6pJBq8niXyM8kVTwcZT1k="></latexit>

[Y]i,j = yi,j 2 {0, 1}
<latexit sha1_base64="Xg3CVaTLO1O7KojU503o++4Nkqs="></latexit>

i = 1, 2, ...,M

j = 1, 2, ..., N

<latexit sha1_base64="Uyq/C2bJnOXpHZp6hLe8dwxewOg="></latexit>

M = 5 persons in this example
<latexit sha1_base64="tMIlNCw4iE+gI3PLI0Y0L3ngruA="></latexit>

N = 5 items in this example

<latexit sha1_base64="0SvqlEOOJgZhXuIj98amr9vVuWE="></latexit>

Y is an M ⇥N matrix

Example of data matrix Y
<latexit sha1_base64="oVXYQ8I8vyZs4HIqr6fsI2xfOR8="></latexit>

j

<latexit sha1_base64="FON6eTMFj8w7MzXSAyxzKhRK0y0="></latexit>

i



Some considerations on the previous matrix Y

<latexit sha1_base64="KiKC+Rhrz8SjlvOckv9k4J8261Y="></latexit>

Average score

<latexit sha1_base64="X6MtvB54ZW+nfpW3NvB6hMm7Dck="></latexit>

Average “di�culty” score

of the item

<latexit sha1_base64="gEaxX5ORhOkfFeIYtUbQS0E1IPQ="></latexit>

“tentative student proficiency” (TSD)

<latexit sha1_base64="UED28pzrWDcc9yc8P2dTYgXc+t4="></latexit>

“tentative item di�culty” (TID)



Some considerations on the previous matrix Y
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Some considerations on the previous matrix Y

<latexit sha1_base64="KiKC+Rhrz8SjlvOckv9k4J8261Y="></latexit>

Average score

<latexit sha1_base64="X6MtvB54ZW+nfpW3NvB6hMm7Dck="></latexit>

Average “di�culty” score

of the item

not well-defined, not clear 



Main/key point in IRT: the Item Characteristic Curve (ICC)

Probability of answering the true response in a specific item:

Also called  ITEM RESPONSE FUNCTION (IRF)



Main/key point in IRT: the Item Characteristic Curve

Also called  ITEM 
RESPONSE 

FUNCTION (IRF)



Main/key point in IRT: the Item Characteristic Curve

<latexit sha1_base64="P3pb61vvel2cB51Y+wqqsXqukbE="></latexit>

✓ is the “ability” (proficiency)

that we want to estimate

Also called  
ITEM 

RESPONSE 
FUNCTION (IRF)



Item Characteristic Curve (ICC) or ITEM RESPONSE FUNCTION (IRF)
<latexit sha1_base64="GwNOxca/xfOmQMqVK6YU3l3gbws="></latexit>

j-th item — i-th person

Three parameters:

One parameter: 
Rash Model

<latexit sha1_base64="908pZbeklM+JStJv2BzJDB7V9Ko="></latexit>

Pj(✓i) =
1

1 + exp(�(✓i � bj))

<latexit sha1_base64="mvnkJRde/Svakxi0dpRVoTyqz/A="></latexit>

bj =) Di�culty of the i-th item

<latexit sha1_base64="FbTduCa7CcYp1ej6RQKgm4l1k3E="></latexit>

✓i =) Ability of the j-th person

Two parameters:

<latexit sha1_base64="CqGGZQiMlBqnUAVS5twOmyHMKBs="></latexit>

aj =) Discrimination of the i-th item
<latexit sha1_base64="xj8NGpnIr36tS2idicr6GH+yJ/A="></latexit>

Pj(✓i) =
1

1 + exp(�aj(✓i � bj))

<latexit sha1_base64="lACwFhxeZcOm86nDzrtrYs+HflQ="></latexit>

Pj(✓i) = cj + (1� cj)
1

1 + exp(�aj(✓i � bj))

<latexit sha1_base64="dfEla9dvCwLGJ2L12lAZwQL5NvQ="></latexit>

cj =) Prob. of giving the true answer to the i-th item “just guessing”





Example of IRF of three-parameter model

<latexit sha1_base64="wgk6lNrXKjKtezQ//f3JynRm+DQ="></latexit>cj

<latexit sha1_base64="wgk6lNrXKjKtezQ//f3JynRm+DQ="></latexit>cj



For learning the parameters…

Build the likelihood function similarly as in a Logistic Regression… 
more details ask to the Professor 



True - estimated - score V of the test  
If each item has value 1:

This is the true (ESTIMATED) score of the i-th person

<latexit sha1_base64="vZPyZluIHt68j2OFZ08Td4do8CA=">AAACB3icbVDJSgNBEO2JW4zbqEdBGoMQL2FG3C6BoBdPEsEskMShp9OTdNKz0F0jhCE3L/6KFw+KePUXvPk3dpI5aOKDgsd7VVTVcyPBFVjWt5FZWFxaXsmu5tbWNza3zO2dmgpjSVmVhiKUDZcoJnjAqsBBsEYkGfFdweru4Grs1x+YVDwM7mAYsbZPugH3OCWgJcfcrzm81FKx7yT9kj26v8EVp19oQY8BcfiRY+atojUBnid2SvIoRcUxv1qdkMY+C4AKolTTtiJoJ0QCp4KNcq1YsYjQAemypqYB8ZlqJ5M/RvhQKx3shVJXAHii/p5IiK/U0Hd1p0+gp2a9sfif14zBu2gnPIhiYAGdLvJigSHE41Bwh0tGQQw1IVRyfSumPSIJBR1dTodgz748T2rHRfuseHp7ki9fpnFk0R46QAVko3NURteogqqIokf0jF7Rm/FkvBjvxse0NWOkM7voD4zPH6eImIw=</latexit>

Vi =
NX

j=1

Pj(✓i)

It is like a denoised version of the score obtained:    
<latexit sha1_base64="8/e+GtbJUARqj9RAaPP79PlId1I=">AAACJXicbVDJSgNBEO2JW4zbqEcvjSEQQcKMuB0MBL14kghmgSQOPZ1O0knPQneNEIb8jBd/xYsHgwie/BU7i2ASHxQ83quiqp4bCq7Asr6MxNLyyupacj21sbm1vWPu7pVVEEnKSjQQgay6RDHBfVYCDoJVQ8mI5wpWcXs3I7/yxKTigf8A/ZA1PNL2eYtTAlpyzKtMOVuHDgNylK+ryHPibt4ePN7hotP9NVJVh8+afSfmx92BY6atnDUGXiT2lKTRFEXHHNabAY085gMVRKmabYXQiIkETgUbpOqRYiGhPdJmNU194jHViMdfDnBGK03cCqQuH/BY/TsRE0+pvufqTo9AR817I/E/rxZB67IRcz+MgPl0sqgVCQwBHkWGm1wyCqKvCaGS61sx7RBJKOhgUzoEe/7lRVI+ydnnubP703ThehpHEh2gQ5RFNrpABXSLiqiEKHpGr+gdDY0X4834MD4nrQljOrOPZmB8/wBJRKPy</latexit>

Xi =
NX

j=1

yi,j



Characteristic Curve of Test

The Characteristic Curve of Test  
gives us a “true score’’ (an effective score) for a theta  

<latexit sha1_base64="DA5ya7fWMMcekC6vafRF6olPmEI=">AAACC3icbVDJSgNBEO1xjXEb9eilSRDiJcyI2yUQ9OJJIpgFMuPQ0+kknfQsdNcIYcjdi7/ixYMiXv0Bb/6NnUXQxAcFj/eqqKrnx4IrsKwvY2FxaXllNbOWXd/Y3No2d3ZrKkokZVUaiUg2fKKY4CGrAgfBGrFkJPAFq/v9y5Ffv2dS8Si8hUHM3IB0Qt7mlICWPDNXKzjQZUAOS45KAi/tlezh3TWueL0fwzPzVtEaA88Te0ryaIqKZ346rYgmAQuBCqJU07ZicFMigVPBhlknUSwmtE86rKlpSAKm3HT8yxAfaKWF25HUFQIeq78nUhIoNQh83RkQ6KpZbyT+5zUTaJ+7KQ/jBFhIJ4vaicAQ4VEwuMUloyAGmhAqub4V0y6RhIKOL6tDsGdfnie1o6J9Wjy5Oc6XL6ZxZNA+yqECstEZKqMrVEFVRNEDekIv6NV4NJ6NN+N90rpgTGf20B8YH982Kpnn</latexit>

V (✓) =
NX

j=1

Pj(✓)



Power of the measurement error 
<latexit sha1_base64="vZPyZluIHt68j2OFZ08Td4do8CA=">AAACB3icbVDJSgNBEO2JW4zbqEdBGoMQL2FG3C6BoBdPEsEskMShp9OTdNKz0F0jhCE3L/6KFw+KePUXvPk3dpI5aOKDgsd7VVTVcyPBFVjWt5FZWFxaXsmu5tbWNza3zO2dmgpjSVmVhiKUDZcoJnjAqsBBsEYkGfFdweru4Grs1x+YVDwM7mAYsbZPugH3OCWgJcfcrzm81FKx7yT9kj26v8EVp19oQY8BcfiRY+atojUBnid2SvIoRcUxv1qdkMY+C4AKolTTtiJoJ0QCp4KNcq1YsYjQAemypqYB8ZlqJ5M/RvhQKx3shVJXAHii/p5IiK/U0Hd1p0+gp2a9sfif14zBu2gnPIhiYAGdLvJigSHE41Bwh0tGQQw1IVRyfSumPSIJBR1dTodgz748T2rHRfuseHp7ki9fpnFk0R46QAVko3NURteogqqIokf0jF7Rm/FkvBjvxse0NWOkM7voD4zPH6eImIw=</latexit>

Vi =
NX

j=1

Pj(✓i)

<latexit sha1_base64="8/e+GtbJUARqj9RAaPP79PlId1I=">AAACJXicbVDJSgNBEO2JW4zbqEcvjSEQQcKMuB0MBL14kghmgSQOPZ1O0knPQneNEIb8jBd/xYsHgwie/BU7i2ASHxQ83quiqp4bCq7Asr6MxNLyyupacj21sbm1vWPu7pVVEEnKSjQQgay6RDHBfVYCDoJVQ8mI5wpWcXs3I7/yxKTigf8A/ZA1PNL2eYtTAlpyzKtMOVuHDgNylK+ryHPibt4ePN7hotP9NVJVh8+afSfmx92BY6atnDUGXiT2lKTRFEXHHNabAY085gMVRKmabYXQiIkETgUbpOqRYiGhPdJmNU194jHViMdfDnBGK03cCqQuH/BY/TsRE0+pvufqTo9AR817I/E/rxZB67IRcz+MgPl0sqgVCQwBHkWGm1wyCqKvCaGS61sx7RBJKOhgUzoEe/7lRVI+ydnnubP703ThehpHEh2gQ5RFNrpABXSLiqiEKHpGr+gdDY0X4834MD4nrQljOrOPZmB8/wBJRKPy</latexit>

Xi =
NX

j=1

yi,j

<latexit sha1_base64="cXKH9Q3KZhEdmzsBU44O/2Ywd/A="></latexit>

ei = Xi � Vi
<latexit sha1_base64="ocep2GV02P1+D90nQFuqp+aSmT0="></latexit>

var[ei] =
NX

j=1

variance of a Bernoulli variable

var[ei] =
NX

j=1

Pj(✓i) (1� Pj(✓i))



Information function of an item

<latexit sha1_base64="POUHUXtKK6TLT7s72nruOlf21+8="></latexit>

Ij(✓) =

h
dPj(✓)

d✓

i2

Pj(✓) (1� Pj(✓))



Information function of an item

<latexit sha1_base64="y5CrBUnSYIhCfJiUzWo4EbcSCes="></latexit>

I1(✓)
<latexit sha1_base64="LtaSxJr4czcmWxJ1hY3BhaKgoP4="></latexit>

I2(✓)

<latexit sha1_base64="LzDnxsO0SiT7FvNOxOBS4RntNeQ="></latexit>

I3(✓)



Other curves of interest  
(from the classical test theory)



For each item:  
in Y-axis ==> (mean) number of people giving a right answer - 
with a given emp. score  
in X-axis ==> (mean) empirical score

Mean number of people  
giving the right answer in 
the j-th item  (i.e., divided 
for the number of persons 
- with a given score - 
aswering correctly to the j-
th item)  

For the j-th item 
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0 Mean empirical score  
(emp. score divided by N - 
number of items)

<latexit sha1_base64="T+9roozo5A7d3qS1aKtbdsmzgtM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVHzkGvXiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uMJXCoOd9OYWV1bX1jeJmaWt7Z3evvH/QNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBWObmZ+65FrIxL1gOOUBzEdKBEJRtFK955b7ZUrnuvNQf4SPycVyFHvlT+7/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5sUqfRIm2pZDM1Z8TExobM45D2xlTHJplbyb+53UyjKrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlv6R55vqX7sXdeaV2ncdRhCM4hlPw4QpqcAt1aACDATzBC7w60nl23pz3RWvByWcO4Recj29hWI04</latexit>

0.8

<latexit sha1_base64="YBDz1agjtUS1+T02fFBtpye0BSU=">AAAB63icbVDLSsNAFL3xWeur6tLNYBFchaT43BXduKxgH9CGMplO2qEzkzAzEUroL7hxoYhbf8idf+OkzUJbD1w4nHMv994TJpxp43nfzsrq2vrGZmmrvL2zu7dfOThs6ThVhDZJzGPVCbGmnEnaNMxw2kkUxSLktB2O73K//USVZrF8NJOEBgIPJYsYwSaXPPem1q9UPdebAS0TvyBVKNDoV756g5ikgkpDONa663uJCTKsDCOcTsu9VNMEkzEe0q6lEguqg2x26xSdWmWAoljZkgbN1N8TGRZaT0RoOwU2I73o5eJ/Xjc10XWQMZmkhkoyXxSlHJkY5Y+jAVOUGD6xBBPF7K2IjLDCxNh4yjYEf/HlZdKquf6le/FwXq3fFnGU4BhO4Ax8uII63EMDmkBgBM/wCm+OcF6cd+dj3rriFDNH8AfO5w/UI411</latexit>

0.92
Inside all the persons (let denoted 
them as K) which take a empirical 
score of 0.8*N, only 92%=0.92*K of all 
them (K), have answered correctly to 
the j-th item.

This curve can recall in some sense the Item Characteristic Curve (ICC) also called ITEM RESPONSE 
FUNCTION (IRF) in the modern IRT.



Mean number of people  
giving the right answer 

 in the j-th item 


