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Introduction

We model directly the probability of an input x belonging to a class.

DATA:
<latexit sha1_base64="7GFrE0faefRHQRw7K2XMBIAt/1s="></latexit>

xk 2 R it could be easily generalized for xk 2 RD

yk 2 {0, 1}
{xk, yk}Nk=1



Introduction
We model directly the probability of an input x belonging to a class. 
In this binary classification case, we focus on the probability of 
belonging to the class labelled with the label “y_k=1”.

<latexit sha1_base64="Zbrz6XI1iV90SnSFd1FseFotPlo="></latexit>

p(y = 1|x)

<latexit sha1_base64="Zbrz6XI1iV90SnSFd1FseFotPlo="></latexit>

p(y = 1|x)



Equivalent expressions
<latexit sha1_base64="DCX/6p4Hg+Tcrx0SzDwUC9/wefU="></latexit>

pk =
1

1 + e�(xk�µ)/s

<latexit sha1_base64="5ssDXNkhZCy5be/OnUcYu6Yt8w4="></latexit>

p(yk = 1|xk) =

<latexit sha1_base64="Fz9fXY5N73HuoGnrjXxOlHmZYQU="></latexit>

p(yk = 1|xk) = pk =
1

1 + e�(�0+�1xk)

<latexit sha1_base64="jWdXqGSYN+PDfGQopAQvq28TMQE="></latexit>

p(yk = 1|xk) = pk =
e�0+�1xk

1 + e�0+�1xk



Binary case: likelihood function

<latexit sha1_base64="hfwOlhuL5Ktfdw/3XzQOuCzhCEk="></latexit>

p(y|x) = p(y1, ..., yN |x1, ..., xN ) =
Y

k:yk=1

pk
Y

k:yk=0

(1� pk)

If y_k=0,1, we can rewrite:
<latexit sha1_base64="3/wcAvI46RVzcMcbk9QLYEjBzn4="></latexit>

p(y|x) = p(y1, ..., yN |x1, ..., xN ) =
NY

k=1

pyk

k (1� pk)
1�yk

<latexit sha1_base64="DCX/6p4Hg+Tcrx0SzDwUC9/wefU="></latexit>

pk =
1

1 + e�(xk�µ)/s

<latexit sha1_base64="5ssDXNkhZCy5be/OnUcYu6Yt8w4="></latexit>

p(yk = 1|xk) =



Binary case: likelihood function
If y_k=0,1, we can rewrite:

<latexit sha1_base64="3/wcAvI46RVzcMcbk9QLYEjBzn4="></latexit>

p(y|x) = p(y1, ..., yN |x1, ..., xN ) =
NY

k=1

pyk

k (1� pk)
1�yk

<latexit sha1_base64="z3ObZloYL7IT5xYXNI/k2bRvApE="></latexit>

log p(y|x) =
NX

k=1

[yk log (pk) + (1� yk) log (1� pk)]

<latexit sha1_base64="ObEu8pwGWL6lrYWOcRH2iQaN9kI="></latexit>

log p(y|x) =
NX

k=1

h
log [pyk

k ] + log[(1� pk)
1�yk ]

i In the code that I sent in 
Studium, I used this 
formula in order to avoid 
numerical issues, such 
as NaN for “0 times -Inf” 
=“0 x -Inf”.



Luca Martino

First generalization: 
With multimensional inputs 
(straightforward)



With multimensional inputs

DATA:
<latexit sha1_base64="rp5Ot0U2m7Dm7Z/ppD65lt9EMJ4="></latexit>

xk = [xk,1, ..., xk,D]> 2 RD

yk 2 {0, 1}
{xk, yk}Nk=1



With multimensional inputs

Then we consider:
<latexit sha1_base64="wuM0fuZf9vtYh+/HKnJQg4iU6qI="></latexit>

p(yk = 1|xk) =
1

1 + e�(�0+�1xk,1+�2xk,2+....+�Dxk,D)

p(yk = 1|xk) =
1

1 + e�(�0+
PD

d=1 �dxk,d)

Here we have to learn all the betas !!!!



Simplifying the previous expressions “using vectors”

<latexit sha1_base64="NBy1wbc1mLxX0kt4vQC/zkBKm94="></latexit>

pk = p(yk = 1|xk) =
1

1 + e�(�xk)

<latexit sha1_base64="0/9EynWQXRadg7VXdU5qxaYYmFU="></latexit>

xk = [1, xk,1, ..., xk,D]> 2 RD+1

RE-DEFINING:

AND:
<latexit sha1_base64="DcZ1OFCVzwOtTvwIGr4saEdpbO4="></latexit>

� = [�0,�1, ...,�D]

then: <latexit sha1_base64="Xa/y1RIPu6aIdwhwOQy68vgi/k8="></latexit>

=
e�xk

1 + e�xk



With multimensional inputs

The rest remains the same….same likelihood function:

etc….

<latexit sha1_base64="VWLPosaLf1oJoE0QeIcJLO4GFwU="></latexit>

p(y|X) = p (y1, . . . , yN |x1, . . . ,xN ) =
NY

k=1

pyk

k (1� pk)
1�yk

<latexit sha1_base64="jB+4e2eo7x1Uy9TIFnBzQa/4w5I="></latexit>

pk = p(yk = 1|xk)



Luca Martino

Second generalization: 
More than 2 classes…. 
“Multinomial logistic regression: Many explanatory variables (inputs) and 
many categories (outputs, more than 2 classes)”



Dealing with M classes

DATA:
<latexit sha1_base64="OBC0x/7XYj9Nh0PaWMH9Z+eDmZ8=">AAAEvnicpVNbb9MwFM7WAqNctsEjLxZTUaemUVxxk1ClCfrAC9NA7CLVaeQ4ThdyVeygRp7/JOKFf4MTp1vZAAlhqerx+c7lO+eLvTwOGbftHxubne6t23e27vbu3X/wcHtn99EJy8qC0GOSxVlx5mFG4zClxzzkMT3LC4oTL6anXvSuxk+/0oKFWfqZVzl1ErxIwyAkmCuXu7v5vY/ibAHyAUowP/cCUcmLlbmU+xPEysQV0QTK+SGKacBnoEnQdu5Gc1G5kURFuDjnzrABZxodwJHCNbI/F3BUBzptZK//TCAvAEvpRpPZUrUwoTQtyzI </latexit>

xk = [xk,1, ..., xk,D]> 2 RD

yk 2 {0, 1, 2, ...,M � 1}
{xk, yk}Nk=1



Dealing with M classes
Again, we model directly the probability of an input x belonging to a class.

<latexit sha1_base64="0/9EynWQXRadg7VXdU5qxaYYmFU="></latexit>

xk = [1, xk,1, ..., xk,D]> 2 RD+1

RE-DEFINING:

AND:

then:

<latexit sha1_base64="KIrJGkKIxmUmaVUZM3uYNvTMj2w="></latexit>

�m = [�m,0,�m,1, ...,�m,D], with m = 1, ...,M � 1

<latexit sha1_base64="OnwoNbOluoviMV7O29dew8bcWUg="></latexit>

pk,m = p(yk = m|xk) =
e�mxk

1 +
PM�1

j=1 e�jxk

<latexit sha1_base64="BbpYCZFAmlv9hXg6FTOGwc9Wl30="></latexit>

pk,0 = p(yk = 0|xk) = 1�
M�1X

m=1

e�mxk

1 +
PM�1

j=1 e�jxk



Dealing with M classes
then:

<latexit sha1_base64="OnwoNbOluoviMV7O29dew8bcWUg="></latexit>

pk,m = p(yk = m|xk) =
e�mxk

1 +
PM�1

j=1 e�jxk

<latexit sha1_base64="BbpYCZFAmlv9hXg6FTOGwc9Wl30="></latexit>

pk,0 = p(yk = 0|xk) = 1�
M�1X

m=1

e�mxk

1 +
PM�1

j=1 e�jxk

<latexit sha1_base64="tO21ib8a4KHlWcraOWPyuIj1KC4="></latexit>

= 1�
PM�1

m=1 e�mxk

1 +
PM�1

j=1 e�jxk

<latexit sha1_base64="i3d4GpLtBwXfve2Xn2qpF23Jqhs="></latexit>

=
1 +

PM�1
j=1 e�jxk �

PM�1
m=1 e�mxk

1 +
PM�1

j=1 e�jxk

<latexit sha1_base64="b8GLIQxsftUXoR7bzE1VRivblw4="></latexit>

=
1

1 +
PM�1

j=1 e�jxk



Dealing with M classes
then, FINALLY:

<latexit sha1_base64="OnwoNbOluoviMV7O29dew8bcWUg="></latexit>

pk,m = p(yk = m|xk) =
e�mxk

1 +
PM�1

j=1 e�jxk

<latexit sha1_base64="YFMfolx409c9sGzrOAtxau9gfuY="></latexit>

pk,0 = p(yk = 0|xk) =
1

1 +
PM�1

j=1 e�jxk



Dealing with M classes

OR MORE GENERALLY FOR a generic x (test input):

<latexit sha1_base64="7W4ZKfSB5oMCXZ+S9l6U4jwm65Q="></latexit>

p(yk = 0|x) = 1�
M�1X

m=1

p(yk = m|x) = 1

1 +
PM�1

j=1 e�jx

<latexit sha1_base64="kaVtX9n/FJc4pkniuHLw4wGESCw="></latexit>

p(yk = m|x) = e�mx

1 +
PM�1

j=1 e�jx



Dealing with M classes

WE HAVE TO LEARN (M-1) VECTORS OF BETAs….  
hence, D x (M-1) scalar numbers to learn !!!!

<latexit sha1_base64="VMhzxovjwmp38Tw7o1pcGVcAfvA="></latexit>

�1, ...,�M�1



Example of construction of the likelihood function

<latexit sha1_base64="SY7RoNCFpqvRtulZvlw1u2rAZEo="></latexit>x1
<latexit sha1_base64="3juufFfilC8yw8Ke3tN08soOefA="></latexit>

y1 = 3

<latexit sha1_base64="FLSUpfZCcHKrRLx0d76axSb1EKI="></latexit>

Classes= 0, 1, 2, 3 =) M = 4
<latexit sha1_base64="1v6K/zuHOEAVDxuM6B+4bnwJQik="></latexit>

N = 5

<latexit sha1_base64="CNuBUq1P91YnFEFAP+IIYQ9KPOg="></latexit>p1,3
<latexit sha1_base64="M+5bwsmiI4hzueFjNFQx9i0p8dY="></latexit>p2,3

<latexit sha1_base64="e/8Cr8EDuBddjvgzJOcLH/UwDnU="></latexit>p3,1
<latexit sha1_base64="yieKGSMvM0cXGyl7OkSSjKAT57s="></latexit>p4,0

<latexit sha1_base64="rFAOwQCcZmB4UL2KCbLbGhWu4+k="></latexit>p5,2

<latexit sha1_base64="PEtLejRubsO0wDH4im7io6cRLCA="></latexit>x2
<latexit sha1_base64="LbgqmiL6Z0KFYA8pdlrKtvYZaGw="></latexit>x3

<latexit sha1_base64="vTl23cXnvRoX9qWhkPZDw0bTuPo="></latexit>x4
<latexit sha1_base64="+F+/ZUMR35t58+Xt5yEc7nNXHjc="></latexit>x5

<latexit sha1_base64="pXEm/dYrQC//Pryngz/2pmRpNT8="></latexit>

y2 = 3
<latexit sha1_base64="wRe5YYU/o//wLiG7vbeSwBfdtQo="></latexit>

y3 = 1
<latexit sha1_base64="01RiTL5OjkVpCqt/nyE3ixetc8Q="></latexit>

y4 = 0
<latexit sha1_base64="Cp/a2JDnipFMKQj7NdrN2DK+rPE="></latexit>

y5 = 2

<latexit sha1_base64="MP/lKyPIrLsf/PGlOLIcmQsw1x8="></latexit>⇥ <latexit sha1_base64="MP/lKyPIrLsf/PGlOLIcmQsw1x8="></latexit>⇥ <latexit sha1_base64="MP/lKyPIrLsf/PGlOLIcmQsw1x8="></latexit>⇥ <latexit sha1_base64="MP/lKyPIrLsf/PGlOLIcmQsw1x8="></latexit>⇥
<latexit sha1_base64="ym9UqPi4OHZs9lT8nH4uLWcz8EY="></latexit>

p(y|X) =

<latexit sha1_base64="Ap/WQ/SvHgdLx1pSFSIrbGM4TLY="></latexit>

1� p4,1 � p4,2 � p4,3



Luca Martino

Isotopic multi-output logistic 
regression for parallel 
classification problems  



DATA (multioutput - isotopic scenario)

isotopic scenario:  
N outputs share the same input x 

<latexit sha1_base64="Xg3CVaTLO1O7KojU503o++4Nkqs="></latexit>

i = 1, 2, ...,M

j = 1, 2, ..., N

<latexit sha1_base64="oVXYQ8I8vyZs4HIqr6fsI2xfOR8="></latexit>

j

<latexit sha1_base64="FON6eTMFj8w7MzXSAyxzKhRK0y0="></latexit>

i

OUTPUTS - isotopic scenario
<latexit sha1_base64="jbohLs47qZF+3VbUkiZ2skwBvQI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvXiMYB6QLGF2MpsMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupv6rSeujYjVI44T7kd0oEQoGEUrtca9zDvzJr1yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9m507IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo76QvNGcqxJZRpYW8lbEg1ZWgTKtkQvMWXl0nzvOpdVS8fLiq12zyOIhzBMZyCB9dQg3uoQwMYjOAZXuHNSZwX5935mLcWnHzmEP7A+fwBr3yPKA==</latexit>y1,1

<latexit sha1_base64="9YBvyUDvoo6nZmdrzCX/N0Ubt5Y=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4kDAT3I4BL4KXCGaBJISeTk/SpKdn6K4RhiHgL3jxoIhXv8ebf2NnOWjig4LHe1VU1fNjKQy67reTW1ldW9/Ibxa2tnd294r7Bw0TJZrxOotkpFs+NVwKxesoUPJWrDkNfcmb/uhm4jcfuTYiUg+Yxrwb0oESgWAUrdRMe5l3Vhn3iiW37E5Blok3JyWYo9YrfnX6EUtCrpBJakzbc2PsZlSjYJKPC53E8JiyER3wtqWKhtx0s+m5Y3JilT4JIm1LIZmqvycyGhqThr7tDCkOzaI3Ef/z2gkG191MqDhBrthsUZBIghGZ/E76QnOGMrWEMi3srYQNqaYMbUIFG4K3+PIyaVTK3mX54v68VL17msWRhyM4hlPw4AqqcAs1qAODETzDK7w5sfPivDsfs9acM4/wEP7A+fwB2baPsg==</latexit>y1,2
<latexit sha1_base64="igj/bHSc28nqgPCOGlsVvv/ko98=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4kDDjfgx4EbxEMAskQ+jp1CRNenqG7h4hDAF/wYsHRbz6Pd78GzvLQRMfFDzeq6KqXpAIro3rfju5peWV1bX8emFjc2t7p7i7V9dxqhjWWCxi1QyoRsEl1gw3ApuJQhoFAhvB4GbsNx5RaR7LBzNM0I9oT/KQM2qs1Bh2Mu/kbNQpltyyOwFZJN6MlGCGaqf41e7GLI1QGiao1i3PTYyfUWU4EzgqtFONCWUD2sOWpZJGqP1scu6IHFmlS8JY2ZKGTNTfExmNtB5Gge2MqOnreW8s/ue1UhNe+xmXSWpQsumiMBXExGT8O+lyhcyIoSWUKW5vJaxPFWXGJlSwIXjzLy+S+mnZuyxf3J+XKndP0zjycACHcAweXEEFbqEKNWAwgGd4hTcncV6cd+dj2ppzZhHuwx84nz/bO4+z</latexit>y1,3

<latexit sha1_base64="fo6bMfd14mF2NYYsntq5Iq8qOVg=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4kDAjbseAF0GQCGaBZAg9nZqkSU/P0N0jhCHgL3jxoIhXv8ebf2NnOWjig4LHe1VU1QsSwbVx3W8nt7S8srqWXy9sbG5t7xR39+o6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGFyP/cYjKs1j+WCGCfoR7UkeckaNlRrDTuad3I06xZJbdicgi8SbkRLMUO0Uv9rdmKURSsME1brluYnxM6oMZwJHhXaqMaFsQHvYslTSCLWfTc4dkSOrdEkYK1vSkIn6eyKjkdbDKLCdETV9Pe+Nxf+8VmrCKz/jMkkNSjZdFKaCmJiMfyddrpAZMbSEMsXtrYT1qaLM2IQKNgRv/uVFUj8texfl8/uzUuX2aRpHHg7gEI7Bg0uowA1UoQYMBvAMr/DmJM6L8+58TFtzzizCffgD5/MHBFGPzg==</latexit>y1,N<latexit sha1_base64="yAfvuq8l4hf3hwsLcLP5rw5BUnk=">AAAB83icbZBLSwMxFIXv1FcdX1WXboKl4EKGGamPZcGNIEgF+4B2KJk004ZmMkOSEYah4K9w40IRt/4Zd/4b08dCWw8EPs65ITcnSDhT2nW/rcLK6tr6RnHT3tre2d0r7R80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrid565FKxWLxoLOE+hEeCBYygrWxupWsl3und2PbcZxeqew67lRoGbw5lGGueq/01e3HJI2o0IRjpTqem2g/x1IzwunY7qaKJpiM8IB2DAocUeXn053HqGKcPgpjaY7QaOr+vpHjSKksCsxkhPVQLWYT87+sk+rwys+ZSFJNBZk9FKYc6RhNCkB9JinRPDOAiWRmV0SGWGKiTU22KcFb/PIyNM8c78I5v6+Wa7dPszqKcATHcAIeXEINbqAODSCQwDO8wpuVWi/Wu/UxGy1Y8woP4Y+szx/hs5C5</latexit>... <latexit sha1_base64="yAfvuq8l4hf3hwsLcLP5rw5BUnk=">AAAB83icbZBLSwMxFIXv1FcdX1WXboKl4EKGGamPZcGNIEgF+4B2KJk004ZmMkOSEYah4K9w40IRt/4Zd/4b08dCWw8EPs65ITcnSDhT2nW/rcLK6tr6RnHT3tre2d0r7R80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrid565FKxWLxoLOE+hEeCBYygrWxupWsl3und2PbcZxeqew67lRoGbw5lGGueq/01e3HJI2o0IRjpTqem2g/x1IzwunY7qaKJpiM8IB2DAocUeXn053HqGKcPgpjaY7QaOr+vpHjSKksCsxkhPVQLWYT87+sk+rwys+ZSFJNBZk9FKYc6RhNCkB9JinRPDOAiWRmV0SGWGKiTU22KcFb/PIyNM8c78I5v6+Wa7dPszqKcATHcAIeXEINbqAODSCQwDO8wpuVWi/Wu/UxGy1Y8woP4Y+szx/hs5C5</latexit>... <latexit sha1_base64="yAfvuq8l4hf3hwsLcLP5rw5BUnk=">AAAB83icbZBLSwMxFIXv1FcdX1WXboKl4EKGGamPZcGNIEgF+4B2KJk004ZmMkOSEYah4K9w40IRt/4Zd/4b08dCWw8EPs65ITcnSDhT2nW/rcLK6tr6RnHT3tre2d0r7R80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrid565FKxWLxoLOE+hEeCBYygrWxupWsl3und2PbcZxeqew67lRoGbw5lGGueq/01e3HJI2o0IRjpTqem2g/x1IzwunY7qaKJpiM8IB2DAocUeXn053HqGKcPgpjaY7QaOr+vpHjSKksCsxkhPVQLWYT87+sk+rwys+ZSFJNBZk9FKYc6RhNCkB9JinRPDOAiWRmV0SGWGKiTU22KcFb/PIyNM8c78I5v6+Wa7dPszqKcATHcAIeXEINbqAODSCQwDO8wpuVWi/Wu/UxGy1Y8woP4Y+szx/hs5C5</latexit>...

<latexit sha1_base64="yAfvuq8l4hf3hwsLcLP5rw5BUnk=">AAAB83icbZBLSwMxFIXv1FcdX1WXboKl4EKGGamPZcGNIEgF+4B2KJk004ZmMkOSEYah4K9w40IRt/4Zd/4b08dCWw8EPs65ITcnSDhT2nW/rcLK6tr6RnHT3tre2d0r7R80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrid565FKxWLxoLOE+hEeCBYygrWxupWsl3und2PbcZxeqew67lRoGbw5lGGueq/01e3HJI2o0IRjpTqem2g/x1IzwunY7qaKJpiM8IB2DAocUeXn053HqGKcPgpjaY7QaOr+vpHjSKksCsxkhPVQLWYT87+sk+rwys+ZSFJNBZk9FKYc6RhNCkB9JinRPDOAiWRmV0SGWGKiTU22KcFb/PIyNM8c78I5v6+Wa7dPszqKcATHcAIeXEINbqAODSCQwDO8wpuVWi/Wu/UxGy1Y8woP4Y+szx/hs5C5</latexit>... <latexit sha1_base64="yAfvuq8l4hf3hwsLcLP5rw5BUnk=">AAAB83icbZBLSwMxFIXv1FcdX1WXboKl4EKGGamPZcGNIEgF+4B2KJk004ZmMkOSEYah4K9w40IRt/4Zd/4b08dCWw8EPs65ITcnSDhT2nW/rcLK6tr6RnHT3tre2d0r7R80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrid565FKxWLxoLOE+hEeCBYygrWxupWsl3und2PbcZxeqew67lRoGbw5lGGueq/01e3HJI2o0IRjpTqem2g/x1IzwunY7qaKJpiM8IB2DAocUeXn053HqGKcPgpjaY7QaOr+vpHjSKksCsxkhPVQLWYT87+sk+rwys+ZSFJNBZk9FKYc6RhNCkB9JinRPDOAiWRmV0SGWGKiTU22KcFb/PIyNM8c78I5v6+Wa7dPszqKcATHcAIeXEINbqAODSCQwDO8wpuVWi/Wu/UxGy1Y8woP4Y+szx/hs5C5</latexit>... <latexit sha1_base64="yAfvuq8l4hf3hwsLcLP5rw5BUnk=">AAAB83icbZBLSwMxFIXv1FcdX1WXboKl4EKGGamPZcGNIEgF+4B2KJk004ZmMkOSEYah4K9w40IRt/4Zd/4b08dCWw8EPs65ITcnSDhT2nW/rcLK6tr6RnHT3tre2d0r7R80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrid565FKxWLxoLOE+hEeCBYygrWxupWsl3und2PbcZxeqew67lRoGbw5lGGueq/01e3HJI2o0IRjpTqem2g/x1IzwunY7qaKJpiM8IB2DAocUeXn053HqGKcPgpjaY7QaOr+vpHjSKksCsxkhPVQLWYT87+sk+rwys+ZSFJNBZk9FKYc6RhNCkB9JinRPDOAiWRmV0SGWGKiTU22KcFb/PIyNM8c78I5v6+Wa7dPszqKcATHcAIeXEINbqAODSCQwDO8wpuVWi/Wu/UxGy1Y8woP4Y+szx/hs5C5</latexit>...

<latexit sha1_base64="yAfvuq8l4hf3hwsLcLP5rw5BUnk=">AAAB83icbZBLSwMxFIXv1FcdX1WXboKl4EKGGamPZcGNIEgF+4B2KJk004ZmMkOSEYah4K9w40IRt/4Zd/4b08dCWw8EPs65ITcnSDhT2nW/rcLK6tr6RnHT3tre2d0r7R80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrid565FKxWLxoLOE+hEeCBYygrWxupWsl3und2PbcZxeqew67lRoGbw5lGGueq/01e3HJI2o0IRjpTqem2g/x1IzwunY7qaKJpiM8IB2DAocUeXn053HqGKcPgpjaY7QaOr+vpHjSKksCsxkhPVQLWYT87+sk+rwys+ZSFJNBZk9FKYc6RhNCkB9JinRPDOAiWRmV0SGWGKiTU22KcFb/PIyNM8c78I5v6+Wa7dPszqKcATHcAIeXEINbqAODSCQwDO8wpuVWi/Wu/UxGy1Y8woP4Y+szx/hs5C5</latexit>... <latexit sha1_base64="yAfvuq8l4hf3hwsLcLP5rw5BUnk=">AAAB83icbZBLSwMxFIXv1FcdX1WXboKl4EKGGamPZcGNIEgF+4B2KJk004ZmMkOSEYah4K9w40IRt/4Zd/4b08dCWw8EPs65ITcnSDhT2nW/rcLK6tr6RnHT3tre2d0r7R80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrid565FKxWLxoLOE+hEeCBYygrWxupWsl3und2PbcZxeqew67lRoGbw5lGGueq/01e3HJI2o0IRjpTqem2g/x1IzwunY7qaKJpiM8IB2DAocUeXn053HqGKcPgpjaY7QaOr+vpHjSKksCsxkhPVQLWYT87+sk+rwys+ZSFJNBZk9FKYc6RhNCkB9JinRPDOAiWRmV0SGWGKiTU22KcFb/PIyNM8c78I5v6+Wa7dPszqKcATHcAIeXEINbqAODSCQwDO8wpuVWi/Wu/UxGy1Y8woP4Y+szx/hs5C5</latexit>... <latexit sha1_base64="yAfvuq8l4hf3hwsLcLP5rw5BUnk=">AAAB83icbZBLSwMxFIXv1FcdX1WXboKl4EKGGamPZcGNIEgF+4B2KJk004ZmMkOSEYah4K9w40IRt/4Zd/4b08dCWw8EPs65ITcnSDhT2nW/rcLK6tr6RnHT3tre2d0r7R80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrid565FKxWLxoLOE+hEeCBYygrWxupWsl3und2PbcZxeqew67lRoGbw5lGGueq/01e3HJI2o0IRjpTqem2g/x1IzwunY7qaKJpiM8IB2DAocUeXn053HqGKcPgpjaY7QaOr+vpHjSKksCsxkhPVQLWYT87+sk+rwys+ZSFJNBZk9FKYc6RhNCkB9JinRPDOAiWRmV0SGWGKiTU22KcFb/PIyNM8c78I5v6+Wa7dPszqKcATHcAIeXEINbqAODSCQwDO8wpuVWi/Wu/UxGy1Y8woP4Y+szx/hs5C5</latexit>...

<latexit sha1_base64="WxneFm7jn4E1tN8xW/F1eEag8Lc=">AAAB73icbVDLSsNAFL2pr1pfVZduBovgQkpSfC0LbgRBKtgHtKFMppN26GQSZyZCCAG/wY0LRdz6O+78GydtF9p64MLhnHu59x4v4kxp2/62CkvLK6trxfXSxubW9k55d6+lwlgS2iQhD2XHw4pyJmhTM81pJ5IUBx6nbW98lfvtRyoVC8W9TiLqBngomM8I1kbqJP20dnKblfrlil21J0CLxJmRCszQ6Je/eoOQxAEVmnCsVNexI+2mWGpGOM1KvVjRCJMxHtKuoQIHVLnp5N4MHRllgPxQmhIaTdTfEykOlEoCz3QGWI/UvJeL/3ndWPuXbspEFGsqyHSRH3OkQ5Q/jwZMUqJ5YggmkplbERlhiYk2EeUhOPMvL5JWreqcV8/uTiv1m6dpHEU4gEM4BgcuoA7X0IAmEODwDK/wZj1YL9a79TFtLVizCPfhD6zPHzxsj+M=</latexit>y2,N
<latexit sha1_base64="um0u0L23yPOj+gzpfxLJHd/zl4g=">AAAB73icbVDLSgNBEOzxGeMr6tHLYBA8SNgNvo4BL4KXCOYByRJmJ7PJkNnZdWZWWJaA3+DFgyJe/R1v/o2zSQ6aWNBQVHXT3eXHgmvjON9oaXlldW29sFHc3Nre2S3t7Td1lCjKGjQSkWr7RDPBJWsYbgRrx4qR0Bes5Y+uc7/1yJTmkbw3acy8kAwkDzglxkrttJdVT91xsVcqOxVnArxI3Bkpwwz1Xumr249oEjJpqCBad1wnNl5GlOFUsHGxm2gWEzoiA9axVJKQaS+b3DvGx1bp4yBStqTBE/X3REZCrdPQt50hMUM97+Xif14nMcGVl3EZJ4ZJOl0UJAKbCOfP4z5XjBqRWkKo4vZWTIdEEWpsRHkI7vzLi6RZrbgXlfO7s3Lt9mkaRwEO4QhOwIVLqMEN1KEBFAQ8wyu8oQf0gt7Rx7R1Cc0iPIA/QJ8/ED6Pxg==</latexit>y2,1 <latexit sha1_base64="EMrJ5bWp2gzbjhoffzUSezTBq+c=">AAAB73icbVDLSgNBEOzxGeMr6tHLYBA8SNgNvo4BL4KXCOYByRJmJ7PJkNnZdWZWWJaA3+DFgyJe/R1v/o2zSQ6aWNBQVHXT3eXHgmvjON9oaXlldW29sFHc3Nre2S3t7Td1lCjKGjQSkWr7RDPBJWsYbgRrx4qR0Bes5Y+uc7/1yJTmkbw3acy8kAwkDzglxkrttJdVT6vjYq9UdirOBHiRuDNShhnqvdJXtx/RJGTSUEG07rhObLyMKMOpYONiN9EsJnREBqxjqSQh0142uXeMj63Sx0GkbEmDJ+rviYyEWqehbztDYoZ63svF/7xOYoIrL+MyTgyTdLooSAQ2Ec6fx32uGDUitYRQxe2tmA6JItTYiPIQ3PmXF0mzWnEvKud3Z+Xa7dM0jgIcwhGcgAuXUIMbqEMDKAh4hld4Qw/oBb2jj2nrEppFeAB/gD5/ABHEj8c=</latexit>y2,2

<latexit sha1_base64="JrvhvSd+7Ibn2Z0+yajj5TXBU/k=">AAAB73icbVDLSsNAFL2pr1pfUZduBovgQkpSn8uCG8FNBfuANpTJdNIOnUzizEQIoeA3uHGhiFt/x51/46TtQlsPXDiccy/33uPHnCntON9WYWl5ZXWtuF7a2Nza3rF395oqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kfXud96pFKxSNzrNKZeiAeCBYxgbaR22suqJ6fjUs8uOxVnArRI3Bkpwwz1nv3V7UckCanQhGOlOq4Tay/DUjPC6bjUTRSNMRnhAe0YKnBIlZdN7h2jI6P0URBJU0Kjifp7IsOhUmnom84Q66Ga93LxP6+T6ODKy5iIE00FmS4KEo50hPLnUZ9JSjRPDcFEMnMrIkMsMdEmojwEd/7lRdKsVtyLyvndWbl2+zSNowgHcAjH4MIl1OAG6tAAAhye4RXerAfrxXq3PqatBWsW4T78gfX5AxNKj8g=</latexit>y2,3

<latexit sha1_base64="cUPorTOL+ulhN8f4MDESoGHYMLM=">AAAB73icbVDLSsNAFL2pr1pfVZduBovgQkpSfC0LbgQRKtgHtKFMppN26GQSZyZCCAG/wY0LRdz6O+78GydtF9p64MLhnHu59x4v4kxp2/62CkvLK6trxfXSxubW9k55d6+lwlgS2iQhD2XHw4pyJmhTM81pJ5IUBx6nbW98lfvtRyoVC8W9TiLqBngomM8I1kbqJP309qSWlfrlil21J0CLxJmRCszQ6Je/eoOQxAEVmnCsVNexI+2mWGpGOM1KvVjRCJMxHtKuoQIHVLnp5N4MHRllgPxQmhIaTdTfEykOlEoCz3QGWI/UvJeL/3ndWPuXbspEFGsqyHSRH3OkQ5Q/jwZMUqJ5YggmkplbERlhiYk2EeUhOPMvL5JWreqcV8/uTiv1m6dpHEU4gEM4BgcuoA7X0IAmEODwDK/wZj1YL9a79TFtLVizCPfhD6zPHzscj+I=</latexit>yM,2
<latexit sha1_base64="vrurh0Ao1JU1HtQQehU9L+84fmA=">AAAB73icbVDLSsNAFL2pr1pfVZduBovgQkrie1lwI4hQwT6gDWUynbRDJ5M4MxFCCPgNblwo4tbfceffOGm70NYDFw7n3Mu993gRZ0rb9rdVWFhcWl4prpbW1jc2t8rbO00VxpLQBgl5KNseVpQzQRuaaU7bkaQ48DhteaOr3G89UqlYKO51ElE3wAPBfEawNlI76aW3RydZqVeu2FV7DDRPnCmpwBT1Xvmr2w9JHFChCcdKdRw70m6KpWaE06zUjRWNMBnhAe0YKnBAlZuO783QgVH6yA+lKaHRWP09keJAqSTwTGeA9VDNern4n9eJtX/ppkxEsaaCTBb5MUc6RPnzqM8kJZonhmAimbkVkSGWmGgTUR6CM/vyPGkeV53z6tndaaV28zSJowh7sA+H4MAF1OAa6tAAAhye4RXerAfrxXq3PiatBWsa4S78gfX5Azyij+M=</latexit>yM,3

<latexit sha1_base64="P9hNM5KV3Eqr5uA+Ev4/yA+unac=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8SNgVX8eAF0GECOYByRJmJ7PJkJnZdWZWWJaA3+DFgyJe/R1v/o2zSQ6aWNBQVHXT3RXEnGnjut/OwuLS8spqYa24vrG5tV3a2W3oKFGE1knEI9UKsKacSVo3zHDaihXFIuC0GQyvcr/5SJVmkbw3aUx9gfuShYxgY6VW2s1uj71RsVsquxV3DDRPvCkpwxS1bumr04tIIqg0hGOt254bGz/DyjDC6ajYSTSNMRniPm1bKrGg2s/G947QoVV6KIyULWnQWP09kWGhdSoC2ymwGehZLxf/89qJCS/9jMk4MVSSyaIw4chEKH8e9ZiixPDUEkwUs7ciMsAKE2MjykPwZl+eJ42TindeObs7LVdvniZxFGAfDuAIPLiAKlxDDepAgMMzvMKb8+C8OO/Ox6R1wZlGuAd/4Hz+ADmWj+E=</latexit>yM,1
<latexit sha1_base64="mxgmkgBdhtz+aVWffu+0UMW8I4Y=">AAAB73icbVDLSsNAFL2pr1pfUZduBovgQkoivpYFN4IoFewD2lAm00k7dDKJMxMhhILf4MaFIm79HXf+jZO2C209cOFwzr3ce48fc6a043xbhYXFpeWV4mppbX1jc8ve3mmoKJGE1knEI9nysaKcCVrXTHPaiiXFoc9p0x9e5n7zkUrFInGv05h6Ie4LFjCCtZFaaTe7Obodlbp22ak4Y6B54k5JGaaode2vTi8iSUiFJhwr1XadWHsZlpoRTkelTqJojMkQ92nbUIFDqrxsfO8IHRilh4JImhIajdXfExkOlUpD33SGWA/UrJeL/3ntRAcXXsZEnGgqyGRRkHCkI5Q/j3pMUqJ5aggmkplbERlgiYk2EeUhuLMvz5PGccU9q5zenZSr10+TOIqwB/twCC6cQxWuoAZ1IMDhGV7hzXqwXqx362PSWrCmEe7CH1ifP2XEj/4=</latexit>yM,N

<latexit sha1_base64="3d5y7ayn1naKrE/g7jJeBwhuKJs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi+AlgnlAsoTZyWwyZnZmmZkVwxLwE7x4UMSr/+PNv3F2k4MmFjQUVd10dwUxZ9q47rdTWFpeWV0rrpc2Nre2d8q7e00tE0Vog0guVTvAmnImaMMww2k7VhRHAaetYHSV+a0HqjST4s6MY+pHeCBYyAg2Vmo+9lJvUuqVK27VzYEWiTcjFZih3it/dfuSJBEVhnCsdcdzY+OnWBlGOJ2UuommMSYjPKAdSwWOqPbT/NoJOrJKH4VS2RIG5erviRRHWo+jwHZG2Az1vJeJ/3mdxISXfspEnBgqyHRRmHBkJMpeR32mKDF8bAkmitlbERlihYmxAWUhePMvL5LmSdU7r57dnlZqN0/TOIpwAIdwDB5cQA2uoQ4NIHAPz/AKb450Xpx352PaWnBmEe7DHzifPzJej1M=</latexit>x1

<latexit sha1_base64="OLFF3KztK0D8pqdko7dzaSaedls=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktVj0WvAheKtgPaJeSTbNtbDZZkqxYloI/wYsHRbz6f7z5b8y2PWjrg4HHezPMzAtizrRx3W8nt7K6tr6R3yxsbe/s7hX3D5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bwegq81sPVGkmxZ0Zx9SP8ECwkBFsrNR87KWVSaFXLLlldwq0TLw5KcEc9V7xq9uXJImoMIRjrTueGxs/xcowwumk0E00jTEZ4QHtWCpwRLWfTq+doBOr9FEolS1h0FT9PZHiSOtxFNjOCJuhXvQy8T+vk5jw0k+ZiBNDBZktChOOjETZ66jPFCWGjy3BRDF7KyJDrDAxNqAsBG/x5WXSrJS983L19qxUu3maxZGHIziGU/DgAmpwDXVoAIF7eIZXeHOk8+K8Ox+z1pwzj/AQ/sD5/AEz5I9U</latexit>x2

<latexit sha1_base64="ca2R5tNH1LGv4MsJESUVr0Ki0+E=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx4LXgQRKtgPaJeSTbNtbDZZkqxYloI/wYsHRbz6f7z5b8y2PWjrg4HHezPMzAtizrRx3W8nt7S8srqWXy9sbG5t7xR39xpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfAy85sPVGkmxZ0ZxdSPcF+wkBFsrNR47KY340K3WHLL7gRokXgzUoIZat3iV6cnSRJRYQjHWrc9Nz Z+ipVhhNNxoZNoGmMyxH3atlTgiGo/nVw7RkdW6aFQKlvCoIn6eyLFkdajKLCdETYDPe9l4n9eOzHhhZ8yESeGCjJdFCYcGYmy11GPKUoMH1mCiWL2VkQGWGFibEBZCN78y4ukcVL2zsqV29NS9fppGkceDuAQjsGDc6jCFdSgDgTu4Rle4c2Rzovz7nxMW3POLMJ9+APn8wddBo9v</latexit>xM

<latexit sha1_base64="J2k3iNpWBfyA4rEXF2NN6ZsgXFA=">AAAB9HicbVDLSgMxFM34rPVVdekmWAquyoz4WhbcCCJUsA9oh5LJZNrQTDImd4plKPgXblwo4taPceffmD4W2nrgwuGce29uTpAIbsB1v52l5ZXVtfXcRn5za3tnt7C3Xzcq1ZTVqBJKNwNimOCS1YCDYM1EMxIHgjWC/tXYbwyYNlzJexgmzI9JV/KIUwJW8kuPnex2lG8PQgWmUyi6ZXcCvEi8GSmiGaqdwlc7VDSNmQQqiDEtz03Az4gGTgWza1PDEkL7pMtalkoSM+Nnk6NHuGSVEEdK25KAJ+rviYzExgzjwHbGBHpm3huL/3mtFKJLP+MySYFJOn0oSgUGhccJ4JBrRkEMLSFUc3srpj2iCQWbU96G4M1/eZHUT8reefns7rRYuXmaxpFDh+gIHSMPXaAKukZVVEMUPaBn9IrenIHz4rw7H9PWJWcW4QH6A+fzB4kDkmY=</latexit>...
<latexit sha1_base64="J2k3iNpWBfyA4rEXF2NN6ZsgXFA=">AAAB9HicbVDLSgMxFM34rPVVdekmWAquyoz4WhbcCCJUsA9oh5LJZNrQTDImd4plKPgXblwo4taPceffmD4W2nrgwuGce29uTpAIbsB1v52l5ZXVtfXcRn5za3tnt7C3Xzcq1ZTVqBJKNwNimOCS1YCDYM1EMxIHgjWC/tXYbwyYNlzJexgmzI9JV/KIUwJW8kuPnex2lG8PQgWmUyi6ZXcCvEi8GSmiGaqdwlc7VDSNmQQqiDEtz03Az4gGTgWza1PDEkL7pMtalkoSM+Nnk6NHuGSVEEdK25KAJ+rviYzExgzjwHbGBHpm3huL/3mtFKJLP+MySYFJOn0oSgUGhccJ4JBrRkEMLSFUc3srpj2iCQWbU96G4M1/eZHUT8reefns7rRYuXmaxpFDh+gIHSMPXaAKukZVVEMUPaBn9IrenIHz4rw7H9PWJWcW4QH6A+fzB4kDkmY=</latexit>...

<latexit sha1_base64="J2k3iNpWBfyA4rEXF2NN6ZsgXFA=">AAAB9HicbVDLSgMxFM34rPVVdekmWAquyoz4WhbcCCJUsA9oh5LJZNrQTDImd4plKPgXblwo4taPceffmD4W2nrgwuGce29uTpAIbsB1v52l5ZXVtfXcRn5za3tnt7C3Xzcq1ZTVqBJKNwNimOCS1YCDYM1EMxIHgjWC/tXYbwyYNlzJexgmzI9JV/KIUwJW8kuPnex2lG8PQgWmUyi6ZXcCvEi8GSmiGaqdwlc7VDSNmQQqiDEtz03Az4gGTgWza1PDEkL7pMtalkoSM+Nnk6NHuGSVEEdK25KAJ+rviYzExgzjwHbGBHpm3huL/3mtFKJLP+MySYFJOn0oSgUGhccJ4JBrRkEMLSFUc3srpj2iCQWbU96G4M1/eZHUT8reefns7rRYuXmaxpFDh+gIHSMPXaAKukZVVEMUPaBn9IrenIHz4rw7H9PWJWcW4QH6A+fzB4kDkmY=</latexit>...
<latexit sha1_base64="J2k3iNpWBfyA4rEXF2NN6ZsgXFA=">AAAB9HicbVDLSgMxFM34rPVVdekmWAquyoz4WhbcCCJUsA9oh5LJZNrQTDImd4plKPgXblwo4taPceffmD4W2nrgwuGce29uTpAIbsB1v52l5ZXVtfXcRn5za3tnt7C3Xzcq1ZTVqBJKNwNimOCS1YCDYM1EMxIHgjWC/tXYbwyYNlzJexgmzI9JV/KIUwJW8kuPnex2lG8PQgWmUyi6ZXcCvEi8GSmiGaqdwlc7VDSNmQQqiDEtz03Az4gGTgWza1PDEkL7pMtalkoSM+Nnk6NHuGSVEEdK25KAJ+rviYzExgzjwHbGBHpm3huL/3mtFKJLP+MySYFJOn0oSgUGhccJ4JBrRkEMLSFUc3srpj2iCQWbU96G4M1/eZHUT8reefns7rRYuXmaxpFDh+gIHSMPXaAKukZVVEMUPaBn9IrenIHz4rw7H9PWJWcW4QH6A+fzB4kDkmY=</latexit>...

<latexit sha1_base64="J2k3iNpWBfyA4rEXF2NN6ZsgXFA=">AAAB9HicbVDLSgMxFM34rPVVdekmWAquyoz4WhbcCCJUsA9oh5LJZNrQTDImd4plKPgXblwo4taPceffmD4W2nrgwuGce29uTpAIbsB1v52l5ZXVtfXcRn5za3tnt7C3Xzcq1ZTVqBJKNwNimOCS1YCDYM1EMxIHgjWC/tXYbwyYNlzJexgmzI9JV/KIUwJW8kuPnex2lG8PQgWmUyi6ZXcCvEi8GSmiGaqdwlc7VDSNmQQqiDEtz03Az4gGTgWza1PDEkL7pMtalkoSM+Nnk6NHuGSVEEdK25KAJ+rviYzExgzjwHbGBHpm3huL/3mtFKJLP+MySYFJOn0oSgUGhccJ4JBrRkEMLSFUc3srpj2iCQWbU96G4M1/eZHUT8reefns7rRYuXmaxpFDh+gIHSMPXaAKukZVVEMUPaBn9IrenIHz4rw7H9PWJWcW4QH6A+fzB4kDkmY=</latexit>...
<latexit sha1_base64="J2k3iNpWBfyA4rEXF2NN6ZsgXFA=">AAAB9HicbVDLSgMxFM34rPVVdekmWAquyoz4WhbcCCJUsA9oh5LJZNrQTDImd4plKPgXblwo4taPceffmD4W2nrgwuGce29uTpAIbsB1v52l5ZXVtfXcRn5za3tnt7C3Xzcq1ZTVqBJKNwNimOCS1YCDYM1EMxIHgjWC/tXYbwyYNlzJexgmzI9JV/KIUwJW8kuPnex2lG8PQgWmUyi6ZXcCvEi8GSmiGaqdwlc7VDSNmQQqiDEtz03Az4gGTgWza1PDEkL7pMtalkoSM+Nnk6NHuGSVEEdK25KAJ+rviYzExgzjwHbGBHpm3huL/3mtFKJLP+MySYFJOn0oSgUGhccJ4JBrRkEMLSFUc3srpj2iCQWbU96G4M1/eZHUT8reefns7rRYuXmaxpFDh+gIHSMPXaAKukZVVEMUPaBn9IrenIHz4rw7H9PWJWcW4QH6A+fzB4kDkmY=</latexit>...

<latexit sha1_base64="J2k3iNpWBfyA4rEXF2NN6ZsgXFA=">AAAB9HicbVDLSgMxFM34rPVVdekmWAquyoz4WhbcCCJUsA9oh5LJZNrQTDImd4plKPgXblwo4taPceffmD4W2nrgwuGce29uTpAIbsB1v52l5ZXVtfXcRn5za3tnt7C3Xzcq1ZTVqBJKNwNimOCS1YCDYM1EMxIHgjWC/tXYbwyYNlzJexgmzI9JV/KIUwJW8kuPnex2lG8PQgWmUyi6ZXcCvEi8GSmiGaqdwlc7VDSNmQQqiDEtz03Az4gGTgWza1PDEkL7pMtalkoSM+Nnk6NHuGSVEEdK25KAJ+rviYzExgzjwHbGBHpm3huL/3mtFKJLP+MySYFJOn0oSgUGhccJ4JBrRkEMLSFUc3srpj2iCQWbU96G4M1/eZHUT8reefns7rRYuXmaxpFDh+gIHSMPXaAKukZVVEMUPaBn9IrenIHz4rw7H9PWJWcW4QH6A+fzB4kDkmY=</latexit>...

<latexit sha1_base64="2C8bDHl6Zi/eGYqeb/pEYC6N6Tg=">AAACLHicbZDLSgMxFIYz9T7eqi7dBEvBRSkz4m0jCG4EERSsCp06ZNKMjU0yQ5IpHcKAr+PGVxHEhSJufQ7Ty8LbD4GP/5xwzvmjlFGlPe/NKU1MTk3PzM658wuLS8vlldVLlWQSkwZOWCKvI6QIo4I0NNWMXKeSIB4xchV1jwb1qx6RiibiQucpaXF0K2hMMdLWCstH1X5oTgu3GvTaiVZuNQ8Nrd0VMKACBsar+UHhBsYEUQz7RchrQ8otBUVo+IFf3JyG5YpX94aCf8EfQwWMdRaWn4N2gjNOhMYMKdX0vV S3DJKaYkbsvEyRFOEuuiVNiwJxolpmeGwBq9ZpwziR9gkNh+73HwZxpXIe2U6OdEf9rg3M/2rNTMf7LUNFmmki8GhQnDGoEzhIDrapJFiz3ALCktpdIe4gibC2+bo2BP/3yX/hcqvu79Z3zrcrhyf3ozhmwTrYAJvAB3vgEByDM9AAGDyAJ/AK3pxH58V5dz5GrSVnHOEa+CHn8wvknqdK</latexit>

{xm,ym}Mm=1

DATA points (M):

<latexit sha1_base64="oqKPbv5BuUGRMS61+0Nyl4gCUnI="></latexit>

ym = [ym,1, ym,2, ..., ym,N ]
<latexit sha1_base64="jT7T0aZY363GaVBOnhrIIeo21cQ=">AAACC3icbZDLSgMxGIUz9VbH26hLN6Gl4KKUGfG2LLgRRKhgL9ApQyZN29hMZkgyxWEYcOnGV3HjQhG3voA738b0stDWA4GPc/6Q/MePGJXKtr+N3NLyyupaft3c2Nza3rF29xoyjAUmdRyyULR8JAmjnNQVVYy0IkFQ4DPS9IcX47w5IkLSkN+qJCKdAPU57VGMlLY8q1C699LrzCy5o26opJl4KS3fZdClHLqpXXbczLOKdsWeCC6CM4MimKnmWV9uN8RxQLjCDEnZduxIdVIkFMWMZKYbSxIhPER90tbIUUBkJ53sksGSdrqwFwp9uIIT9/eNFAVSJoGvJwOkBnI+G5v/Ze1Y9c47KeVRrAjH04d6MYMqhONiYJcKghVLNCAsqP4rxAMkEFa6PlOX4MyvvAiNo4pzWjm5OS5Wrx6mdeTBASiAQ+CAM1AFl6AG6gCDR/AMXsGb8WS8GO/Gx3Q0Z8wq3Ad/ZHz+ANNOmhc=</latexit>

yi,j 2 {0, 1}



About the notation

<latexit sha1_base64="Xg3CVaTLO1O7KojU503o++4Nkqs="></latexit>

i = 1, 2, ...,M

j = 1, 2, ..., N

<latexit sha1_base64="2C8bDHl6Zi/eGYqeb/pEYC6N6Tg="></latexit>

{xm,ym}Mm=1

DATA points (M):

<latexit sha1_base64="oqKPbv5BuUGRMS61+0Nyl4gCUnI="></latexit>

ym = [ym,1, ym,2, ..., ym,N ]

<latexit sha1_base64="jT7T0aZY363GaVBOnhrIIeo21cQ=">AAACC3icbZDLSgMxGIUz9VbH26hLN6Gl4KKUGfG2LLgRRKhgL9ApQyZN29hMZkgyxWEYcOnGV3HjQhG3voA738b0stDWA4GPc/6Q/MePGJXKtr+N3NLyyupaft3c2Nza3rF29xoyjAUmdRyyULR8JAmjnNQVVYy0IkFQ4DPS9IcX47w5IkLSkN+qJCKdAPU57VGMlLY8q1C699LrzCy5o26opJl4KS3fZdClHLqpXXbczLOKdsWeCC6CM4MimKnmWV9uN8RxQLjCDEnZduxIdVIkFMWMZKYbSxIhPER90tbIUUBkJ53sksGSdrqwFwp9uIIT9/eNFAVSJoGvJwOkBnI+G5v/Ze1Y9c47KeVRrAjH04d6MYMqhONiYJcKghVLNCAsqP4rxAMkEFa6PlOX4MyvvAiNo4pzWjm5OS5Wrx6mdeTBASiAQ+CAM1AFl6AG6gCDR/AMXsGb8WS8GO/Gx3Q0Z8wq3Ad/ZHz+ANNOmhc=</latexit>

yi,j 2 {0, 1}

 A MORE PROPER NOTATION FOR THESE SLIDES SHOULD BE 
OBTAINED SWITCHING M AND N:   
- N should be the number of data points 
-  and M should be the number of outputs per each input x 
However, we have used this notation for linking this part with the 
slides on ITEM RESPONSE THEORY (where we use exactly the 
notation employed here).



About the notation
<latexit sha1_base64="2C8bDHl6Zi/eGYqeb/pEYC6N6Tg="></latexit>

{xm,ym}Mm=1

DATA points (M):

<latexit sha1_base64="oqKPbv5BuUGRMS61+0Nyl4gCUnI="></latexit>

ym = [ym,1, ym,2, ..., ym,N ]

 Other vision of the data (“vertical vision”):

<latexit sha1_base64="3JMYzra8/8e/e05uOODY93vLGNM="></latexit>

X = [x1, ...,xM ]

<latexit sha1_base64="l7fC5n7XeyGaw8QlwDk1y6+uZWs="></latexit>

{xm, ym,j}Mm=1

<latexit sha1_base64="ZbIpumbnkKzS4VtPKZckjWqhxzA="></latexit>

eyj = [y1,j , y2,j , ..., yM,j ]
>



Other vision of the data

 Other vision of the data (“vertical vision”):

<latexit sha1_base64="EgH219JAniqhNaqwOcUW2Eb3ddU="></latexit>

ey3

<latexit sha1_base64="h2LJgyyHu9drpcgdAiiasB2KKn4="></latexit>

eyM

<latexit sha1_base64="oVXYQ8I8vyZs4HIqr6fsI2xfOR8="></latexit>

j

<latexit sha1_base64="FON6eTMFj8w7MzXSAyxzKhRK0y0="></latexit>

i

OUTPUTS - isotopic scenario
<latexit sha1_base64="jbohLs47qZF+3VbUkiZ2skwBvQI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvXiMYB6QLGF2MpsMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupv6rSeujYjVI44T7kd0oEQoGEUrtca9zDvzJr1yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9m507IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo76QvNGcqxJZRpYW8lbEg1ZWgTKtkQvMWXl0nzvOpdVS8fLiq12zyOIhzBMZyCB9dQg3uoQwMYjOAZXuHNSZwX5935mLcWnHzmEP7A+fwBr3yPKA==</latexit>y1,1

<latexit sha1_base64="9YBvyUDvoo6nZmdrzCX/N0Ubt5Y=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4kDAT3I4BL4KXCGaBJISeTk/SpKdn6K4RhiHgL3jxoIhXv8ebf2NnOWjig4LHe1VU1fNjKQy67reTW1ldW9/Ibxa2tnd294r7Bw0TJZrxOotkpFs+NVwKxesoUPJWrDkNfcmb/uhm4jcfuTYiUg+Yxrwb0oESgWAUrdRMe5l3Vhn3iiW37E5Blok3JyWYo9YrfnX6EUtCrpBJakzbc2PsZlSjYJKPC53E8JiyER3wtqWKhtx0s+m5Y3JilT4JIm1LIZmqvycyGhqThr7tDCkOzaI3Ef/z2gkG191MqDhBrthsUZBIghGZ/E76QnOGMrWEMi3srYQNqaYMbUIFG4K3+PIyaVTK3mX54v68VL17msWRhyM4hlPw4AqqcAs1qAODETzDK7w5sfPivDsfs9acM4/wEP7A+fwB2baPsg==</latexit>y1,2
<latexit sha1_base64="igj/bHSc28nqgPCOGlsVvv/ko98=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4kDDjfgx4EbxEMAskQ+jp1CRNenqG7h4hDAF/wYsHRbz6Pd78GzvLQRMfFDzeq6KqXpAIro3rfju5peWV1bX8emFjc2t7p7i7V9dxqhjWWCxi1QyoRsEl1gw3ApuJQhoFAhvB4GbsNx5RaR7LBzNM0I9oT/KQM2qs1Bh2Mu/kbNQpltyyOwFZJN6MlGCGaqf41e7GLI1QGiao1i3PTYyfUWU4EzgqtFONCWUD2sOWpZJGqP1scu6IHFmlS8JY2ZKGTNTfExmNtB5Gge2MqOnreW8s/ue1UhNe+xmXSWpQsumiMBXExGT8O+lyhcyIoSWUKW5vJaxPFWXGJlSwIXjzLy+S+mnZuyxf3J+XKndP0zjycACHcAweXEEFbqEKNWAwgGd4hTcncV6cd+dj2ppzZhHuwx84nz/bO4+z</latexit>y1,3

<latexit sha1_base64="fo6bMfd14mF2NYYsntq5Iq8qOVg=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4kDAjbseAF0GQCGaBZAg9nZqkSU/P0N0jhCHgL3jxoIhXv8ebf2NnOWjig4LHe1VU1QsSwbVx3W8nt7S8srqWXy9sbG5t7xR39+o6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGFyP/cYjKs1j+WCGCfoR7UkeckaNlRrDTuad3I06xZJbdicgi8SbkRLMUO0Uv9rdmKURSsME1brluYnxM6oMZwJHhXaqMaFsQHvYslTSCLWfTc4dkSOrdEkYK1vSkIn6eyKjkdbDKLCdETV9Pe+Nxf+8VmrCKz/jMkkNSjZdFKaCmJiMfyddrpAZMbSEMsXtrYT1qaLM2IQKNgRv/uVFUj8texfl8/uzUuX2aRpHHg7gEI7Bg0uowA1UoQYMBvAMr/DmJM6L8+58TFtzzizCffgD5/MHBFGPzg==</latexit>y1,N<latexit sha1_base64="yAfvuq8l4hf3hwsLcLP5rw5BUnk=">AAAB83icbZBLSwMxFIXv1FcdX1WXboKl4EKGGamPZcGNIEgF+4B2KJk004ZmMkOSEYah4K9w40IRt/4Zd/4b08dCWw8EPs65ITcnSDhT2nW/rcLK6tr6RnHT3tre2d0r7R80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrid565FKxWLxoLOE+hEeCBYygrWxupWsl3und2PbcZxeqew67lRoGbw5lGGueq/01e3HJI2o0IRjpTqem2g/x1IzwunY7qaKJpiM8IB2DAocUeXn053HqGKcPgpjaY7QaOr+vpHjSKksCsxkhPVQLWYT87+sk+rwys+ZSFJNBZk9FKYc6RhNCkB9JinRPDOAiWRmV0SGWGKiTU22KcFb/PIyNM8c78I5v6+Wa7dPszqKcATHcAIeXEINbqAODSCQwDO8wpuVWi/Wu/UxGy1Y8woP4Y+szx/hs5C5</latexit>... <latexit sha1_base64="yAfvuq8l4hf3hwsLcLP5rw5BUnk=">AAAB83icbZBLSwMxFIXv1FcdX1WXboKl4EKGGamPZcGNIEgF+4B2KJk004ZmMkOSEYah4K9w40IRt/4Zd/4b08dCWw8EPs65ITcnSDhT2nW/rcLK6tr6RnHT3tre2d0r7R80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrid565FKxWLxoLOE+hEeCBYygrWxupWsl3und2PbcZxeqew67lRoGbw5lGGueq/01e3HJI2o0IRjpTqem2g/x1IzwunY7qaKJpiM8IB2DAocUeXn053HqGKcPgpjaY7QaOr+vpHjSKksCsxkhPVQLWYT87+sk+rwys+ZSFJNBZk9FKYc6RhNCkB9JinRPDOAiWRmV0SGWGKiTU22KcFb/PIyNM8c78I5v6+Wa7dPszqKcATHcAIeXEINbqAODSCQwDO8wpuVWi/Wu/UxGy1Y8woP4Y+szx/hs5C5</latexit>... <latexit sha1_base64="yAfvuq8l4hf3hwsLcLP5rw5BUnk=">AAAB83icbZBLSwMxFIXv1FcdX1WXboKl4EKGGamPZcGNIEgF+4B2KJk004ZmMkOSEYah4K9w40IRt/4Zd/4b08dCWw8EPs65ITcnSDhT2nW/rcLK6tr6RnHT3tre2d0r7R80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrid565FKxWLxoLOE+hEeCBYygrWxupWsl3und2PbcZxeqew67lRoGbw5lGGueq/01e3HJI2o0IRjpTqem2g/x1IzwunY7qaKJpiM8IB2DAocUeXn053HqGKcPgpjaY7QaOr+vpHjSKksCsxkhPVQLWYT87+sk+rwys+ZSFJNBZk9FKYc6RhNCkB9JinRPDOAiWRmV0SGWGKiTU22KcFb/PIyNM8c78I5v6+Wa7dPszqKcATHcAIeXEINbqAODSCQwDO8wpuVWi/Wu/UxGy1Y8woP4Y+szx/hs5C5</latexit>...

<latexit sha1_base64="yAfvuq8l4hf3hwsLcLP5rw5BUnk=">AAAB83icbZBLSwMxFIXv1FcdX1WXboKl4EKGGamPZcGNIEgF+4B2KJk004ZmMkOSEYah4K9w40IRt/4Zd/4b08dCWw8EPs65ITcnSDhT2nW/rcLK6tr6RnHT3tre2d0r7R80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrid565FKxWLxoLOE+hEeCBYygrWxupWsl3und2PbcZxeqew67lRoGbw5lGGueq/01e3HJI2o0IRjpTqem2g/x1IzwunY7qaKJpiM8IB2DAocUeXn053HqGKcPgpjaY7QaOr+vpHjSKksCsxkhPVQLWYT87+sk+rwys+ZSFJNBZk9FKYc6RhNCkB9JinRPDOAiWRmV0SGWGKiTU22KcFb/PIyNM8c78I5v6+Wa7dPszqKcATHcAIeXEINbqAODSCQwDO8wpuVWi/Wu/UxGy1Y8woP4Y+szx/hs5C5</latexit>... <latexit sha1_base64="yAfvuq8l4hf3hwsLcLP5rw5BUnk=">AAAB83icbZBLSwMxFIXv1FcdX1WXboKl4EKGGamPZcGNIEgF+4B2KJk004ZmMkOSEYah4K9w40IRt/4Zd/4b08dCWw8EPs65ITcnSDhT2nW/rcLK6tr6RnHT3tre2d0r7R80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrid565FKxWLxoLOE+hEeCBYygrWxupWsl3und2PbcZxeqew67lRoGbw5lGGueq/01e3HJI2o0IRjpTqem2g/x1IzwunY7qaKJpiM8IB2DAocUeXn053HqGKcPgpjaY7QaOr+vpHjSKksCsxkhPVQLWYT87+sk+rwys+ZSFJNBZk9FKYc6RhNCkB9JinRPDOAiWRmV0SGWGKiTU22KcFb/PIyNM8c78I5v6+Wa7dPszqKcATHcAIeXEINbqAODSCQwDO8wpuVWi/Wu/UxGy1Y8woP4Y+szx/hs5C5</latexit>... <latexit sha1_base64="yAfvuq8l4hf3hwsLcLP5rw5BUnk=">AAAB83icbZBLSwMxFIXv1FcdX1WXboKl4EKGGamPZcGNIEgF+4B2KJk004ZmMkOSEYah4K9w40IRt/4Zd/4b08dCWw8EPs65ITcnSDhT2nW/rcLK6tr6RnHT3tre2d0r7R80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrid565FKxWLxoLOE+hEeCBYygrWxupWsl3und2PbcZxeqew67lRoGbw5lGGueq/01e3HJI2o0IRjpTqem2g/x1IzwunY7qaKJpiM8IB2DAocUeXn053HqGKcPgpjaY7QaOr+vpHjSKksCsxkhPVQLWYT87+sk+rwys+ZSFJNBZk9FKYc6RhNCkB9JinRPDOAiWRmV0SGWGKiTU22KcFb/PIyNM8c78I5v6+Wa7dPszqKcATHcAIeXEINbqAODSCQwDO8wpuVWi/Wu/UxGy1Y8woP4Y+szx/hs5C5</latexit>...

<latexit sha1_base64="yAfvuq8l4hf3hwsLcLP5rw5BUnk=">AAAB83icbZBLSwMxFIXv1FcdX1WXboKl4EKGGamPZcGNIEgF+4B2KJk004ZmMkOSEYah4K9w40IRt/4Zd/4b08dCWw8EPs65ITcnSDhT2nW/rcLK6tr6RnHT3tre2d0r7R80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrid565FKxWLxoLOE+hEeCBYygrWxupWsl3und2PbcZxeqew67lRoGbw5lGGueq/01e3HJI2o0IRjpTqem2g/x1IzwunY7qaKJpiM8IB2DAocUeXn053HqGKcPgpjaY7QaOr+vpHjSKksCsxkhPVQLWYT87+sk+rwys+ZSFJNBZk9FKYc6RhNCkB9JinRPDOAiWRmV0SGWGKiTU22KcFb/PIyNM8c78I5v6+Wa7dPszqKcATHcAIeXEINbqAODSCQwDO8wpuVWi/Wu/UxGy1Y8woP4Y+szx/hs5C5</latexit>... <latexit sha1_base64="yAfvuq8l4hf3hwsLcLP5rw5BUnk=">AAAB83icbZBLSwMxFIXv1FcdX1WXboKl4EKGGamPZcGNIEgF+4B2KJk004ZmMkOSEYah4K9w40IRt/4Zd/4b08dCWw8EPs65ITcnSDhT2nW/rcLK6tr6RnHT3tre2d0r7R80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrid565FKxWLxoLOE+hEeCBYygrWxupWsl3und2PbcZxeqew67lRoGbw5lGGueq/01e3HJI2o0IRjpTqem2g/x1IzwunY7qaKJpiM8IB2DAocUeXn053HqGKcPgpjaY7QaOr+vpHjSKksCsxkhPVQLWYT87+sk+rwys+ZSFJNBZk9FKYc6RhNCkB9JinRPDOAiWRmV0SGWGKiTU22KcFb/PIyNM8c78I5v6+Wa7dPszqKcATHcAIeXEINbqAODSCQwDO8wpuVWi/Wu/UxGy1Y8woP4Y+szx/hs5C5</latexit>... <latexit sha1_base64="yAfvuq8l4hf3hwsLcLP5rw5BUnk=">AAAB83icbZBLSwMxFIXv1FcdX1WXboKl4EKGGamPZcGNIEgF+4B2KJk004ZmMkOSEYah4K9w40IRt/4Zd/4b08dCWw8EPs65ITcnSDhT2nW/rcLK6tr6RnHT3tre2d0r7R80VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrid565FKxWLxoLOE+hEeCBYygrWxupWsl3und2PbcZxeqew67lRoGbw5lGGueq/01e3HJI2o0IRjpTqem2g/x1IzwunY7qaKJpiM8IB2DAocUeXn053HqGKcPgpjaY7QaOr+vpHjSKksCsxkhPVQLWYT87+sk+rwys+ZSFJNBZk9FKYc6RhNCkB9JinRPDOAiWRmV0SGWGKiTU22KcFb/PIyNM8c78I5v6+Wa7dPszqKcATHcAIeXEINbqAODSCQwDO8wpuVWi/Wu/UxGy1Y8woP4Y+szx/hs5C5</latexit>...

<latexit sha1_base64="WxneFm7jn4E1tN8xW/F1eEag8Lc=">AAAB73icbVDLSsNAFL2pr1pfVZduBovgQkpSfC0LbgRBKtgHtKFMppN26GQSZyZCCAG/wY0LRdz6O+78GydtF9p64MLhnHu59x4v4kxp2/62CkvLK6trxfXSxubW9k55d6+lwlgS2iQhD2XHw4pyJmhTM81pJ5IUBx6nbW98lfvtRyoVC8W9TiLqBngomM8I1kbqJP20dnKblfrlil21J0CLxJmRCszQ6Je/eoOQxAEVmnCsVNexI+2mWGpGOM1KvVjRCJMxHtKuoQIHVLnp5N4MHRllgPxQmhIaTdTfEykOlEoCz3QGWI/UvJeL/3ndWPuXbspEFGsqyHSRH3OkQ5Q/jwZMUqJ5YggmkplbERlhiYk2EeUhOPMvL5JWreqcV8/uTiv1m6dpHEU4gEM4BgcuoA7X0IAmEODwDK/wZj1YL9a79TFtLVizCPfhD6zPHzxsj+M=</latexit>y2,N
<latexit sha1_base64="um0u0L23yPOj+gzpfxLJHd/zl4g=">AAAB73icbVDLSgNBEOzxGeMr6tHLYBA8SNgNvo4BL4KXCOYByRJmJ7PJkNnZdWZWWJaA3+DFgyJe/R1v/o2zSQ6aWNBQVHXT3eXHgmvjON9oaXlldW29sFHc3Nre2S3t7Td1lCjKGjQSkWr7RDPBJWsYbgRrx4qR0Bes5Y+uc7/1yJTmkbw3acy8kAwkDzglxkrttJdVT91xsVcqOxVnArxI3Bkpwwz1Xumr249oEjJpqCBad1wnNl5GlOFUsHGxm2gWEzoiA9axVJKQaS+b3DvGx1bp4yBStqTBE/X3REZCrdPQt50hMUM97+Xif14nMcGVl3EZJ4ZJOl0UJAKbCOfP4z5XjBqRWkKo4vZWTIdEEWpsRHkI7vzLi6RZrbgXlfO7s3Lt9mkaRwEO4QhOwIVLqMEN1KEBFAQ8wyu8oQf0gt7Rx7R1Cc0iPIA/QJ8/ED6Pxg==</latexit>y2,1 <latexit sha1_base64="EMrJ5bWp2gzbjhoffzUSezTBq+c=">AAAB73icbVDLSgNBEOzxGeMr6tHLYBA8SNgNvo4BL4KXCOYByRJmJ7PJkNnZdWZWWJaA3+DFgyJe/R1v/o2zSQ6aWNBQVHXT3eXHgmvjON9oaXlldW29sFHc3Nre2S3t7Td1lCjKGjQSkWr7RDPBJWsYbgRrx4qR0Bes5Y+uc7/1yJTmkbw3acy8kAwkDzglxkrttJdVT6vjYq9UdirOBHiRuDNShhnqvdJXtx/RJGTSUEG07rhObLyMKMOpYONiN9EsJnREBqxjqSQh0142uXeMj63Sx0GkbEmDJ+rviYyEWqehbztDYoZ63svF/7xOYoIrL+MyTgyTdLooSAQ2Ec6fx32uGDUitYRQxe2tmA6JItTYiPIQ3PmXF0mzWnEvKud3Z+Xa7dM0jgIcwhGcgAuXUIMbqEMDKAh4hld4Qw/oBb2jj2nrEppFeAB/gD5/ABHEj8c=</latexit>y2,2

<latexit sha1_base64="JrvhvSd+7Ibn2Z0+yajj5TXBU/k=">AAAB73icbVDLSsNAFL2pr1pfUZduBovgQkpSn8uCG8FNBfuANpTJdNIOnUzizEQIoeA3uHGhiFt/x51/46TtQlsPXDiccy/33uPHnCntON9WYWl5ZXWtuF7a2Nza3rF395oqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kfXud96pFKxSNzrNKZeiAeCBYxgbaR22suqJ6fjUs8uOxVnArRI3Bkpwwz1nv3V7UckCanQhGOlOq4Tay/DUjPC6bjUTRSNMRnhAe0YKnBIlZdN7h2jI6P0URBJU0Kjifp7IsOhUmnom84Q66Ga93LxP6+T6ODKy5iIE00FmS4KEo50hPLnUZ9JSjRPDcFEMnMrIkMsMdEmojwEd/7lRdKsVtyLyvndWbl2+zSNowgHcAjH4MIl1OAG6tAAAhye4RXerAfrxXq3PqatBWsW4T78gfX5AxNKj8g=</latexit>y2,3

<latexit sha1_base64="cUPorTOL+ulhN8f4MDESoGHYMLM=">AAAB73icbVDLSsNAFL2pr1pfVZduBovgQkpSfC0LbgQRKtgHtKFMppN26GQSZyZCCAG/wY0LRdz6O+78GydtF9p64MLhnHu59x4v4kxp2/62CkvLK6trxfXSxubW9k55d6+lwlgS2iQhD2XHw4pyJmhTM81pJ5IUBx6nbW98lfvtRyoVC8W9TiLqBngomM8I1kbqJP309qSWlfrlil21J0CLxJmRCszQ6Je/eoOQxAEVmnCsVNexI+2mWGpGOM1KvVjRCJMxHtKuoQIHVLnp5N4MHRllgPxQmhIaTdTfEykOlEoCz3QGWI/UvJeL/3ndWPuXbspEFGsqyHSRH3OkQ5Q/jwZMUqJ5YggmkplbERlhiYk2EeUhOPMvL5JWreqcV8/uTiv1m6dpHEU4gEM4BgcuoA7X0IAmEODwDK/wZj1YL9a79TFtLVizCPfhD6zPHzscj+I=</latexit>yM,2
<latexit sha1_base64="vrurh0Ao1JU1HtQQehU9L+84fmA=">AAAB73icbVDLSsNAFL2pr1pfVZduBovgQkrie1lwI4hQwT6gDWUynbRDJ5M4MxFCCPgNblwo4tbfceffOGm70NYDFw7n3Mu993gRZ0rb9rdVWFhcWl4prpbW1jc2t8rbO00VxpLQBgl5KNseVpQzQRuaaU7bkaQ48DhteaOr3G89UqlYKO51ElE3wAPBfEawNlI76aW3RydZqVeu2FV7DDRPnCmpwBT1Xvmr2w9JHFChCcdKdRw70m6KpWaE06zUjRWNMBnhAe0YKnBAlZuO783QgVH6yA+lKaHRWP09keJAqSTwTGeA9VDNern4n9eJtX/ppkxEsaaCTBb5MUc6RPnzqM8kJZonhmAimbkVkSGWmGgTUR6CM/vyPGkeV53z6tndaaV28zSJowh7sA+H4MAF1OAa6tAAAhye4RXerAfrxXq3PiatBWsa4S78gfX5Azyij+M=</latexit>yM,3

<latexit sha1_base64="P9hNM5KV3Eqr5uA+Ev4/yA+unac=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8SNgVX8eAF0GECOYByRJmJ7PJkJnZdWZWWJaA3+DFgyJe/R1v/o2zSQ6aWNBQVHXT3RXEnGnjut/OwuLS8spqYa24vrG5tV3a2W3oKFGE1knEI9UKsKacSVo3zHDaihXFIuC0GQyvcr/5SJVmkbw3aUx9gfuShYxgY6VW2s1uj71RsVsquxV3DDRPvCkpwxS1bumr04tIIqg0hGOt254bGz/DyjDC6ajYSTSNMRniPm1bKrGg2s/G947QoVV6KIyULWnQWP09kWGhdSoC2ymwGehZLxf/89qJCS/9jMk4MVSSyaIw4chEKH8e9ZiixPDUEkwUs7ciMsAKE2MjykPwZl+eJ42TindeObs7LVdvniZxFGAfDuAIPLiAKlxDDepAgMMzvMKb8+C8OO/Ox6R1wZlGuAd/4Hz+ADmWj+E=</latexit>yM,1
<latexit sha1_base64="mxgmkgBdhtz+aVWffu+0UMW8I4Y=">AAAB73icbVDLSsNAFL2pr1pfUZduBovgQkoivpYFN4IoFewD2lAm00k7dDKJMxMhhILf4MaFIm79HXf+jZO2C209cOFwzr3ce48fc6a043xbhYXFpeWV4mppbX1jc8ve3mmoKJGE1knEI9nysaKcCVrXTHPaiiXFoc9p0x9e5n7zkUrFInGv05h6Ie4LFjCCtZFaaTe7Obodlbp22ak4Y6B54k5JGaaode2vTi8iSUiFJhwr1XadWHsZlpoRTkelTqJojMkQ92nbUIFDqrxsfO8IHRilh4JImhIajdXfExkOlUpD33SGWA/UrJeL/3ntRAcXXsZEnGgqyGRRkHCkI5Q/j3pMUqJ5aggmkplbERlgiYk2EeUhuLMvz5PGccU9q5zenZSr10+TOIqwB/twCC6cQxWuoAZ1IMDhGV7hzXqwXqx362PSWrCmEe7CH1ifP2XEj/4=</latexit>yM,N

<latexit sha1_base64="3d5y7ayn1naKrE/g7jJeBwhuKJs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi+AlgnlAsoTZyWwyZnZmmZkVwxLwE7x4UMSr/+PNv3F2k4MmFjQUVd10dwUxZ9q47rdTWFpeWV0rrpc2Nre2d8q7e00tE0Vog0guVTvAmnImaMMww2k7VhRHAaetYHSV+a0HqjST4s6MY+pHeCBYyAg2Vmo+9lJvUuqVK27VzYEWiTcjFZih3it/dfuSJBEVhnCsdcdzY+OnWBlGOJ2UuommMSYjPKAdSwWOqPbT/NoJOrJKH4VS2RIG5erviRRHWo+jwHZG2Az1vJeJ/3mdxISXfspEnBgqyHRRmHBkJMpeR32mKDF8bAkmitlbERlihYmxAWUhePMvL5LmSdU7r57dnlZqN0/TOIpwAIdwDB5cQA2uoQ4NIHAPz/AKb450Xpx352PaWnBmEe7DHzifPzJej1M=</latexit>x1

<latexit sha1_base64="OLFF3KztK0D8pqdko7dzaSaedls=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktVj0WvAheKtgPaJeSTbNtbDZZkqxYloI/wYsHRbz6f7z5b8y2PWjrg4HHezPMzAtizrRx3W8nt7K6tr6R3yxsbe/s7hX3D5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bwegq81sPVGkmxZ0Zx9SP8ECwkBFsrNR87KWVSaFXLLlldwq0TLw5KcEc9V7xq9uXJImoMIRjrTueGxs/xcowwumk0E00jTEZ4QHtWCpwRLWfTq+doBOr9FEolS1h0FT9PZHiSOtxFNjOCJuhXvQy8T+vk5jw0k+ZiBNDBZktChOOjETZ66jPFCWGjy3BRDF7KyJDrDAxNqAsBG/x5WXSrJS983L19qxUu3maxZGHIziGU/DgAmpwDXVoAIF7eIZXeHOk8+K8Ox+z1pwzj/AQ/sD5/AEz5I9U</latexit>x2

<latexit sha1_base64="ca2R5tNH1LGv4MsJESUVr0Ki0+E=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx4LXgQRKtgPaJeSTbNtbDZZkqxYloI/wYsHRbz6f7z5b8y2PWjrg4HHezPMzAtizrRx3W8nt7S8srqWXy9sbG5t7xR39xpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfAy85sPVGkmxZ0ZxdSPcF+wkBFsrNR47KY340K3WHLL7gRokXgzUoIZat3iV6cnSRJRYQjHWrc9NzZ+ipVhhNNxoZNoGmMyxH3atlTgiGo/nVw7RkdW6aFQKlvCoIn6eyLFkdajKLCdETYDPe9l4n9eOzHhhZ8yESeGCjJdFCYcGYmy11GPKUoMH1mCiWL2VkQGWGFibEBZCN78y4ukcVL2zsqV29NS9fppGkceDuAQjsGDc6jCFdSgDgTu4Rle4c2Rzovz7nxMW3POLMJ9+APn8wddBo9v</latexit>xM

<latexit sha1_base64="J2k3iNpWBfyA4rEXF2NN6ZsgXFA=">AAAB9HicbVDLSgMxFM34rPVVdekmWAquyoz4WhbcCCJUsA9oh5LJZNrQTDImd4plKPgXblwo4taPceffmD4W2nrgwuGce29uTpAIbsB1v52l5ZXVtfXcRn5za3tnt7C3Xzcq1ZTVqBJKNwNimOCS1YCDYM1EMxIHgjWC/tXYbwyYNlzJexgmzI9JV/KIUwJW8kuPnex2lG8PQgWmUyi6ZXcCvEi8GSmiGaqdwlc7VDSNmQQqiDEtz03Az4gGTgWza1PDEkL7pMtalkoSM+Nnk6NHuGSVEEdK25KAJ+rviYzExgzjwHbGBHpm3huL/3mtFKJLP+MySYFJOn0oSgUGhccJ4JBrRkEMLSFUc3srpj2iCQWbU96G4M1/eZHUT8reefns7rRYuXmaxpFDh+gIHSMPXaAKukZVVEMUPaBn9IrenIHz4rw7H9PWJWcW4QH6A+fzB4kDkmY=</latexit>...
<latexit sha1_base64="J2k3iNpWBfyA4rEXF2NN6ZsgXFA=">AAAB9HicbVDLSgMxFM34rPVVdekmWAquyoz4WhbcCCJUsA9oh5LJZNrQTDImd4plKPgXblwo4taPceffmD4W2nrgwuGce29uTpAIbsB1v52l5ZXVtfXcRn5za3tnt7C3Xzcq1ZTVqBJKNwNimOCS1YCDYM1EMxIHgjWC/tXYbwyYNlzJexgmzI9JV/KIUwJW8kuPnex2lG8PQgWmUyi6ZXcCvEi8GSmiGaqdwlc7VDSNmQQqiDEtz03Az4gGTgWza1PDEkL7pMtalkoSM+Nnk6NHuGSVEEdK25KAJ+rviYzExgzjwHbGBHpm3huL/3mtFKJLP+MySYFJOn0oSgUGhccJ4JBrRkEMLSFUc3srpj2iCQWbU96G4M1/eZHUT8reefns7rRYuXmaxpFDh+gIHSMPXaAKukZVVEMUPaBn9IrenIHz4rw7H9PWJWcW4QH6A+fzB4kDkmY=</latexit>...

<latexit sha1_base64="J2k3iNpWBfyA4rEXF2NN6ZsgXFA=">AAAB9HicbVDLSgMxFM34rPVVdekmWAquyoz4WhbcCCJUsA9oh5LJZNrQTDImd4plKPgXblwo4taPceffmD4W2nrgwuGce29uTpAIbsB1v52l5ZXVtfXcRn5za3tnt7C3Xzcq1ZTVqBJKNwNimOCS1YCDYM1EMxIHgjWC/tXYbwyYNlzJexgmzI9JV/KIUwJW8kuPnex2lG8PQgWmUyi6ZXcCvEi8GSmiGaqdwlc7VDSNmQQqiDEtz03Az4gGTgWza1PDEkL7pMtalkoSM+Nnk6NHuGSVEEdK25KAJ+rviYzExgzjwHbGBHpm3huL/3mtFKJLP+MySYFJOn0oSgUGhccJ4JBrRkEMLSFUc3srpj2iCQWbU96G4M1/eZHUT8reefns7rRYuXmaxpFDh+gIHSMPXaAKukZVVEMUPaBn9IrenIHz4rw7H9PWJWcW4QH6A+fzB4kDkmY=</latexit>...
<latexit sha1_base64="J2k3iNpWBfyA4rEXF2NN6ZsgXFA=">AAAB9HicbVDLSgMxFM34rPVVdekmWAquyoz4WhbcCCJUsA9oh5LJZNrQTDImd4plKPgXblwo4taPceffmD4W2nrgwuGce29uTpAIbsB1v52l5ZXVtfXcRn5za3tnt7C3Xzcq1ZTVqBJKNwNimOCS1YCDYM1EMxIHgjWC/tXYbwyYNlzJexgmzI9JV/KIUwJW8kuPnex2lG8PQgWmUyi6ZXcCvEi8GSmiGaqdwlc7VDSNmQQqiDEtz03Az4gGTgWza1PDEkL7pMtalkoSM+Nnk6NHuGSVEEdK25KAJ+rviYzExgzjwHbGBHpm3huL/3mtFKJLP+MySYFJOn0oSgUGhccJ4JBrRkEMLSFUc3srpj2iCQWbU96G4M1/eZHUT8reefns7rRYuXmaxpFDh+gIHSMPXaAKukZVVEMUPaBn9IrenIHz4rw7H9PWJWcW4QH6A+fzB4kDkmY=</latexit>...

<latexit sha1_base64="J2k3iNpWBfyA4rEXF2NN6ZsgXFA=">AAAB9HicbVDLSgMxFM34rPVVdekmWAquyoz4WhbcCCJUsA9oh5LJZNrQTDImd4plKPgXblwo4taPceffmD4W2nrgwuGce29uTpAIbsB1v52l5ZXVtfXcRn5za3tnt7C3Xzcq1ZTVqBJKNwNimOCS1YCDYM1EMxIHgjWC/tXYbwyYNlzJexgmzI9JV/KIUwJW8kuPnex2lG8PQgWmUyi6ZXcCvEi8GSmiGaqdwlc7VDSNmQQqiDEtz03Az4gGTgWza1PDEkL7pMtalkoSM+Nnk6NHuGSVEEdK25KAJ+rviYzExgzjwHbGBHpm3huL/3mtFKJLP+MySYFJOn0oSgUGhccJ4JBrRkEMLSFUc3srpj2iCQWbU96G4M1/eZHUT8reefns7rRYuXmaxpFDh+gIHSMPXaAKukZVVEMUPaBn9IrenIHz4rw7H9PWJWcW4QH6A+fzB4kDkmY=</latexit>...
<latexit sha1_base64="J2k3iNpWBfyA4rEXF2NN6ZsgXFA=">AAAB9HicbVDLSgMxFM34rPVVdekmWAquyoz4WhbcCCJUsA9oh5LJZNrQTDImd4plKPgXblwo4taPceffmD4W2nrgwuGce29uTpAIbsB1v52l5ZXVtfXcRn5za3tnt7C3Xzcq1ZTVqBJKNwNimOCS1YCDYM1EMxIHgjWC/tXYbwyYNlzJexgmzI9JV/KIUwJW8kuPnex2lG8PQgWmUyi6ZXcCvEi8GSmiGaqdwlc7VDSNmQQqiDEtz03Az4gGTgWza1PDEkL7pMtalkoSM+Nnk6NHuGSVEEdK25KAJ+rviYzExgzjwHbGBHpm3huL/3mtFKJLP+MySYFJOn0oSgUGhccJ4JBrRkEMLSFUc3srpj2iCQWbU96G4M1/eZHUT8reefns7rRYuXmaxpFDh+gIHSMPXaAKukZVVEMUPaBn9IrenIHz4rw7H9PWJWcW4QH6A+fzB4kDkmY=</latexit>...

<latexit sha1_base64="J2k3iNpWBfyA4rEXF2NN6ZsgXFA=">AAAB9HicbVDLSgMxFM34rPVVdekmWAquyoz4WhbcCCJUsA9oh5LJZNrQTDImd4plKPgXblwo4taPceffmD4W2nrgwuGce29uTpAIbsB1v52l5ZXVtfXcRn5za3tnt7C3Xzcq1ZTVqBJKNwNimOCS1YCDYM1EMxIHgjWC/tXYbwyYNlzJexgmzI9JV/KIUwJW8kuPnex2lG8PQgWmUyi6ZXcCvEi8GSmiGaqdwlc7VDSNmQQqiDEtz03Az4gGTgWza1PDEkL7pMtalkoSM+Nnk6NHuGSVEEdK25KAJ+rviYzExgzjwHbGBHpm3huL/3mtFKJLP+MySYFJOn0oSgUGhccJ4JBrRkEMLSFUc3srpj2iCQWbU96G4M1/eZHUT8reefns7rRYuXmaxpFDh+gIHSMPXaAKukZVVEMUPaBn9IrenIHz4rw7H9PWJWcW4QH6A+fzB4kDkmY=</latexit>...

<latexit sha1_base64="rs1ARGb3ySbBNuJTjWB6LvfE3i0="></latexit>

ey2
<latexit sha1_base64="Oz01Br2nme2ymHEKVe7JNNlKKIs="></latexit>

ey1



But actually what can we do with this data?
For simplicity, considering scalar inputs x…just for simplicity and 
facilitate the comparison with the IRT:

<latexit sha1_base64="jXqyqSeZONxAAYc3OlaMDoRbRoo="></latexit>

xm 2 R

<latexit sha1_base64="RNDYuyDpDYx8bBA7IqswmtdgffY="></latexit>

p (ym,j = 1|xm) = pm,j =
1

1 + e�(xm�µj)/sj

p(eyj |X) = p (y1,j , . . . , yM,j |x1, . . . , xM ) =
Y

m:ym,j=1

pm,j

Y

m:ym,j=0

(1� pm,j)

<latexit sha1_base64="W4V3jxCd5BQhlWPDVdpDh/PFoLg="></latexit>

p (y1,j , . . . , yM,j |x1, . . . , xM ) =
MY

m=1

p
ym,j

m,j (1� pm,j)
(1�ym,j)

<latexit sha1_base64="l7fC5n7XeyGaw8QlwDk1y6+uZWs="></latexit>

{xm, ym,j}Mm=1
<latexit sha1_base64="ldJE7+j73Ga4sgHczZp3hg2J2H4="></latexit>

X = [x1, ..., xM ]

We have N-parallel classification problems each one with 
likelihood:



But actually what can we do with this data?

We have N-parallel classification problems each one with 
likelihood function. They share the same M inputs.

We have to find, in this case with scalar inputs, N different pairs of 
mu and s, one for each parallel classification problems.

<latexit sha1_base64="SJqjYyPDIQLuofGI5mDl6wW/zfo="></latexit>

p (ym,j = 1|xm) = pm,j =
1

1 + e�(xm�µj)/sj

<latexit sha1_base64="ko/+sS+WeNug26hyV1az7GzKde0="></latexit>µj , sj
<latexit sha1_base64="KfQ0v9rmW63MylsbY4wtyEpKq6U="></latexit>

for j = 1, ..., N


