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Transformations for signal in continuous time

Fourier Series (FS) Stand. Fourier Transform (FT) Laplace Transform (FT)

Generalized 
Fourier Transform 
(GFT)

For Periodic signals For non-periodic signals

Mathematically, it is not 
completely valid… or we need 
other definition of Fourier 
Transformation….

also for some 
Signals with 

Infinite Energy



Existence of the STAND. Fourier Transform
• The integral below must exist:


• Sufficient conditions (signal with finite energy):

<latexit sha1_base64="JYVAhoMp3eGXxtAFfMoFOlK0Kxg="></latexit>
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�1
x(t)e�j!tdt
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|x(t)|dt < 1

<latexit sha1_base64="+nz+QMoFKIbU50ZwwttzV+db3E4="></latexit>

it ensures the existence of the direct transformation

<latexit sha1_base64="xdIuJ6MjYcbKSgy1ZdsP6B1Dc+A="></latexit>Z +1
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|x(t)|2dt < 1
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it ensures the existence of the direct and inverse transformations in L2 sense



Fourier Transform: other form
• Other way of writing the FT:


• Then the FT can be seen as these two integrals


• These two integrals must exist, to have - x(t) - a FT

<latexit sha1_base64="YJ1gV/11I1g3kRJmZAepLfhtgG4="></latexit>
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Periodic signals have not FT
• Periodic signals have infinite energy !!! 

• so they have not FT


• You can also think in this way: the integral of the type 
below does not exist when x(t) is periodic…


• think to the limits -InF o +InF

<latexit sha1_base64="zHzIz0ngS3atF+/og9klQHQMn5c="></latexit>Z +1

�1
x(t) cos(!t)dt does not exist or infinity

<latexit sha1_base64="9digsZLzqNFwnsrPb2zuVLyZdMI="></latexit>

in a standard sense



Huge confusion
• Some books say that exists FT of periodic signal, it is 

not true…. mathematically, it is a nightmare…


•  For a periodic signal, the only true/proper 
mathematical tool is the Fourier Series (FS).  

• We will describe something that contains the same 
information of the FS - for periodic signals - (actually, it 
needs the information of the FS) that can be considered 
a generalization of the FT, but mathematically it is not a 
true-FT in a standard sense… 



Other simple example to think about…
<latexit sha1_base64="yzsnGFocQ1THAbEROpu4p4nqhgM="></latexit>

x(t) = 1
<latexit sha1_base64="JQpbFWIa6oXv7q6D8E9XBPduFW8="></latexit>
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e�j!tdt =?

<latexit sha1_base64="XIXk3/1ZCiu3sfSun6oowS8JNnw="></latexit>

does not exist...



Huge confusion

• The Generalized Fourier Transform that will present it 
a properly defined only under the Distribution Theory.


• This requires more theory and other “calculus rules” (in 
an extended sense)   


• Technically speaking, all the transformation involving the 
Dirac Deltas are properly valid under the Distribution 
Theory.



Huge confusion

• For the Laplace Transform,  we consider standard 
calculus rules of integrals…and for Zeta Transform, 
standard sum rules 



Other example
• Let us consider:


• (this signal is periodic, then with infinite energy)


• A good student that have studied standard calculus 
(and does not know Distribution Theory) MUST write

<latexit sha1_base64="3ZcK+pMbbcv9m+s9ARkyCyveBcs="></latexit>

x(t) = ej!0t
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@ if ! 6= !0,

1 if ! = !0.

<latexit sha1_base64="5kBLCG2fsJZ08HuvvxRYKRGM6cQ="></latexit>

{



Other example
• Indeed:
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<latexit sha1_base64="1yWFTgYXCxRPoGlhx75H5KI/81Q="></latexit>

when !0 6= !



Other example
• A bad student could write


• In an standard sense, we cannot write

<latexit sha1_base64="4OraEVGSdn+UZ0r1LwHiayXJvQ4="></latexit>
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ej!0te�j!tdt =
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{<latexit sha1_base64="80IQ4YmgqZV+NdAC45MDN1aBSdU="></latexit>

0 if ! 6= !0,

1 if ! = !0.
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ej!0t F ! �(! � !0)



Other example
• Someone believes that the solution (or just makes 

confusion) is the Cauchy Principal Value, that is another 
“thing”: 

• BUT:

<latexit sha1_base64="sSAtCo82ASUniVUPY9Bqytc700w="></latexit>
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Other example
•…and, more generally, the FT is not defined as a 

Cauchy P.V.


•Other example of P.V.:

<latexit sha1_base64="oqMg8hpdQkQXuDZQZJio0Gw8feA="></latexit>Z +1
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t dt = @
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….in the Laplace’s world: “come back to normality”

• All these considerations are confirmed in all books, 
when they talk regarding Laplace Transform.


• Indeed the (Bilateral) Laplace Transform of the following 
signals does not exist:


<latexit sha1_base64="Cb0+6dji+uYO8X1GGNDYf0SCS/4="></latexit>

cos(!0t)
<latexit sha1_base64="fOO2dUqOLbhwTmP0IcqNZWUubj4="></latexit>

sin(!0t)
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ej!0t

<latexit sha1_base64="AycjllJWT4cedDSaSlaJp16fmio="></latexit>

} They have not   
Laplace Transform



Some possible “generalized definition”
• Some partial “patch” ( “parche”), is to consider the 

following definition: we can Generalized Fourier Transform 
of x(t) the function X(w) such that: 


• i.e., we use the inverse Fourier Transform. The direct 
formula cannot works but maybe the inverse formula one 
can work… 

<latexit sha1_base64="kPlWfmUmfsT1G0A1o+NFwSLJouk="></latexit>
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Some possible “generalized definition”
• Then, if we accept the Dirac Delta as a mathematical 

operator with some special rule, as an example we can 
see that


• is the Generalized Fourier Transform of 
<latexit sha1_base64="IdhEaCS8HehN5iL8nmTmdvPxw1U="></latexit>
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<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>!



Some possible “generalized definition”
• Then, we can write

<latexit sha1_base64="9lFNrD1cSXBuOOrP8bGftoe30z4="></latexit>

(!0 = 0)

<latexit sha1_base64="iN60dV04ebhbM5C/aidntGtf7cU="></latexit>

ej!0t GF �! 2⇡�(! � !0)
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Some possible “generalized definition”
• Then, if a periodic signal x(t) has a Fourier Series 

representation:

<latexit sha1_base64="iKMG8/yIwlhwbmKJVv6FSt4zARA="></latexit>
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Some possible “generalized definition”
<latexit sha1_base64="iKMG8/yIwlhwbmKJVv6FSt4zARA="></latexit>
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Generalized Fourier Trasform (GFT) - for a periodic signal

<latexit sha1_base64="SgVliEHSIM/VzVf63BtMtOfWue8=">AAACBHicbVDNS8MwHE3n15xfVY+7BIewIYxWFL0IAy8eJ+xLtlLSLN3C0rQkqThKD178V7x4UMSrf4Q3/xuzrgfdfJDweO/3kTwvYlQqy/o2Ciura+sbxc3S1vbO7p65f9CRYSwwaeOQhaLnIUkY5aStqGKkFwmCAo+Rrje5nvndeyIkDXlLTSPiBGjEqU8xUlpyzXIyyIYkHotJ+lBVtSt9nbRcq5a6ZsWqWxngMrFzUgE5mq75NRiGOA4IV5ghKfu2FSknQUJRzEhaGsSSRAhP0Ij0NeUoINJJsv0pPNbKEPqh0IcrmKm/OxIUSDkNPF0ZIDWWi95M/M/rx8q/dBLKo1gRjueL/JhBFcJZInBIBcGKTTVBWFD9VojHSCCsdG4lHYK9+OVl0jmt2+d16/as0rjL4yiCMjgCVWCDC9AAN6AJ2gCDR/AMXsGb8WS8GO/Gx7y0YOQ9h+APjM8f60aXrA==</latexit>

x(t) = x(t+ T0)

<latexit sha1_base64="diIlEa44SkjmeKHvFwiTd1GJphA="></latexit>
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For periodic signals

<latexit sha1_base64="NjdksdvxaGFQhR8itxskA8UFLgw="></latexit>
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k =



Recall something of the FS…
• The coefficients a_k’s are complex numbers

<latexit sha1_base64="sG8jxNYa24NN7FpsmLHqnrK88gw="></latexit>
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Recall something of the FS…

• Important observation:
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• In the middle is not defined… 
these f requenc ies are not 
contained

• (square root of) ENERGY 
in each frequency
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Recall something of the FS…
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• If we consider a function that is equal  to a_k at each kw_0 
and “0” otherwise (there), then “almost nothing changes”…

<latexit sha1_base64="q0dXGxPMRzwd60OfmYWADhiAn9U=">AAAB+HicbVDLTsJAFJ3iC/FB1aWbRmKCG9ISoi6JLnSJiTwSqM10mMKEeTQzUxMsfIkbFxrj1k9x5984QBcKnuQmJ+fcm3vvCWNKlHbdbyu3tr6xuZXfLuzs7u0X7YPDlhKJRLiJBBWyE0KFKeG4qYmmuBNLDFlIcTscXc/89iOWigh+r8cx9hkccBIRBLWRArs46QQ35Z5geADPJg/VwC65FXcOZ5V4GSmBDI3A/ur1BUoY5hpRqFTXc2Ptp1BqgiieFnqJwjFEIzjAXUM5ZFj56fzwqXNqlL4TCWmKa2eu/p5IIVNqzELTyaAeqmVvJv7ndRMdXfop4XGiMUeLRVFCHS2cWQpOn0iMNB0bApEk5lYHDaGESJusCiYEb/nlVdKqVrzzSu2uVqpfZXHkwTE4AWXggQtQB7egAZoAgQQ8g1fwZj1ZL9a79bFozVnZzBH4A+vzB8VmkoY=</latexit>

|XG(!)|2



Generalized Fourier Trasform (GFT)

• It contains only the information of the FS


• we need to do the FS, to have the GFT

<latexit sha1_base64="sGpzT92Sw8PjpaCVpxIvtCavdK8="></latexit>

For periodic signals
<latexit sha1_base64="NjdksdvxaGFQhR8itxskA8UFLgw="></latexit>

XG(!) = 2⇡
+1X

�1
ak�(! � k!0)

<latexit sha1_base64="Yqkycw33QFeBeWxSXCMvoQF5qrw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9DC67pUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fja7dEJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm07dJX2jOUI4toUwLeythQ6opQxtOyYbgLb68TJpnVe+ien5/Xqnd5HEU4QiO4RQ8uIQa3EEdGsAghGd4hTdn5Lw4787HvLXg5DOH8AfO5w9XRY0/</latexit>

k =



Example: GFT of the cosine

<latexit sha1_base64="epfHKK8FegyeUy9lo2aOgkoUSSQ="></latexit>

XG(!) = 2⇡


1

2
�(! � !0) +

1

2
�(! + !0)

�

<latexit sha1_base64="RwYAs+lKncd24vIsjdyFjELYBrI="></latexit>

XG(!) = ⇡�(! � !0) + ⇡�(! + !0)

<latexit sha1_base64="cmb5hFHmfAQNEnAi4Vv9A0Hw5os="></latexit>

x(t) = cos(!0t)

<latexit sha1_base64="JDq3cvZhQYMUmebcedm4bEMrMdU="></latexit>

a1 = a�1 =
1

2
<latexit sha1_base64="kBCTWwXGZL6QjGpBHwWv4vxECls="></latexit>

ak = 0, k 6= 1,�1



Example: GFT of the sine
<latexit sha1_base64="Ki5/+sHgpnkG29wTxPxwnL9AmY4="></latexit>

x(t) = sin(!0t)
<latexit sha1_base64="LHIDUo6fnuU8QLmQnFnEKaSAPFg="></latexit>

XG(!) = 2⇡


1

2j
�(! � !0)�

1

2j
�(! + !0)

�

<latexit sha1_base64="wvsthn22YT2SsljyBpjsu/oD9LI="></latexit>

XG(!) =
⇡

j
�(! � !0)�

⇡

j
�(! + !0)

<latexit sha1_base64="V4jgNYHoyNSEzY7uKCQqj/U4tHM="></latexit>

XG(!) = �j⇡�(! � !0) + j⇡�(! + !0)



The GFT for other “non-periodic” signals
• Given its definition, GTF can be used for other signals 

that have not the FT. 

• For instance, a constant has FS (it is like periodic 
with infinite period…) 

• or a sum of two periodic signal that is not always 
periodic…



Example: The GFT of a constant

<latexit sha1_base64="sxUdws20VzMh7ioYe0yAbk+2Lj8="></latexit>

x(t) = 1 =) a0 = 1 the rest are zeros...

<latexit sha1_base64="16fDhBRvalAQR5bN7w6lapB33wQ="></latexit>

XG(!) = 2⇡�(!)



The GFT of a sum of two periodic signals
<latexit sha1_base64="pDN+b9qmnXFLIZ/vPEpOceo6WnM="></latexit>

z(t) = x1(t) + x2(t)

• periodic • periodic• it could be 
non-periodic

<latexit sha1_base64="SKP6UW11E2c40LdZJ2vSJm3U7Vs="></latexit>

ZG(!) = X1,G(!) +X2,G(!)



Even more confusion….and more difficult
• Consider the step function (escalón) - infinite energy:


• Many people prove it using FT properties, but the 
properties are valid on if FT exists !!

<latexit sha1_base64="rgcGfNcQ7vSNMOb/ejlrjdWfWEg="></latexit>

1

<latexit sha1_base64="W6tx+tdx4sJN6BS9nu2dOrRnLls="></latexit>

u(t)
<latexit sha1_base64="Cj6cYmHVNtAwvTEQOV5qJYnJyGs="></latexit>

u(t)
GF �! 1

j!
+ ⇡�(!)



Even more confusion….
•  Sign function - infinite energy:


• The Sign function has not (Bilateral) Laplace 
Transform

<latexit sha1_base64="LkCYoYP5gsJho/YCOnd9Os8/cuk="></latexit>

1/2

<latexit sha1_base64="GlcjaLWL/FrsafyOGXUDD2WoF+A="></latexit>

�1/2

<latexit sha1_base64="UQ5r1IRMak6yGik8VeVtldVE9F0="></latexit>

sign(t) <latexit sha1_base64="O20/BlnMs8jvX0gMD4EqJn8dOCg="></latexit>

sign(t)
GF �! 1

j!



Even more confusion….
•  It is unbelievable the attempts of the people in order to 

prove the previous two transformations with standard 
calculus rules…


• Typically, there are “circular argumentations”: one 
consider the existence of one FT and then use FT 
properties to prove the other one, and viceversa !!!



Avoid confusion and recall
• Even if people says the opposite, the GTF is not coming 

from the standard definition of the FT (USING OUR 
CALCULUS RULES). It requires the DISTRIBUTION 
THEORY for a proper mathematical definition.


• Usually people call it simply “FT” generating a lot of 
confusion.


• The LAPLACE TRANSFORM extends the Standard FT. 



Questions?


