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Truncated cosine signal
<latexit sha1_base64="Ir+bl20hKVqXJLNKF9KCZYHycJE="> iK4bzATcg+OJDpp1WTxfuSDY2QhtiRcYlBkkpfBcOQAS1OeV24+XpifrlybMfnh0+/6aQ45HwufCFIAqq8JXwXPheeCGcC8YQD38d/j78Y2SNfhv9OforN334oPD5TKg9o7//B2CNJuE=</latexit>

x(t) = cos(!0t)rectL(t)

<latexit sha1_base64="+rfSsRk4nhYDq9EY2ugEqSUdxww="></latexit>

rectL(t)
<latexit sha1_base64="02QKPEKAL1KCXb++exCD1sAhDXA="></latexit>

1

<latexit sha1_base64="EgMJrhoC0MF4geA4SGtPWm8nJdQ="></latexit>

t
<latexit sha1_base64="nmGQgkKUiFV7Q5PRyjbY8I+ds+w="></latexit>

L

2

<latexit sha1_base64="TGm1UwW+VHlxbtLrNU1PdSKlBHA="></latexit>

�L

2

<latexit sha1_base64="0RYi+9gzRHAOBSjGTryprmZdRCY="></latexit>

L



Truncated cosine signal in frequency

<latexit sha1_base64="5/fAULEhiyz7Sa7oguagqlDssOM="> JJFF0Y+oYvEhJyZrlUDHAc0Q2xHLKmFzD0iUejRZJlINAYZuzsGKwCn6NsthyREC+Kbrwl7PQIv4zqa+lk29pFzFc/LBLmb2JOfSsnWsXwfkBHh18wyGbQ5LkLPZ8RK2SQK7IuCUjK4XfOAEQw6iU3B+9PT4zXJ69+fXX45sdCjqfSt9J3kiwZ0vfSG+kX6Z10JllDY3g+/GNIRq9HeGSNaL718aMi5hupco38/wA4T7X8</latexit>

X(!) =
sin((! � !0)

L
2 )

! � !0
+

sin((! + !0)
L
2 )

! + !0

This is already the solution:

That can be written as sum of two “octupus”/pulpos: 
(i.e., two sinc functions)

<latexit sha1_base64="zSYf01raYhKbGcuC6AbnuW3OpvE="></latexit>

X(!) =
1

2
sincL

2
(! � !0) +

1

2
sincL

2
(! + !0)



Truncated cosine signal in frequency

where:

<latexit sha1_base64="zSYf01raYhKbGcuC6AbnuW3OpvE="></latexit>

X(!) =
1

2
sincL

2
(! � !0) +

1

2
sincL

2
(! + !0)

<latexit sha1_base64="lqyv6j+RQT3XcedVL5Hw+vHWJ1k="></latexit>

sincL
2
(!) =

2 sin(!L
2 )

!



We consider now a special case  
of truncated cosine and “periodic brother”



SPECIAL CASE of truncated cosine signal
<latexit sha1_base64="Ir+bl20hKVqXJLNKF9KCZYHycJE="> iK4bzATcg+OJDpp1WTxfuSDY2QhtiRcYlBkkpfBcOQAS1OeV24+XpifrlybMfnh0+/6aQ45HwufCFIAqq8JXwXPheeCGcC8YQD38d/j78Y2SNfhv9OforN334oPD5TKg9o7//B2CNJuE=</latexit>

x(t) = cos(!0t)rectL(t)

We choose L such that:

<latexit sha1_base64="/fIp2r8G4FeFkEqJtcJYFrVInyA=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiSlqBuh6MZlhb6gCWEynbRDJzNhZiKUENz4K25cKOLWr3Dn3zhts9DWAxcO59zLvfeECaNKO863tbK6tr6xWdoqb+/s7u3bB4cdJVKJSRsLJmQvRIowyklbU81IL5EExSEj3XB8O/W7D0QqKnhLTxLix2jIaUQx0kYK7GNPxGSIAufaiyTCWc1LaJ61AicP7IpTdWaAy8QtSAUUaAb2lzcQOI0J15ghpfquk2g/Q1JTzEhe9lJFEoTHaEj6hnIUE+VnsxdyeGaUAYyENMU1nKm/JzIUKzWJQ9MZIz1Si95U/M/rpzq68jPKk1QTjueLopRBLeA0DzigkmDNJoYgLKm5FeIRMlFok1rZhOAuvrxMOrWqe1Gt39crjZsijhI4AafgHLjgEjTAHWiCNsDgETyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPzs2XEQ==</latexit>

!0 =
2⇡

T0

<latexit sha1_base64="bI/1F/klCL4wWvM76UO2jbLnXn8=">AAACCXicbVDLSsNAFJ34rPEVdelmsBRclaQUdVMounHhokJf0IQwmU7aoTNJmJkIJWTrxl9x40IRt/6BO//GaZuFth643MM59zJzT5AwKpVtfxtr6xubW9ulHXN3b//g0Do67so4FZh0cMxi0Q+QJIxGpKOoYqSfCIJ4wEgvmNzM/N4DEZLGUVtNE+JxNIpoSDFSWvItWHFjTkbItxtuKBDOam5C86zt27l519DNt8p21Z4DrhKnIGVQoOVbX+4wxiknkcIMSTlw7ER5GRKKYkZy000lSRCeoBEZaBohTqSXzS/JYUUrQxjGQlek4Fz9vZEhLuWUB3qSIzWWy95M/M8bpCq88jIaJakiEV48FKYMqhjOYoFDKghWbKoJwoLqv0I8RjoQpcMzdQjO8smrpFurOhfV+n293Lwu4iiBU3AGzoEDLkET3IIW6AAMHsEzeAVvxpPxYrwbH4vRNaPYOQF/YHz+AIJxmPI=</latexit>

L = T0

i.e., we consider just one 
period of the cosine Special case

<latexit sha1_base64="F6CYyekbDzdMwOvmmWPt/fD6ppM="></latexit>

x(t) = cos (!0t) rectT0(t)



Special case of truncated cosine

In this case, we saw that we have:

<latexit sha1_base64="sG5/Lfck5SJ+KoE6BC7YMQWyINg="></latexit>

X(!) =
sin

�
(! � !0)

T0
2

�

! � !0
+

sin
�
(! + !0)

T0
2

�

! + !0

Now, we look for the w such that X(w)=0



Now, we look for the w such that X(w)=0, for this 
special case.



Zeros of X(w) of a “special” truncated cosine

<latexit sha1_base64="SEf4oaB2R0kV20pXpZ1/3dOx4yw=">AAACK3icbVDLSgMxFM34tr6qLt0Ei6ALy4yIuhGkblxWsLbQKSWT3mlDM5khuSOUof/jxl9xoQsfuPU/TNsR1HoguYdz7iW5J0ikMOi6b87M7Nz8wuLScmFldW19o7i5dWviVHOo8VjGuhEwA1IoqKFACY1EA4sCCfWgfzny63egjYjVDQ4SaEWsq0QoOEMrtYsV3whFfQkh7ud3HEGXHU5KO3OHvhbdHh5QP9SMZzcjaZgdfcvnbrtYcsvuGHSaeDkpkRzVdvHJ78Q8jUAhl8yYpucm2MqYRsElDAt+aiBhvM+60LRUsQhMKxvvOqR7VunQMNb2KKRj9edExiJjBlFgOyOGPfPXG4n/ec0Uw7NWJlSSIig+eShMJcWYjoKjHaGBoxxYwrgW9q+U95iNBG28BRuC93flaXJ7VPZOysfXx6WLSh7HEtkhu2SfeOSUXJArUiU1wsk9eSQv5NV5cJ6dd+dj0jrj5DPb5Beczy9ASaey</latexit>

sin

✓
(! � !0)

T0

2

◆
= 0

<latexit sha1_base64="eKdPv1GfSqVEldXaBE3L/P2IgdM="></latexit>

sin

✓✓
! � 2⇡

T0

◆
T0

2

◆
= 0

sin

✓
!
T0

2
� ⇡

◆
= 0

<latexit sha1_base64="0cDxJICD8MvRWHmRg1lG2glWxgc="></latexit>

!0 =
2⇡

T0

<latexit sha1_base64="w+S6j6/ylm/4jNtUmvHmVCBcpV4="></latexit>

!
T0

2
� ⇡ = k⇡, with k any positive or negative integer, k = ...� 3,�2,�1, 0, 1, 2, 3, ..

<latexit sha1_base64="2266h7+9asRp1zqZAEFIV6Cisbw="></latexit>

! = (k � 1)⇡
2

T0
= (k � 1)

2⇡

T0
= (k � 1)!0

First of all, we focus on the first numerator:



So that, we have obtained: 

<latexit sha1_base64="DXIWAHdLFlsGeV58QxJShWVZjF4="></latexit>

! = (k � 1)!0

<latexit sha1_base64="82xBiwilRenfWZnSKt47BUclJKA="></latexit>

! = k0!0
<latexit sha1_base64="mzxTYR3n3KLT3pNhMkG/8Xq481o="></latexit>

with k0 any positive or negative integer, k0 = ...� 3,�2,�1, 0, 1, 2, 3, ..

Then, we obtain: 

<latexit sha1_base64="SEf4oaB2R0kV20pXpZ1/3dOx4yw=">AAACK3icbVDLSgMxFM34tr6qLt0Ei6ALy4yIuhGkblxWsLbQKSWT3mlDM5khuSOUof/jxl9xoQsfuPU/TNsR1HoguYdz7iW5J0ikMOi6b87M7Nz8wuLScmFldW19o7i5dWviVHOo8VjGuhEwA1IoqKFACY1EA4sCCfWgfzny63egjYjVDQ4SaEWsq0QoOEMrtYsV3whFfQkh7ud3HEGXHU5KO3OHvhbdHh5QP9SMZzcjaZgdfcvnbrtYcsvuGHSaeDkpkRzVdvHJ78Q8jUAhl8yYpucm2MqYRsElDAt+aiBhvM+60LRUsQhMKxvvOqR7VunQMNb2KKRj9edExiJjBlFgOyOGPfPXG4n/ec0Uw7NWJlSSIig+eShMJcWYjoKjHaGBoxxYwrgW9q+U95iNBG28BRuC93flaXJ7VPZOysfXx6WLSh7HEtkhu2SfeOSUXJArUiU1wsk9eSQv5NV5cJ6dd+dj0jrj5DPb5Beczy9ASaey</latexit>

sin

✓
(! � !0)

T0

2

◆
= 0

<latexit sha1_base64="82xBiwilRenfWZnSKt47BUclJKA="></latexit>

! = k0!0

Zeros of X(w) of a “special” truncated cosine



Zeros of X(w) of a “special” truncated cosine

<latexit sha1_base64="SEf4oaB2R0kV20pXpZ1/3dOx4yw=">AAACK3icbVDLSgMxFM34tr6qLt0Ei6ALy4yIuhGkblxWsLbQKSWT3mlDM5khuSOUof/jxl9xoQsfuPU/TNsR1HoguYdz7iW5J0ikMOi6b87M7Nz8wuLScmFldW19o7i5dWviVHOo8VjGuhEwA1IoqKFACY1EA4sCCfWgfzny63egjYjVDQ4SaEWsq0QoOEMrtYsV3whFfQkh7ud3HEGXHU5KO3OHvhbdHh5QP9SMZzcjaZgdfcvnbrtYcsvuGHSaeDkpkRzVdvHJ78Q8jUAhl8yYpucm2MqYRsElDAt+aiBhvM+60LRUsQhMKxvvOqR7VunQMNb2KKRj9edExiJjBlFgOyOGPfPXG4n/ec0Uw7NWJlSSIig+eShMJcWYjoKjHaGBoxxYwrgW9q+U95iNBG28BRuC93flaXJ7VPZOysfXx6WLSh7HEtkhu2SfeOSUXJArUiU1wsk9eSQv5NV5cJ6dd+dj0jrj5DPb5Beczy9ASaey</latexit>

sin

✓
(! � !0)

T0

2

◆
= 0

<latexit sha1_base64="eKdPv1GfSqVEldXaBE3L/P2IgdM="></latexit>

sin

✓✓
! � 2⇡

T0

◆
T0

2

◆
= 0

sin

✓
!
T0

2
� ⇡

◆
= 0

<latexit sha1_base64="0cDxJICD8MvRWHmRg1lG2glWxgc="></latexit>

!0 =
2⇡

T0

<latexit sha1_base64="w+S6j6/ylm/4jNtUmvHmVCBcpV4="></latexit>

!
T0

2
� ⇡ = k⇡, with k any positive or negative integer, k = ...� 3,�2,�1, 0, 1, 2, 3, ..

<latexit sha1_base64="2266h7+9asRp1zqZAEFIV6Cisbw="></latexit>

! = (k � 1)⇡
2

T0
= (k � 1)

2⇡

T0
= (k � 1)!0

Secondly, we focus on the second numerator:



So that, we have obtained: 

<latexit sha1_base64="DXIWAHdLFlsGeV58QxJShWVZjF4="></latexit>

! = (k � 1)!0

Then, we obtain: 

<latexit sha1_base64="gyXeQ1SuGSuHqfshPuyH2mOl4G0="></latexit>

! = k00!0

<latexit sha1_base64="SEf4oaB2R0kV20pXpZ1/3dOx4yw=">AAACK3icbVDLSgMxFM34tr6qLt0Ei6ALy4yIuhGkblxWsLbQKSWT3mlDM5khuSOUof/jxl9xoQsfuPU/TNsR1HoguYdz7iW5J0ikMOi6b87M7Nz8wuLScmFldW19o7i5dWviVHOo8VjGuhEwA1IoqKFACY1EA4sCCfWgfzny63egjYjVDQ4SaEWsq0QoOEMrtYsV3whFfQkh7ud3HEGXHU5KO3OHvhbdHh5QP9SMZzcjaZgdfcvnbrtYcsvuGHSaeDkpkRzVdvHJ78Q8jUAhl8yYpucm2MqYRsElDAt+aiBhvM+60LRUsQhMKxvvOqR7VunQMNb2KKRj9edExiJjBlFgOyOGPfPXG4n/ec0Uw7NWJlSSIig+eShMJcWYjoKjHaGBoxxYwrgW9q+U95iNBG28BRuC93flaXJ7VPZOysfXx6WLSh7HEtkhu2SfeOSUXJArUiU1wsk9eSQv5NV5cJ6dd+dj0jrj5DPb5Beczy9ASaey</latexit>

sin

✓
(! � !0)

T0

2

◆
= 0

<latexit sha1_base64="gyXeQ1SuGSuHqfshPuyH2mOl4G0="></latexit>

! = k00!0

<latexit sha1_base64="bzqfsgyG1K1fJlVxNmkQcXu/q70="></latexit>

with k00 any positive or negative integer, k00 = ...� 3,�2,�1, 0, 1, 2, 3, ..

Zeros of X(w) of a “special” truncated cosine



Zeros of X(w) of a “special” truncated cosine

Therefore, finally we get: 
<latexit sha1_base64="sG5/Lfck5SJ+KoE6BC7YMQWyINg="></latexit>

X(!) =
sin

�
(! � !0)

T0
2

�

! � !0
+

sin
�
(! + !0)

T0
2

�

! + !0

<latexit sha1_base64="SEf4oaB2R0kV20pXpZ1/3dOx4yw=">AAACK3icbVDLSgMxFM34tr6qLt0Ei6ALy4yIuhGkblxWsLbQKSWT3mlDM5khuSOUof/jxl9xoQsfuPU/TNsR1HoguYdz7iW5J0ikMOi6b87M7Nz8wuLScmFldW19o7i5dWviVHOo8VjGuhEwA1IoqKFACY1EA4sCCfWgfzny63egjYjVDQ4SaEWsq0QoOEMrtYsV3whFfQkh7ud3HEGXHU5KO3OHvhbdHh5QP9SMZzcjaZgdfcvnbrtYcsvuGHSaeDkpkRzVdvHJ78Q8jUAhl8yYpucm2MqYRsElDAt+aiBhvM+60LRUsQhMKxvvOqR7VunQMNb2KKRj9edExiJjBlFgOyOGPfPXG4n/ec0Uw7NWJlSSIig+eShMJcWYjoKjHaGBoxxYwrgW9q+U95iNBG28BRuC93flaXJ7VPZOysfXx6WLSh7HEtkhu2SfeOSUXJArUiU1wsk9eSQv5NV5cJ6dd+dj0jrj5DPb5Beczy9ASaey</latexit>

sin

✓
(! � !0)

T0

2

◆
= 0

<latexit sha1_base64="gyXeQ1SuGSuHqfshPuyH2mOl4G0="></latexit>

! = k00!0

<latexit sha1_base64="SEf4oaB2R0kV20pXpZ1/3dOx4yw=">AAACK3icbVDLSgMxFM34tr6qLt0Ei6ALy4yIuhGkblxWsLbQKSWT3mlDM5khuSOUof/jxl9xoQsfuPU/TNsR1HoguYdz7iW5J0ikMOi6b87M7Nz8wuLScmFldW19o7i5dWviVHOo8VjGuhEwA1IoqKFACY1EA4sCCfWgfzny63egjYjVDQ4SaEWsq0QoOEMrtYsV3whFfQkh7ud3HEGXHU5KO3OHvhbdHh5QP9SMZzcjaZgdfcvnbrtYcsvuGHSaeDkpkRzVdvHJ78Q8jUAhl8yYpucm2MqYRsElDAt+aiBhvM+60LRUsQhMKxvvOqR7VunQMNb2KKRj9edExiJjBlFgOyOGPfPXG4n/ec0Uw7NWJlSSIig+eShMJcWYjoKjHaGBoxxYwrgW9q+U95iNBG28BRuC93flaXJ7VPZOysfXx6WLSh7HEtkhu2SfeOSUXJArUiU1wsk9eSQv5NV5cJ6dd+dj0jrj5DPb5Beczy9ASaey</latexit>

sin

✓
(! � !0)

T0

2

◆
= 0

<latexit sha1_base64="82xBiwilRenfWZnSKt47BUclJKA="></latexit>

! = k0!0
Where k’ and k’’ are positive 
or negative integers. 

IMP:
<latexit sha1_base64="EA86mlhCxIlhq8FVnhU0NKMJAwY="></latexit>

X(!) = 0
<latexit sha1_base64="M6pkA2AkorXeqLBWLp42yZImPc4="></latexit>

! = k!0
<latexit sha1_base64="VLR9mzdLLnl6fmNAFZ/FNiBZkBw="></latexit>

for k 6= 1,�1



Zeros of X(w) of a “special” truncated cosine

The reason of this is the 
denominators:

<latexit sha1_base64="sG5/Lfck5SJ+KoE6BC7YMQWyINg="></latexit>

X(!) =
sin

�
(! � !0)

T0
2

�

! � !0
+

sin
�
(! + !0)

T0
2

�

! + !0
IMP:

<latexit sha1_base64="EA86mlhCxIlhq8FVnhU0NKMJAwY="></latexit>

X(!) = 0
<latexit sha1_base64="M6pkA2AkorXeqLBWLp42yZImPc4="></latexit>

! = k!0
<latexit sha1_base64="VLR9mzdLLnl6fmNAFZ/FNiBZkBw="></latexit>

for k 6= 1,�1

<latexit sha1_base64="xCH+yQqo/vM60an7obQ56gSZrrM="></latexit>

k = 1 =) X(!0) =
0

0
+ 0

k = �1 =) X(�!0) = 0 +
0

0



Zeros of X(w) of a “special” truncated cosine

…and recalling the sinc function, we can prove:

<latexit sha1_base64="xCH+yQqo/vM60an7obQ56gSZrrM="></latexit>

k = 1 =) X(!0) =
0

0
+ 0

k = �1 =) X(�!0) = 0 +
0

0

<latexit sha1_base64="hbL5Fpkfu0AhI/kfIL+j8owdmm4="></latexit>

k = 1 =) X(!0) =
T0

2

k = �1 =) X(�!0) =
T0

2



NOW, we consider the “PERIODIC BROTHER” (for this 
special case) REPEATING THE SIGNAL EXACTLY EACH To 
==> NAMELY, WE OBTAIN THE STANDARD COSINE !!!!



PERIODIC BROTHER…with period To

If we considering a periodic PERIODIC 
BROTHER with period To, WE OBTAIN THE 
STANDARD COSINE !!! 

<latexit sha1_base64="F6CYyekbDzdMwOvmmWPt/fD6ppM="></latexit>

x(t) = cos (!0t) rectT0(t)

<latexit sha1_base64="pR5lsyMdYDq6eRnlkLNU3exCeKg="></latexit>

ex(t) = cos(!0t)



PERIODIC BROTHER…with period To

Using the formula for the 
“periodic brother”: 

<latexit sha1_base64="G4ufgqClh29h3dtsLdmuD5quVW4="></latexit>

ak =
1

T0
X(k!0)

<latexit sha1_base64="sG5/Lfck5SJ+KoE6BC7YMQWyINg="></latexit>

X(!) =
sin

�
(! � !0)

T0
2

�

! � !0
+

sin
�
(! + !0)

T0
2

�

! + !0

where: 



PERIODIC BROTHER…with period To
We obtain:

<latexit sha1_base64="t6Gq+l/02YH/proQfRgbU3CzziU="></latexit>

ak =
1

T0
X(k!0) =

1

T0

sin
�
(k!0 � !0)

T0
2

�

k!0 � !0
+

1

T0

sin
�
(k!0 + !0)

T0
2

�

k!0 + !0

and recalling:
IMP:

<latexit sha1_base64="EA86mlhCxIlhq8FVnhU0NKMJAwY="></latexit>

X(!) = 0
<latexit sha1_base64="M6pkA2AkorXeqLBWLp42yZImPc4="></latexit>

! = k!0
<latexit sha1_base64="VLR9mzdLLnl6fmNAFZ/FNiBZkBw="></latexit>

for k 6= 1,�1

<latexit sha1_base64="hbL5Fpkfu0AhI/kfIL+j8owdmm4="></latexit>

k = 1 =) X(!0) =
T0

2

k = �1 =) X(�!0) =
T0

2



PERIODIC BROTHER…with period To

We finally get:

<latexit sha1_base64="t6Gq+l/02YH/proQfRgbU3CzziU="></latexit>

ak =
1

T0
X(k!0) =

1

T0

sin
�
(k!0 � !0)

T0
2

�

k!0 � !0
+

1

T0

sin
�
(k!0 + !0)

T0
2

�

k!0 + !0

<latexit sha1_base64="Gr+OY7nEUmXuBGtsqPEqS5zQBN0="></latexit>

ak = 0 for k 6= �1, 1
<latexit sha1_base64="EabQT13kYvG4Gk2zu7bhXWIiJ88="></latexit>

a1 =
1

T0

T0

2
+ 0 =

1

2

a�1 = 0 +
1

T0

T0

2
=

1

2

 as we expect !!!!!


