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Example 8

Let consider the following signal:
0l =3,z|1| = =5,z2| = 1.5, x[n| =0 for the rest of n
Let us consider that is obtained sampling a continuos signal x(t) with

sampling period T=0.1 sec.

(a) Say what is the maximum frequency of the signal x(t) that you can
detect.

(b) Interpret the output of an DFT for a generic N and with N=3,4,5, as
X(Omega) - FT of x[n] - and as X(omega) - FT of x(t).
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(a) If the signal x(t) has been well-sampled, we can “see” until the
frequency:

(W 2T

— _ T ()Wl = 31.4159 rad/sec
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Example 8

(b) Each output of DFT from k=0,...,N-1 (fft in matlab) can be
Interpreted as associate to the frequencies
2T

Q= 0,,2, ..., (N — 1) Q=

for x[n] (discrete time), and
W — O,w(), 200(), cens (N — 1)00()

for x(t) (continuos time), where

_Q()_ 27’(’
0T TONT




Example 8

However, recall that in continuous time we can “see” only until

W AT T T

max — — — = — 31.41
W 5 = o =T =01 31.4159 rad/sec

therefore some outputs, in this case, have not “sense”....

w:O,wO,ZwO,..., — 1)&)()

exactly only an half or half+1.... (solo mitad! o mitad+1) since fft gives you exactly N values...

Q() 2T 2 N
= — = — ——Wnax Wnax — —~— W0

T NT N y
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Example 8
X(Q) =3 —5e 7 4+ 1.5¢ 7%

Xn|k| =3 — 56_jk2wﬁ + 1.56_*7.2'%2WW
A

(b) N=3

| |
In an exam, you have to write all the “complete” formulas with
exponentials etc. here | will give you the numerical results In
order to check your calculus... (see Example 2)
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(b) N=3
o _ 2T _ 2
N 3

X(Q) =3 —5e 7 4+ 1.5e 72"
Xylk] =3 —5e % + 1.5e 7%

here the FFT:

ans =
-0.5000 + 0.00001 4.7500 + 5.62921 4.7500 - 5.6292i
Omega_0:
Omega 0 =
2.0944
Frequencies (discrete):
Omega =

0 2.0944 4.1888
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2T 7
(b) N=3 o _ 27 _ 21 ) = — 20.9440 Wnax = — = 31.4159
0= = NT e =
N 3 ) .’
sampling period: ,"’ . ,,"' _
o’ Frequenc1e§,(cont1nuos):
T = x¢' ',¢" 314159
0.1000 omega =
© 20.9440 . 41.8879
omega_0 = '," L .
>0 oaan X x,/' Just frequencies that you can see:
maximum frequency tbat';ou can see: omega =

' \
omega_max = ,-°

0 20.9440
31.4159
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(b) N=4

here the FFT:
ans =
-0.5000 + 0.00001 1.5000 + 5.00001 9.5000 + 0.00001 1.5000 - 5.00001
Omega_0:
Omega_0 =
1.5708
Frequencies (discrete):
Omega =

0 1.5708 3.1416 4.7124
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(b) N=4

sampling period:

T = Frequencies (continuous):
0.1000 omega =

omega 0 = © 15.7080 31.4159 47:1239
15.7080 Just frequencies that you can see:

maximum frequency that you can see: omega =

omega_max = 0 15.7080 31.4159

31.4159
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here the FFT:
(b) N=5 N
Columns 1 through 4
-0.5000 + 0.00001 ©0.2414 + 3.87361 7.5086 + 4.36551 7.5086 - 4.36551
Column 5
0.2414 - 3.87361
Omega_0:
Omega 0 =
1.2566
Frequencies (discrete):

Omega =

0 1.2566 2.5133 3.7699 5.0265
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(b) N=5

sampling period:

T =

0.1000

omega_0 =

12.5664

maximum frequency that you can see:

omega_max

31.4159

Frequencies (continuous):

omega =

0 12.5664 25.1327 37.

Just frequencies that you can see:
omega =

0 12.5664  25.1327

1

655
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Please, compare Example 8 and Example 7, which consider different
signals/data, and see what is changed and what remains the same
(basically only the fft changes... ).



Example 9

Let consider the following signal:
r|0] = 1,21 = =5,z|2] = 2,23] = 0.1 x|n| =0 for the rest of n

(@) Show the output of fft(x) (without specify “N”) and provide the
correspondence with the values of X_N[k] and X(Omega).

(b) Considering a signal obtained repeating x[n] periodically with period
N=4. Obtain the coefficients a_k of the Fourier Series.
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Example 9 | . .
X(Q) — | — 5€—jﬂ | 26_]2Q 1 O.le—jgﬂ

_ il 2T _ 39 2T _ 42 2T
Xn[k] =1—5e "N 4 2e772FN 4 (0.1e 735w
(a) The fft(x) returns the same result of fft(x,L), i.e., N=L. In this case, L=4.
Then, fft(x) returns X_4[k] for k=0,1,2,3:

X4[]{7] = 1 — 5€_jk%T7T —+ Ze_j%%Tﬂ | O,:[e_j?’k%T7T

X4[l{7] — 1 — he %2 -+ Qe IR -+ O,lg_jk%7T
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(a) The fft(x) returns the same result of fft(x,L), i.e., N=L. In this case, L=4.
Then, fft(x) returns X_4[k] for k=0,1,2,3:

_ gl 4 _jl 3T
Xulk] =1—5e 7752 4 2e77F™ 4 (.1e 77"
X4[0)=1-5+2+01=-1.9
X4[1] — —1 —|— 51] >> 1-5xexp(=j*x1kxpi/2)+2%exp(-j*1kpli)+0.1kexp(-j*1x3/2%p1i)

ans =

-1.0000 + 5.10001
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X40]=1-54+2+0.1=-1.9

X4[1] — —1 —|— 51] >> 1-5kxexp(-=j*1kpi/2)+2xexp(-J*1kxpli)+0.lkexp(-j*1x3/2%pi)
ans =

-1.0000 + 5.10001

X4 [2] — 79 >> 1-5kexp(-j)*2xpl/2)+2%xexp(-j*2%xpli)+0.1lkexp(-J*2%3/2xp1l)
ans =

7.9000 + 0.00001

X4 [3] — —] — 5lj >> 1-5kexp(-j*3%pl/2)+2kexp(-J*3xpl)+0.1lxexp(-j*3%3/2xp1l)
ans =

-1.0000 - 5.10001
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CHECKIT: here the FFT:

ans =
X 4|k| et ~1.9000 + 0.0000i -1.0000 + 5.1000i 7.9000 + 0.0000i -1.0000 - 5.1000i
Omega_0:
Omega 0 =
1.5708
Frequencies (discrete):
Omega =

0 1.5708 3.1416 4.7124
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(b) Since the period of the signal is exactly N=4, we do need more
computations since, by the theory, we have:

1 _
Al — ZX4 [k

and can use the X 4[0], X _4[1], X _4[2], X _4[3] computed before.

Generally:

Ul — NXNk
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Let consider the following signal:
r|0] = 1,21 = =5,z|2] = 2,23] = 0.1 x|n| =0 for the rest of n

Considering N=4, check that X _4[0]=X_4[4], X 4[1]=X_4[5], etc..., i.e., the
periodicity of X_NI[Kk].
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From the previous example:
Xy[k] =1 — 5e 7R T 427 926F 0.1 7307
Xu[k] =1 —5e %% 4 2¢7F7 4 0.1e 7K 7

X40]=1-54+2+0.1=-1.9

X4l =—-1+5.1y
X412/ =17.9
X43]=—-1-5.1y
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>> 1-5kexp(-=j*4xpl/2)+2xexp(-j*4%xpli)+0.1lkexp(-)*4%3/2%pl)
ans =

-1.9000 - 0.00001

>> 1-5xexp(=J*5kpl/2)+2xexp(-J*5kxpli)+0.1xexp(-)*5%3/2%p1i)
ans =

-1.0000 + 5.10001

>> 1-5xexp(-J*6xpl/2)+2xexp(-J*6xpl)+0.1lkxexp(-j*6%3/2%p1l)
ans =

7.9000 + 0.00001



Example 10
>> 1-5xexp(-=)*7xpl/2)+2%kexp(-j*7*pli)+0.1lxexp(-)*7*3/2%p1l)
X4[7] = —1—5.17 ans =

-1.0000 - 5.10001

>> 1-5kexp(-j*8xpl/2)+2xexp(-j*8xpli)+0.1lxexp(-j*8%3/2xp1i)

X4[8] = —1.9 ans =

-1.9000 - 0.00001

etc... we proved that by numerical check.
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Considering N=4, write the Vandermonde matrix and the vectorial form
for the computation of the DFT.



Example 11
Example: evaluating DFT withN=4at 0, 1,2,3

3
X4[0) = ) z[n] = 2[0] + z[1] + 2[2] + (3]

n=~0
3 . 3 - 3 - 3
Xyll] = Z z[n] - e I T = Z xn|-e 72" = Z:E[n] (e7I2)" ZL[H] (=7)"
n=>0 n=0 n=0 n=>0
= 2[0](=5)" +2[1)(=5)" +2[2)(=5)* + 2[3](=))” = 2[0] — [1]j — z[2] + =[3]
X4(2] = Za:[n] P - Z z[n] - (e77™)" = z[0] + z[1](=1) + z[2](=1)* + z[3](—
n=>0 n=>0
3 . 3 B
X4[3] = Z z[n] - e~ = Z z[n] - (e772)" = z[0] + z[1)j + =[2]5* + =[3];°
n=>u n=>0

———————————————————— 1
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We arrive to:
X4|0] = z[0] + z[1]| + z[2] + z|3]
X4[1] = z[0] — jz[1] — z[2] + z(3]
X4(2] = z|0] — z[1] + z[2] — (3]
X4[3] = z[0] + jzl1] — 2] — jz[3

We can write it as a linear system !
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With the previous case (N=4):

X4/0] 1 1 1 | |0

X4[1] 1 -5 =1 j z|1

X420 |1 -1 1 =1 |z

X4|3] L j =1 —j|[z[3

/ / F X
X4

F is a Vandermonde matrix ! Each row is “geometric
progression” (see next slide)
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Generic N:

1 1 ] 1

+ SN | 2T ‘.2”
| e IN e IN* & (N=1)
IF2 A ‘j%z(‘\"_”
— . p ¢

1 e~ iFN-1) 12\“2(\—1) eI (1\—1)(4\«—1)
' | N xN




Example 11

Considering N=2, write the Vandermonde matrix and the vectorial form
for the computation of the DFT.
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Considering N=3, write the Vandermonde matrix and the vectorial form
for the computation of the DFT.
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X3[0] = ) xn] = (0] + (1] + 2]

Xg[l]:Zx[n]-e j2§1”:2x[n]-e j2§”:Zx[n]-(e |

= 2[0](e 75 )0 + a[1)(—e 75 ) + 2[2](e 773

Xal2l = 3 aln]- e H = afu] - (
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O, N
I
I
1
S S
<t|™n  oo|n
)
L QO
S S
a\ a2l N\l [ap
)
L QO
- —{
I
=Nl
< b bt




Example 14

Let consider  some data (discrete signal) x[n] which is obtained
sampling a continuos signal x(t) with sampling period T=0.1 sec.

(a) Say what is the maximum frequency of the signal x(t) that you can
detect.

(b) Interpret the output of an DFT for a generic N and with N=3,4,5, 6 and
7, as X(Omega) - FT of x[n] - and as X(omega) - FT of x(t).



Example 14

(a) If the signal x(t) has been well-sampled, we can “see” until the
frequency:

W 2T T T

o> 9T T 0.1

= 31.4159 rad/sec

maximum frequency that you can see:
omega_max =

31.4159

Note that this does not depend on N...
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(b) Each output of DFT from k=0,...,N-1 (fft in matlab) can be
interpreted as associate to the frequencies
2T

Q= 0,,2, ..., (N — 1) Q=

| 4
. | 3
|

for x[n] (discrete time), and

) 2
) 2

w =0, wp, 2wg, ..., gN—l)w()

for x(t) (continuos time), where "““THIS DEPENDS on N...
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However, recall that in continuous time we can “see” only until

W AT T T

max — — — = — 31.41
W 5 = o =T =01 31.4159 rad/sec

therefore some outputs, in this case, have not “sense”....

w:O,wO,ZwO,..., — 1)&)()

exactly only an half or half+1.... (solo mitad! o mitad+1) since fft gives you exactly N values...

Q() 2T 2 N
= — = — ——Wnax Wnax — —~— W0

T NT N y

o
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(b) N=3 Omega_0 =
0 2 27

Frequencies (discrete):
Omega =

0 2.0944 4.1888
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(b) N=3

omega_0 = 9
g
= = 20.944
Wo NT 0.9440

maximum frequency that you can see:

20.9440

omega_max =

31.4159 Wnax = % — 31.4159

Frequencies (continuous):
omega =

O 20.9440 41.8879
Just frequencies that you can see:
omega =

0 20.9440
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(b) N=4
Omega_0 =

g
(g = — = — =1.5708
1.5708 0 A 2
Frequencies (discrete):
Omega =

0 1.5708 3.1416 4.7124
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(b) N=4

omega_0 =

27T
15.7080 WO NT 5.7080

maximum frequency that you can see:

omega_max = .
31 4159 Wmax = 7= 31.4159

Frequencies (continuous):

omega =

| @ 15.7080 31.4159 47.1239

Just frequencies that you can see:

omega =

© 15.7080 31.4159
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(b) N=5

Omega_0 =

2
1.2566 $2p = g — 1.2566

Frequenclies (discrete):
Omega =

0 1.2566 2.5133 3.7699 5.0265
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(b) N=5

omega 0 = )

= = 12.56004
12.5664 O NT

maximum frequency that you can see:
omega_max =
o
31.4159 Wpay — — — 31.4159
1
Frequencies (continuous):
omega =
O 12.5664 25.1327 37.6991
Just frequencies that you can see:
omega =

0 12.5664  25.1327

50.2655
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(b) N=6

Omega_0 =
2T

1.0472 )y = N

Frequencies (discrete):

Omega =

0 1.0472 2.0944 3.1416 4.1888 5.2360
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(b) N=6

omega_0 = B 27'('
10.4120 0 T NT

maximum frequency that you can see:

omega_max = -
22 2158 Wnax = 7= 31.4159
Frequencies (continuous):
omega =
O 10.4720 20.9440 31.4159
Just frequencies that you can see:

omega =

O 10.4720 20.9440 31.4159

41.8879

52.3599
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(b) N=7

Omega_0 =

0.8976 (g = —
Frequencies (discrete):
Omega =

0 0.8976 1.7952 2.6928 3.5904 4.4880 5.3856
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(b) N=7

omega_0 = DT

8.9760 wWo = NT

maximum frequency that you can see:

omega_max =
.
31.4159 (.. — T — 31.4159
Frequencies (continuous):
omega =
0 8.9760 17.9520 26.9279
Just frequencies that you can see:

omega =

0 8.9760 17.9520 26.9279

35.9039

44.8799

53.8559



Questions?



