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Example 8

Let consider  the following signal: 

Let us consider that is obtained sampling a continuos signal x(t)  with 
sampling period T=0.1 sec.  

(a) Say what is the maximum frequency of the signal x(t) that you can 
detect. 

(b) Interpret the output of an DFT for a generic N and with N=3,4,5, as 
X(Omega) - FT of x[n] - and  as X(omega) - FT of x(t).

<latexit sha1_base64="RVRYMY1G8wfQ8GBYsJTE8xj1pj0="></latexit>

x[0] = 3, x[1] = �5, x[2] = 1.5, x[n] = 0 for the rest of n



Example 8
(a) If the signal x(t) has been well-sampled, we can “see” until the 
frequency: 

<latexit sha1_base64="23BHwSj/32xYqlSYfi2hodOchiw="></latexit>

!s

2
=

2⇡

2T
=

⇡

T
=

⇡

0.1
= 31.4159 rad/sec



Example 8
(b) Each output of DFT from k=0,…,N-1 (fft in matlab) can be 
interpreted as associate to the frequencies 

<latexit sha1_base64="V2VkzZm93R3n/LlZ4UeUBF53WLk="></latexit>

⌦ = 0,⌦0, 2⌦0, ..., (N � 1)⌦0

for x[n] (discrete time), and 
<latexit sha1_base64="4zuW3KOQ8+BUnI3TDLFpP9QVcO8="></latexit>

! = 0,!0, 2!0, ..., (N � 1)!0

for x(t) (continuos time), where 
<latexit sha1_base64="BPvZXiB5R+lwrJSzyDTgxcoa470="></latexit>

!0 =
⌦0

T
=

2⇡

NT

<latexit sha1_base64="5OnLyue6LwGa3p5W4iY0f3c0KyA="></latexit>

⌦0 =
2⇡

N



Example 8
However, recall that in continuous time we can “see” only until

<latexit sha1_base64="4zuW3KOQ8+BUnI3TDLFpP9QVcO8="></latexit>

! = 0,!0, 2!0, ..., (N � 1)!0

<latexit sha1_base64="23BHwSj/32xYqlSYfi2hodOchiw="></latexit>

!s

2
=

2⇡

2T
=

⇡

T
=

⇡

0.1
= 31.4159 rad/sec

therefore some outputs, in this case, have not “sense”….

exactly only an half or half+1…. (solo mitad! o mitad+1) since fft gives you exactly N values…

<latexit sha1_base64="J7g3WnWJUKaC+yout7H+lbpqwO8="></latexit>!max =

<latexit sha1_base64="BPvZXiB5R+lwrJSzyDTgxcoa470="></latexit>

!0 =
⌦0

T
=

2⇡

NT

<latexit sha1_base64="cSekQf5vO7zRUbcopFEzIhXb0oM="></latexit>

=
2

N
!max

<latexit sha1_base64="JYZxZrX2RZjdQ1u9GlLyD4yQwM0="></latexit>

!max =
N

2
!0



Example 8

(b)  N=3

In an exam, you have to write all the “complete” formulas with 
exponentials etc. here I will give you the numerical results in 
order to check your calculus… (see Example 2)

<latexit sha1_base64="j7JXfzrgVV7mPVDiGaUi3wAoUc4="></latexit>

⌦0 =
2⇡

N
=

2⇡

3

<latexit sha1_base64="BSnagjU0BQe+N1XiJcTrI1GDxFI="></latexit>

X(⌦) = 3� 5e�j⌦ + 1.5e�j2⌦

<latexit sha1_base64="yXSxtuCzOBHJCUp0u6vfcWRfx4c="></latexit>

XN [k] = 3� 5e�jk 2⇡
N + 1.5e�j2k 2⇡

N



Example 8

(b)  N=3

<latexit sha1_base64="j7JXfzrgVV7mPVDiGaUi3wAoUc4="></latexit>

⌦0 =
2⇡

N
=

2⇡

3

<latexit sha1_base64="BSnagjU0BQe+N1XiJcTrI1GDxFI="></latexit>

X(⌦) = 3� 5e�j⌦ + 1.5e�j2⌦
<latexit sha1_base64="yXSxtuCzOBHJCUp0u6vfcWRfx4c="></latexit>

XN [k] = 3� 5e�jk 2⇡
N + 1.5e�j2k 2⇡

N



Example 8
(b)  N=3

<latexit sha1_base64="j7JXfzrgVV7mPVDiGaUi3wAoUc4="></latexit>

⌦0 =
2⇡

N
=

2⇡

3

<latexit sha1_base64="bjOyJ97GICp6Wzkzi40c4qh5D2w="></latexit>

31.4159

<latexit sha1_base64="KuArRXuW1jGc6RrvHHuWJdy9bck="></latexit>

!0 =
2⇡

NT
= 20.9440

<latexit sha1_base64="PbnvlkkCL9svYcYpUf4lhtQwk4g="></latexit>

!max =
⇡

T
= 31.4159



Example 8
(b)  N=4



Example 8
(b)  N=4



Example 8
(b) N=5



Example 8
(b) N=5



Example 8
Please, compare Example 8 and Example 7, which consider different 
signals/data, and see what is changed and what remains the same 
(basically only the fft changes… ). 



Example 9

Let consider  the following signal: 

(a) Show the output of fft(x) (without specify “N”) and provide the 
correspondence with the values of X_N[k] and X(Omega). 

(b) Considering a signal obtained repeating x[n] periodically with period 
N=4. Obtain the coefficients a_k of the Fourier Series.

<latexit sha1_base64="VzNtk5E0KwDcGaQdUyer6rmBtyE="></latexit>

x[0] = 1, x[1] = �5, x[2] = 2, x[3] = 0.1 x[n] = 0 for the rest of n



Example 9
<latexit sha1_base64="rzYH5znI4s9/n52pFiKvMcGRtmM="></latexit>

X(⌦) = 1� 5e�j⌦ + 2e�j2⌦ + 0.1e�j3⌦

<latexit sha1_base64="TAcosOcAVV1LdsgllYXxnsnhW1s="></latexit>

XN [k] = 1� 5e�jk 2⇡
N + 2e�j2k 2⇡

N + 0.1e�j3k 2⇡
N

<latexit sha1_base64="s/FFz6VCtBNa/gN/l6zh5UulfNY="></latexit>

⌦ = k⌦0 = k
2⇡

N



Example 9
<latexit sha1_base64="rzYH5znI4s9/n52pFiKvMcGRtmM="></latexit>

X(⌦) = 1� 5e�j⌦ + 2e�j2⌦ + 0.1e�j3⌦

<latexit sha1_base64="TAcosOcAVV1LdsgllYXxnsnhW1s="></latexit>

XN [k] = 1� 5e�jk 2⇡
N + 2e�j2k 2⇡

N + 0.1e�j3k 2⇡
N

(a) The fft(x) returns the same result of fft(x,L), i.e., N=L.  In this case, L=4. 
Then, fft(x) returns X_4[k] for k=0,1,2,3:

<latexit sha1_base64="Ae4g8xhPkKKaZY67vTxi1jRCm8A="></latexit>

X4[k] = 1� 5e�jk 2⇡
4 + 2e�j2k 2⇡

4 + 0.1e�j3k 2⇡
4

<latexit sha1_base64="ZOMiYi6KiXR7Q/8zrl6u9H7R6QQ="></latexit>

X4[k] = 1� 5e�jk ⇡
2 + 2e�jk⇡ + 0.1e�jk 3⇡

2



Example 9
(a) The fft(x) returns the same result of fft(x,L), i.e., N=L.  In this case, L=4. 
Then, fft(x) returns X_4[k] for k=0,1,2,3:

<latexit sha1_base64="Ae4g8xhPkKKaZY67vTxi1jRCm8A="></latexit>

X4[k] = 1� 5e�jk 2⇡
4 + 2e�j2k 2⇡

4 + 0.1e�j3k 2⇡
4

<latexit sha1_base64="ZOMiYi6KiXR7Q/8zrl6u9H7R6QQ="></latexit>

X4[k] = 1� 5e�jk ⇡
2 + 2e�jk⇡ + 0.1e�jk 3⇡

2

<latexit sha1_base64="KHwCLqskdgARCa7Rer3jUELGYqg="></latexit>

X4[0] = 1� 5 + 2 + 0.1 = �1.9

<latexit sha1_base64="8FfjDYUgOupG1gTrAvD6++1XmA4="></latexit>

X4[1] = �1 + 5.1j



Example 9
<latexit sha1_base64="KHwCLqskdgARCa7Rer3jUELGYqg="></latexit>

X4[0] = 1� 5 + 2 + 0.1 = �1.9
<latexit sha1_base64="8FfjDYUgOupG1gTrAvD6++1XmA4="></latexit>

X4[1] = �1 + 5.1j

<latexit sha1_base64="Utkv8pkOiQrqwh1NkFQrP01x8uM="></latexit>

X4[2] = 7.9

<latexit sha1_base64="SXm6baCZcEkqp1WogBU6IipghTg="></latexit>

X4[3] = �1� 5.1j



Example 9
CHECK IT:

<latexit sha1_base64="aaNA8/UpTB6LDKjXWAmMU59T67c="></latexit>

X4[k]



Example 9
(b) Since the period of the signal is exactly N=4, we do need more 
computations since, by the theory, we have: 

and can use the X_4[0], X_4[1], X_4[2], X_4[3] computed before. 

Generally: 

<latexit sha1_base64="hQ3hT5NVBVPdDJ8wUIWYrGclPvs="></latexit>

ak =
1

4
X4[k]

<latexit sha1_base64="3IPuvd/Uz3irjB4UROgXRqIWT/g="></latexit>

ak =
1

N
XN [k]



Example 10

Let consider  the following signal: 

Considering N=4, check that X_4[0]=X_4[4], X_4[1]=X_4[5], etc…, i.e., the 
periodicity of X_N[k].  

<latexit sha1_base64="VzNtk5E0KwDcGaQdUyer6rmBtyE="></latexit>

x[0] = 1, x[1] = �5, x[2] = 2, x[3] = 0.1 x[n] = 0 for the rest of n



Example 10
<latexit sha1_base64="Ae4g8xhPkKKaZY67vTxi1jRCm8A="></latexit>

X4[k] = 1� 5e�jk 2⇡
4 + 2e�j2k 2⇡

4 + 0.1e�j3k 2⇡
4

<latexit sha1_base64="ZOMiYi6KiXR7Q/8zrl6u9H7R6QQ="></latexit>

X4[k] = 1� 5e�jk ⇡
2 + 2e�jk⇡ + 0.1e�jk 3⇡

2

<latexit sha1_base64="KHwCLqskdgARCa7Rer3jUELGYqg="></latexit>

X4[0] = 1� 5 + 2 + 0.1 = �1.9
<latexit sha1_base64="8FfjDYUgOupG1gTrAvD6++1XmA4="></latexit>

X4[1] = �1 + 5.1j

From the previous example:

<latexit sha1_base64="SXm6baCZcEkqp1WogBU6IipghTg="></latexit>

X4[3] = �1� 5.1j

<latexit sha1_base64="Utkv8pkOiQrqwh1NkFQrP01x8uM="></latexit>

X4[2] = 7.9



Example 10
<latexit sha1_base64="buem0FbXiC9Q6A2Jw0B2wlAaCw4="></latexit>

X4[4] = �1.9

<latexit sha1_base64="ZP8Z6Edg1NxwLf4ZcwGPyJ711kQ="></latexit>

X4[5] = �1 + 5.1j

<latexit sha1_base64="TuSCfy4vlPDQV8oKf2uZcoa0LYU="></latexit>

X4[6] = 7.9



Example 10
<latexit sha1_base64="eu0cSW6UIjAMwlCzTP+a9As7uZg="></latexit>

X4[7] = �1� 5.1j

<latexit sha1_base64="TGGOJgkkgH8dk7UrIT1XZwotJDY="></latexit>

X4[8] = �1.9

etc… we proved that by  numerical check.



Example 11

Considering N=4, write the Vandermonde matrix and the vectorial form 
for the computation of the DFT.



Example 11



Example 11



Example 11



Example 11



Example 11

Considering N=2, write the Vandermonde matrix and the vectorial form 
for the computation of the DFT.



Example 12

<latexit sha1_base64="rCKufbL9NPhBv3/rBQ8Wkuoq7B0="></latexit>

X4[0] =
1X

n=0

x[n] = x[0] + x[1]

X4[1] =
1X

n=0

x[n] · e�j 2⇡
4 1n =

1X

n=0

x[n] · e�j ⇡
2 n =

1X

n=0

x[n] ·
�
e�j ⇡

2
�n

=
1X

n=0

x[n] · (�j)n

= x[0](�j)0 + x[1](�j)1 = x[0]� x[1]j

<latexit sha1_base64="KKnqN73ZzON61V1u/2kZUZj3WnY="></latexit>

X2

<latexit sha1_base64="KKnqN73ZzON61V1u/2kZUZj3WnY="></latexit>

X2

<latexit sha1_base64="+vmCZwnDuwhVduFvYxHwIUNXai4="></latexit>

X2[1] =
1X

n=0

x[n] · e�j 2⇡
2 1n =

1X

n=0

x[n] · e�j⇡n =
1X

n=0

x[n] ·
�
e�j⇡

�n
=

1X

n=0

x[n] · (�1)n

= x[0](�1)0 + x[1](�1)1 = x[0]� x[1]



Example 12

<latexit sha1_base64="WfbE2MdmXNbavs7qtjf7x2bUbKw="></latexit>

X4[0] = x[0] + x[1]
X4[1] = x[0]� jx[1]

<latexit sha1_base64="4Q/Un2wfztwY4soUaE00JQMoGpA="></latexit>

X2[0]
<latexit sha1_base64="QBfgyA4It5I/1FFiORnbxZ0Hb5w="></latexit>

X2[1]



Example 12
<latexit sha1_base64="hmA/GDkxZ+skpM3YBJYw9ZDfuc0="></latexit>
X4[0]
X4[1]

�
=


1 1
1 �j

� 
x[0]
x[1]

�
<latexit sha1_base64="Qie17UEITcIVGveYHRSML9v+Sf8="></latexit>

X2[0]

X2[1]
<latexit sha1_base64="+UCEkQLoUbdA307Gv2877Q1QOUI="></latexit>�1



Example 13

Considering N=3, write the Vandermonde matrix and the vectorial form 
for the computation of the DFT.



Example 13
<latexit sha1_base64="5U2h752ewGv8EgKCu8I1kBgg1OE="></latexit>

X3[0] =
2X

n=0

x[n] = x[0] + x[1] + x[2]

X3[1] =
2X

n=0

x[n] · e�j 2⇡
4 1n =

2X

n=0

x[n] · e�j ⇡
2 n =

2X

n=0

x[n] ·
�
e�j ⇡

2
�n

=
2X

n=0

x[n] · (�j)n

= x[0](�j)0 + x[1](�j)1 + x[2](�j)2 = x[0]� x[1]j � x[2]

X3[2] =
2X

n=0

x[n] · e�j 2⇡
4 2n =

2X

n=0

x[n] ·
�
e�j⇡

�n
= x[0] + x[1](�1) + x[2](�1)2 = x[0]� x[1] + x[2]

<latexit sha1_base64="I2YuNOL86W8QILcV8EiOxAT23Cg="></latexit>

X3[1] =
2X

n=0

x[n] · e�j 2⇡
3 1n =

2X

n=0

x[n] · e�j 2⇡
3 n =

2X

n=0

x[n] ·
⇣
e�j 2⇡

3

⌘n

= x[0](e�j 2⇡
3 )0 + x[1](�e�j 2⇡

3 )1 + x[2](e�j 2⇡
3 )2 = x[0] + e�j 2⇡

3 x[1]j + e�j 4⇡
3 x[2]

X3[2] =
2X

n=0

x[n] · e�j 2⇡
3 2n =

2X

n=0

x[n] ·
⇣
e�j 4⇡

3

⌘n
= x[0] + x[1](e�j 4⇡

3 ) + x[2](e�j 8⇡
3 )



Example 13

<latexit sha1_base64="QuM38/StaDS6g85RHSiSnecACIc="></latexit>2

4
X3[0]
X3[1]
X3[2]

3

5 =

2

4
1 1 1
1 e�j 2

3⇡ e�j 4
3⇡

1 e�j 4
3⇡ e�j 8

3⇡

3

5

2

4
x[0]
x[1]
x[2]

3

5



Example 14

Let consider  some data (discrete signal) x[n] which is obtained 
sampling a continuos signal x(t)  with sampling period T=0.1 sec.  

(a) Say what is the maximum frequency of the signal x(t) that you can 
detect. 

(b) Interpret the output of an DFT for a generic N and with N=3,4,5, 6 and 
7, as X(Omega) - FT of x[n] - and  as X(omega) - FT of x(t).



Example 14
(a) If the signal x(t) has been well-sampled, we can “see” until the 
frequency: 

<latexit sha1_base64="23BHwSj/32xYqlSYfi2hodOchiw="></latexit>

!s

2
=

2⇡

2T
=

⇡

T
=

⇡

0.1
= 31.4159 rad/sec

Note that this does not depend on N…



Example 14
(b) Each output of DFT from k=0,…,N-1 (fft in matlab) can be 
interpreted as associate to the frequencies 

<latexit sha1_base64="V2VkzZm93R3n/LlZ4UeUBF53WLk="></latexit>

⌦ = 0,⌦0, 2⌦0, ..., (N � 1)⌦0

for x[n] (discrete time), and 
<latexit sha1_base64="4zuW3KOQ8+BUnI3TDLFpP9QVcO8="></latexit>

! = 0,!0, 2!0, ..., (N � 1)!0

for x(t) (continuos time), where 
<latexit sha1_base64="BPvZXiB5R+lwrJSzyDTgxcoa470="></latexit>

!0 =
⌦0

T
=

2⇡

NT

<latexit sha1_base64="5OnLyue6LwGa3p5W4iY0f3c0KyA="></latexit>

⌦0 =
2⇡

N

THIS DEPENDS on N…



Example 14
However, recall that in continuous time we can “see” only until

<latexit sha1_base64="4zuW3KOQ8+BUnI3TDLFpP9QVcO8="></latexit>

! = 0,!0, 2!0, ..., (N � 1)!0

<latexit sha1_base64="23BHwSj/32xYqlSYfi2hodOchiw="></latexit>

!s

2
=

2⇡

2T
=

⇡

T
=

⇡

0.1
= 31.4159 rad/sec

therefore some outputs, in this case, have not “sense”….

exactly only an half or half+1…. (solo mitad! o mitad+1) since fft gives you exactly N values…

<latexit sha1_base64="J7g3WnWJUKaC+yout7H+lbpqwO8="></latexit>!max =

<latexit sha1_base64="BPvZXiB5R+lwrJSzyDTgxcoa470="></latexit>

!0 =
⌦0

T
=

2⇡

NT

<latexit sha1_base64="cSekQf5vO7zRUbcopFEzIhXb0oM="></latexit>

=
2

N
!max

<latexit sha1_base64="JYZxZrX2RZjdQ1u9GlLyD4yQwM0="></latexit>

!max =
N

2
!0



Example 14

(b)  N=3
<latexit sha1_base64="j7JXfzrgVV7mPVDiGaUi3wAoUc4="></latexit>

⌦0 =
2⇡

N
=

2⇡

3



Example 14

(b)  N=3

<latexit sha1_base64="KuArRXuW1jGc6RrvHHuWJdy9bck="></latexit>

!0 =
2⇡

NT
= 20.9440

<latexit sha1_base64="PbnvlkkCL9svYcYpUf4lhtQwk4g="></latexit>

!max =
⇡

T
= 31.4159



Example 14

(b)  N=4
<latexit sha1_base64="ntYM6QFfNOyNgGgWujw6GXqQJ6Y="></latexit>

⌦0 =
2⇡

4
=

⇡

2
= 1.5708



Example 14

(b)  N=4

<latexit sha1_base64="PbnvlkkCL9svYcYpUf4lhtQwk4g="></latexit>

!max =
⇡

T
= 31.4159

<latexit sha1_base64="KfT/RjlMiLbgKoWxXq5vfaSvlGM="></latexit>

!0 =
2⇡

NT
= 15.7080



Example 14

(b)  N=5

<latexit sha1_base64="59WuRPOgAYi+PQIdW3+u9o1GgUo="></latexit>

⌦0 =
2⇡

5
= 1.2566



Example 14

(b)  N=5

<latexit sha1_base64="PbnvlkkCL9svYcYpUf4lhtQwk4g="></latexit>

!max =
⇡

T
= 31.4159

<latexit sha1_base64="4O7br0f7KaumGSqzG2Abd55RIYw="></latexit>

!0 =
2⇡

NT
= 12.5664



Example 14

(b)  N=6

<latexit sha1_base64="G+NrI7veWVPiVdTNLufcJLpEUa0="></latexit>

⌦0 =
2⇡

N



Example 14

(b)  N=6

<latexit sha1_base64="eF/FBkEMm5D7FhHsXBKzQBt+E3o="></latexit>

!0 =
2⇡

NT

<latexit sha1_base64="PbnvlkkCL9svYcYpUf4lhtQwk4g="></latexit>

!max =
⇡

T
= 31.4159



Example 14

(b)  N=7

<latexit sha1_base64="G+NrI7veWVPiVdTNLufcJLpEUa0="></latexit>

⌦0 =
2⇡

N



Example 14

(b)  N=7

<latexit sha1_base64="PbnvlkkCL9svYcYpUf4lhtQwk4g="></latexit>

!max =
⇡

T
= 31.4159

<latexit sha1_base64="eF/FBkEMm5D7FhHsXBKzQBt+E3o="></latexit>

!0 =
2⇡

NT



Questions?


