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Example 10

Consider the following signal:

(a) Compute the Zeta Transform:
<latexit sha1_base64="YASY+nboaeBuLkqVZshV1gJ0f8g=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApVISSiK9NsejGZQX7gDSUyWTSDp1MwsxErKFu/BU3LhRx61+482+cPhZaPXDhcM693HuPnzAqlW1/Gbm5+YXFpfyyubK6tr5hbW41ZJwKTOo4ZrFo+UgSRjmpK6oYaSWCoMhnpOn3L0d+85YISWN+owYJ8SLU5TSkGCktdayd4p3LvUo7IEwhlx8ce2ardL9fOe9YBbtsjwH/EmdKCmCKWsf6bAcxTiPCFWZIStexE+VlSCiKGRma7VSSBOE+6hJXU44iIr1s/MEQFrUSwDAWuriCY/XnRIYiKQeRrzsjpHpy1huJ/3luqsIzL6M8SRXheLIoTBlUMRzFAQMqCFZsoAnCgupbIe4hgbDSoZk6BGf25b+kcVh2Tsr29VGhejGNIw92wR4oAQecgiq4AjVQBxg8gCfwAl6NR+PZeDPeJ605YzqzDX7B+PgG2fSVNQ==</latexit>

X(z) =?
(b) Say what are the zeros of the Zeta Transform.

(c) Say what the poles of the Zeta Transform and say what is the ROC.

(d) If the stand. FT exists, compute it.

<latexit sha1_base64="0CSgHCMRd8ZYHU52Cj1lkE+diBA=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8Ei1IUlKaJuhKIblxXsBdJYJtNpO3QyCTOTYgl9EzcuFHHrm7jzbZy2WWjrDwMf/zmHc+YPYs6UdpxvK7eyura+kd8sbG3v7O7Z+wcNFSWS0DqJeCRbAVaUM0HrmmlOW7GkOAw4bQbD22m9OaJSsUg86HFM/RD3BesxgrWxOrb95An/unTmnj4KlBju2EWn7MyElsHNoAiZah37q92NSBJSoQnHSnmuE2s/xVIzwumk0E4UjTEZ4j71DAocUuWns8sn6MQ4XdSLpHlCo5n7eyLFoVLjMDCdIdYDtVibmv/VvET3rvyUiTjRVJD5ol7CkY7QNAbUZZISzccGMJHM3IrIAEtMtAmrYEJwF7+8DI1K2b0oV+7Pi9WbLI48HMExlMCFS6jCHdSgDgRG8Ayv8Gal1ov1bn3MW3NWNnMIf2R9/gCou5Jj</latexit>

x[n] = (�1)nu[n]



Example 10
(a) Using the direct definition:

<latexit sha1_base64="wRcRXONBJlzzipvn7L9Xx+m+EBE="></latexit>

X(z) =
+1X

n=�1
x[n]z�n

=
+1X

n=�1
(�1)nu[n]z�n

=
+1X

n=0

(�1)nz�n

=
+1X

n=0

(�z�1)n
<latexit sha1_base64="YO4Vz6XtwjOVgdO4o/0g9e2zX1k="></latexit>

X(z) =
1

1� (�z�1)
=

1

1 + z�1

=
z

z + 1

<latexit sha1_base64="eSrCYdOF+ucLWPokFGr6kTp+wJQ="></latexit>

ONLY IF |� z�1| < 1

<latexit sha1_base64="vFpLIAJ9Nl3NnA+6FSMcsA3N7Dw="></latexit>

then the ROC is: |z| > 1 !!!!



Example 10
 summary:

<latexit sha1_base64="2nKeEKypGhGdWLvs4eI2MypU3kY="></latexit>

ROC: |z| > 1

<latexit sha1_base64="eja85swtvfQwjj3hkHdUE8t3JiA="></latexit>

X(z) =
z

z + 1

(b) zeros: one zero at  z=0. 

(c) poles and ROC:  one pole at z=-1, and 
<latexit sha1_base64="2nKeEKypGhGdWLvs4eI2MypU3kY="></latexit>

ROC: |z| > 1

<latexit sha1_base64="ZsqEqDwUSiRbBy9R9WllbwQ5540="></latexit>

Im

<latexit sha1_base64="Kyoxt7S3HargMWMrZqyDJuSM3Qk="></latexit>

Re
<latexit sha1_base64="Mb7AIDpG3MUvczl42+jJKwsdxlY="></latexit>�1



Example 10
(d) We can make two considerations (we have two way of proceeding):  

- We can observe that the signal has infinite energy, hence the standard 
FT does not exist!! 

- The second way is to have a look to the ROC: does the ROC include 
the circle of radius 1? No, then standard FT DOES NOT exists.

The circle of radius 1 is not included in the ROC.

<latexit sha1_base64="Kyoxt7S3HargMWMrZqyDJuSM3Qk="></latexit>

Re
<latexit sha1_base64="Mb7AIDpG3MUvczl42+jJKwsdxlY="></latexit>�1

<latexit sha1_base64="2nKeEKypGhGdWLvs4eI2MypU3kY="></latexit>

ROC: |z| > 1



Example 11

Consider the following signal:

(a) Compute the Zeta Transform:
<latexit sha1_base64="YASY+nboaeBuLkqVZshV1gJ0f8g=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApVISSiK9NsejGZQX7gDSUyWTSDp1MwsxErKFu/BU3LhRx61+482+cPhZaPXDhcM693HuPnzAqlW1/Gbm5+YXFpfyyubK6tr5hbW41ZJwKTOo4ZrFo+UgSRjmpK6oYaSWCoMhnpOn3L0d+85YISWN+owYJ8SLU5TSkGCktdayd4p3LvUo7IEwhlx8ce2ardL9fOe9YBbtsjwH/EmdKCmCKWsf6bAcxTiPCFWZIStexE+VlSCiKGRma7VSSBOE+6hJXU44iIr1s/MEQFrUSwDAWuriCY/XnRIYiKQeRrzsjpHpy1huJ/3luqsIzL6M8SRXheLIoTBlUMRzFAQMqCFZsoAnCgupbIe4hgbDSoZk6BGf25b+kcVh2Tsr29VGhejGNIw92wR4oAQecgiq4AjVQBxg8gCfwAl6NR+PZeDPeJ605YzqzDX7B+PgG2fSVNQ==</latexit>

X(z) =?
(b) Say what are the zeros of the Zeta Transform.

(c) Say what the poles of the Zeta Transform and say what is the ROC.

(d) If the stand. FT exists, compute it.

<latexit sha1_base64="PFYvfH4jRmhneqv62R9OtLp3dmY="></latexit>

x[n] =

✓
1

2

◆n+1

u[n+ 3]



Example 11
(a) Using the direct definition:

<latexit sha1_base64="CCvTL7maYVPs/h0/HC4QfLSHWbo="></latexit>

X(z) =
+1X

n=�1
x[n]z�n

=
+1X

n=�1

✓
1

2

◆n+1

u[n+ 3]z�n

=
+1X

n=�3

✓
1

2

◆n+1

z�n

=
1

2

+1X

n=�3

✓
1

2

◆n

z�n =
1

2

+1X

n=�3

✓
1

2
z�1

◆n



Example 11

We will use the formula above 
with N1=-3 y N2=Infinity

We have to recall:



Example 11
Then, the formula is:

<latexit sha1_base64="G2vRMw9pQt9xCVU3fIB7QS6uqy8="></latexit> 1X

n=N1

rn = rN1
1

1� r
ONLY IF |r| < 1

<latexit sha1_base64="Y5ebkl6mtEBzLFSNdFuTYCl9ehA="></latexit>

Since limN2!1 rN2+1
= 0 if |r| < 1.

Otherwise limN2!1 rN2+1
= 1 if |r| � 1.
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… and coming back to our previous formula apply the previous formulas:

<latexit sha1_base64="0lVis6GsSzDIA+oecRiSwxvr/WQ="></latexit>

ONLY IF
�� 1
2z

�1
�� < 1

<latexit sha1_base64="N2g6cz625jCz5VhxzKugl+BUCQw="></latexit>

ROC:
�� 1
2z

�� < 1 )
�� 1
2

�� < |z| then |z| > 1
2 .

In our case r=1/2*z^(-1)

<latexit sha1_base64="M0i78aC26uyNaCpLooVoCX2T7N4="></latexit>

X(z) =
4z4

z � 1
2

<latexit sha1_base64="1MyNkvIbm42AYPuFbpNoFBxmzUY="></latexit>

X(z) =
1

2

+1X

n=�3

✓
1

2
z�1

◆n

=
1

2

 ✓
1

2

◆�3

z3
1

1� 1
2z

�1

!

=
1

2
8

z3

1� 1
2z

�1
= 4

z4

z � 1
2



Example 11
 summary:

(b) zeros: a multiple zero at  z=0 (of order 4, i.e., 4 coincident zeros at 
z=0). Infinity is not a zero (but is a pole ) since  

(c) poles and ROC:  one pole at z=1/2, and a multiple pole at z=Infinity 
(order 3 - two coincident poles at z=Infinity) 

<latexit sha1_base64="ZsqEqDwUSiRbBy9R9WllbwQ5540="></latexit>

Im

<latexit sha1_base64="Kyoxt7S3HargMWMrZqyDJuSM3Qk="></latexit>

Re
<latexit sha1_base64="aWUdv19KeJADrhmZOAeE1W622vc="></latexit>

1

2

<latexit sha1_base64="fPlhhRNAdpn8AR4sGLj0+kntzVA="></latexit>

ROC: |z| > 1
2

<latexit sha1_base64="M0i78aC26uyNaCpLooVoCX2T7N4="></latexit>

X(z) =
4z4

z � 1
2

<latexit sha1_base64="hl+Ld+gUxaIH3o6NSCf6ub5pEp4="></latexit>

lim
z!1

X(z) ⇡ 4
4z4

z
= 4z3 = 1

<latexit sha1_base64="Zjgk3e4r/ftvYO9uIdC4+XlX2kk="></latexit>

except {1} !!!



Example 11
(d) We can make two considerations (we have two way of proceeding):  

- We can observe that the signal has finite energy, hence it admits 
standard FT. Then, we can compute the stand. FT by the definition or by 
the property of a delta (its FT is a complex exponential in frequency). 

- The second way is to have a look to the ROC: does the ROC include 
the circle of radius 1? YES, then standard FT exists. Moreover, we know 
that setting r=1 in the Zeta Transform, we obtain  the FT, i.e.,

<latexit sha1_base64="OuBmYsnaBappaJEZ/HKYi4EzkMY="></latexit>

z = rej⌦ =) r = 1 =) z = ej⌦
<latexit sha1_base64="FJ31PsVTJe1idmiTmQKcZGgC3RI="></latexit>

X(z) =
4z4

z � 1
2

() 4ej4⌦

ej⌦ � 1
2



Example 12

Consider the following signal:

(a) Compute the Zeta Transform:
<latexit sha1_base64="YASY+nboaeBuLkqVZshV1gJ0f8g=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApVISSiK9NsejGZQX7gDSUyWTSDp1MwsxErKFu/BU3LhRx61+482+cPhZaPXDhcM693HuPnzAqlW1/Gbm5+YXFpfyyubK6tr5hbW41ZJwKTOo4ZrFo+UgSRjmpK6oYaSWCoMhnpOn3L0d+85YISWN+owYJ8SLU5TSkGCktdayd4p3LvUo7IEwhlx8ce2ardL9fOe9YBbtsjwH/EmdKCmCKWsf6bAcxTiPCFWZIStexE+VlSCiKGRma7VSSBOE+6hJXU44iIr1s/MEQFrUSwDAWuriCY/XnRIYiKQeRrzsjpHpy1huJ/3luqsIzL6M8SRXheLIoTBlUMRzFAQMqCFZsoAnCgupbIe4hgbDSoZk6BGf25b+kcVh2Tsr29VGhejGNIw92wR4oAQecgiq4AjVQBxg8gCfwAl6NR+PZeDPeJ605YzqzDX7B+PgG2fSVNQ==</latexit>

X(z) =?
(b) Say what are the zeros of the Zeta Transform.

(c) Say what the poles of the Zeta Transform and say what is the ROC.

(d) If the stand. FT exists, compute it.

<latexit sha1_base64="CyAkSy9czsvfQaXKsUs2ry4AjJg="></latexit>

x[n] =

✓
1

3

◆�n

u[�n� 2]



Example 12
(a) Using the direct definition:

<latexit sha1_base64="qvTOH720KLoJQeCB6G3Nvv/oDhM="></latexit>

X(z) =
+1X

n=�1
x[n]z�n

=
+1X

n=�1

✓
�1

3

◆�n

u[�n� 2]z�n

=
�2X

n=�1

✓
1

3

◆�n

z�n

=
1X

k=2

✓
1

3

◆k

zk

=
1X

k=2

✓
1

3
z

◆k

=

✓
1

3
z

◆2 1

1� 1
3z

In our case r=1/3*z

<latexit sha1_base64="RPTkMBkNNfxWoSeND/xB+PEtTrc="></latexit>

X(z) =
z2

3(3� z)

<latexit sha1_base64="XvvuVjMhZJc/Zaf3XjP8OVFHaCg="></latexit>

ONLY TRUE IF
�� 1
3z

�� < 1 =) |z| < 3

We use the same formula of Ex. 11



Example 12
 summary:

(b) zeros: a multiple zero at  z=0 (of order 2, i.e., 2 coincident zeros at 
z=0). 

(c) poles and ROC:  one pole at z=3, and a one pole at z=Infinity 
<latexit sha1_base64="ZsqEqDwUSiRbBy9R9WllbwQ5540="></latexit>

Im

<latexit sha1_base64="Kyoxt7S3HargMWMrZqyDJuSM3Qk="></latexit>

Re
<latexit sha1_base64="EcuHwHBs/nfh3d9IJ4M4xa9Taas="></latexit>

3

<latexit sha1_base64="RPTkMBkNNfxWoSeND/xB+PEtTrc="></latexit>

X(z) =
z2

3(3� z)

<latexit sha1_base64="x//COCdtfiMPxUh6LNSlEw22bn4="></latexit>

ROC: |z| < 3

<latexit sha1_base64="x//COCdtfiMPxUh6LNSlEw22bn4="></latexit>

ROC: |z| < 3



Example 12
(d) We can make two considerations (we have two way of proceeding):  

- We can observe that the signal has finite energy, hence it admits 
standard FT. Then, we can compute the stand. FT by the definition or by 
the property of a delta (its FT is a complex exponential in frequency). 

- The second way is to have a look to the ROC: does the ROC include 
the circle of radius 1? YES, then standard FT exists. Moreover, we know 
that setting r=1 in the Zeta Transform, we obtain  the FT, i.e.,

<latexit sha1_base64="OuBmYsnaBappaJEZ/HKYi4EzkMY="></latexit>

z = rej⌦ =) r = 1 =) z = ej⌦
<latexit sha1_base64="RK5SjiAh28oltSEsC80LMPj72qI="></latexit>

X(z) =
z2

3(3� z)
() ej2⌦

3(3� ej⌦)



Example 13

Consider the following signal:

(a) Compute the Zeta Transform:
<latexit sha1_base64="YASY+nboaeBuLkqVZshV1gJ0f8g=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApVISSiK9NsejGZQX7gDSUyWTSDp1MwsxErKFu/BU3LhRx61+482+cPhZaPXDhcM693HuPnzAqlW1/Gbm5+YXFpfyyubK6tr5hbW41ZJwKTOo4ZrFo+UgSRjmpK6oYaSWCoMhnpOn3L0d+85YISWN+owYJ8SLU5TSkGCktdayd4p3LvUo7IEwhlx8ce2ardL9fOe9YBbtsjwH/EmdKCmCKWsf6bAcxTiPCFWZIStexE+VlSCiKGRma7VSSBOE+6hJXU44iIr1s/MEQFrUSwDAWuriCY/XnRIYiKQeRrzsjpHpy1huJ/3luqsIzL6M8SRXheLIoTBlUMRzFAQMqCFZsoAnCgupbIe4hgbDSoZk6BGf25b+kcVh2Tsr29VGhejGNIw92wR4oAQecgiq4AjVQBxg8gCfwAl6NR+PZeDPeJ605YzqzDX7B+PgG2fSVNQ==</latexit>

X(z) =?
(b) Say what are the zeros of the Zeta Transform.

(c) Say what the poles of the Zeta Transform and say what is the ROC.

(d) If the stand. FT exists, compute it.

<latexit sha1_base64="pZPby4e0eQkptgoeW5ZPCjD5Z9M="></latexit>

x[�1] = 1.5, x[0] = �3, x[6] = 10, and for the rest of n, x[n] = 0.



Example 13
(a) We can use the definition. However, we can also consider the property:

<latexit sha1_base64="/1CR8GHi6OFdoZixEoSmGv3CtU8="></latexit>

x[n� n0] () z�n0X(z)

�[n� n0] () z�n0

and since that our signal can be written as:
<latexit sha1_base64="ZI+lub/KJooI2e6N4oWrx1IPJ1w="></latexit>

x[n] = 1.5�[n+ 1]� 3�[n] + 10�[n� 6]

We can write:
<latexit sha1_base64="yK97dHnLv756lDPDCCywk8zPpyw="></latexit>

X(z) = 1.5z � 3 + 10z�6 =
1.5z7 � 3z6 + 10

z6



Example 13
(b) Zeros of X(z):

The zeros are:  

- 7 different zeros which are the solutions in the complex plane of the 
equation:

<latexit sha1_base64="pP2WY2il018hcmJ5jUJShK/HhYU="></latexit>

X(z) =
1.5z7 � 3z6 + 10

z6

<latexit sha1_base64="3H4umb2wv9WTB8IsWHDRTSzb68c="></latexit>

1.5z7 � 3z6 + 10 = 0
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Why infinity is not a zero? since  

<latexit sha1_base64="pP2WY2il018hcmJ5jUJShK/HhYU="></latexit>

X(z) =
1.5z7 � 3z6 + 10

z6

<latexit sha1_base64="IwHoX36abErfBoAm5utJF95G9RM="></latexit>

lim
z!+1

X(z) ⇡ 1.5z7

z6
= 1.5z = 1



Example 13
(c) Poles of X(z):

We have a multiple pole (of order 6) at z=0 (6 coincident poles at z=0) 
and a single pole (i.e., order 1) at z=Infinity, since  

The the ROC is all the complex plane except zero and Infinity!!! 
Namely, in formula:

<latexit sha1_base64="ynmmwelE8xyucR9RLLvTvei7Ib0="></latexit>

ROC: 8z 2 C\{1} [ {0}

<latexit sha1_base64="pP2WY2il018hcmJ5jUJShK/HhYU="></latexit>

X(z) =
1.5z7 � 3z6 + 10

z6

<latexit sha1_base64="IwHoX36abErfBoAm5utJF95G9RM="></latexit>

lim
z!+1

X(z) ⇡ 1.5z7

z6
= 1.5z = 1



Example 13
(d) We can make two considerations (we have two way of proceeding):  

- We can observe that the signal has finite energy, hence it admits 
standard FT. Then, we can compute the stand. FT by the definition or by 
the property of a delta (its FT is a complex exponential in frequency). 

- The second way is to have a look to the ROC: does the ROC include 
the circle of radius 1? YES, then standard FT exists. Moreover, we know 
that setting r=1 in the Zeta Transform, we obtain  the FT, i.e.,

<latexit sha1_base64="OuBmYsnaBappaJEZ/HKYi4EzkMY="></latexit>

z = rej⌦ =) r = 1 =) z = ej⌦
<latexit sha1_base64="G4IEmXri7lV3S3DAGyfn9mSBuL0="></latexit>

X(z) =
1.5z7 � 3z6 + 10

z6
() X(⌦) =

1.5ej7⌦ � 3ej6⌦ + 10

ej6⌦



Questions?


