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Transformations for signal in discrete time

Fourier Series (FS) Stand. Fourier Transform (FT) Zeta Transform (ZT)

Generalized 
Fourier Transform 
(GFT)

For Periodic signals For non-periodic signals

Mathematically, it is not 
completely valid… or we need 
other definition of Fourier 
Transformation….

also for some 
Signals with 

Infinite Energy



Standard Fourier Transform
Discrete Time Systems



Standard Fourier Transform

DEFINITIONS: (x[n] NO-periodic)

Syntesis Equation:

Analysis Equation:
<latexit sha1_base64="rOqjAP1v/tF+WHrfcx3XzDE09Z8="></latexit>

X(⌦) =
+1X

n=�1
x[n]e�j⌦n

<latexit sha1_base64="KVKGT2VYq77Mhwj0j4tMPfsLCWY="></latexit>

x[n] =
1

2⇡

Z

2⇡
X(⌦)ej⌦nd⌦Inverse 

freq. ==> time

Direct 
time ==> freq. Fourier Transform

Inverse Fourier Transform

periodic with period 
<latexit sha1_base64="R1u696y0RW2pv+DE7W01TVypJLc="></latexit>

2⇡



Standard Fourier Transform

Important property: 

periodic with period 
<latexit sha1_base64="R1u696y0RW2pv+DE7W01TVypJLc="></latexit>

2⇡

<latexit sha1_base64="JH39D9tnyRedJZ9QSaE0Xd+bJkw="></latexit>

X(⌦) = X(⌦+ 2⇡)



Standard Fourier Transform

This is due to: 

periodic with period 
<latexit sha1_base64="R1u696y0RW2pv+DE7W01TVypJLc="></latexit>

2⇡

<latexit sha1_base64="JH39D9tnyRedJZ9QSaE0Xd+bJkw="></latexit>

X(⌦) = X(⌦+ 2⇡)

<latexit sha1_base64="nE5dN3Ka/SUfcY7IRvQuj+34wjI="></latexit>

ej2⇡n = 1 <latexit sha1_base64="F/8P6j10mXIM0jQNSb0moMeXZKc="></latexit>

Real

<latexit sha1_base64="tCiY5Fz1XpsvZ3V3b9M2MxAOF6w="></latexit>

Im

<latexit sha1_base64="0ZA2Vf/XtBLkC3ofdoyCRHNAYkQ="></latexit>

1

<latexit sha1_base64="6AELiNnsYHSAOe6mq3kvetd6o1M="></latexit>

j

<latexit sha1_base64="+LT8BJWMGm4jhZohN+U5cCVWYc8="></latexit>

ej⌦nej2⇡n = ej(⌦+2⇡)n = ej⌦n



Frequencies-“Omega”  as an angle 
<latexit sha1_base64="j7si4fGUiqgItoH3W9etiuuZ4UQ="></latexit>

z = rej⌦

<latexit sha1_base64="JH39D9tnyRedJZ9QSaE0Xd+bJkw="></latexit>

X(⌦) = X(⌦+ 2⇡)

Low frequencies  High frequencies  



Standard Fourier Transform: example
Let us consider the following  signal (signal with finite length): 

The FT is:

<latexit sha1_base64="a/2ljW/b4aoUcoeCNkxWsw0ve6M="></latexit>

x[�1] = 0.245, x[0] = �3, x[1] = 2, x[2] = �5, x[10] = 2j,
<latexit sha1_base64="uOuhhx8MqcU0NI8DxSiLx7hoBHE="></latexit>

x[n] = 0 for any other n

<latexit sha1_base64="qFg3D3iYRLJLTYt+bDUeHhqOAys="></latexit>

X(⌦) = 0.245ej⌦ � 3 + 2e�j⌦ � 5e�j2⌦ + 2je�j10⌦



Signal with finite length
Let us consider a generic signal with finite length:



Periodic “brother” signal
We construct the PERIODIC “brother” signal with period N: 

NOTE THAT (important):
<latexit sha1_base64="hJODnTPliAsjRAKsjwxPOQ3wpB0="></latexit>

ex[n] = x[n]
<latexit sha1_base64="ql7TAuBwA16wwZGt5ZAMa+dd8Js="></latexit>

in the first-central period

<latexit sha1_base64="+L1GTkjRXV+ClB/xGlt9nRNJAXc="></latexit>

and specifically in
<latexit sha1_base64="8tpPN9MpvaltFVhQ/YriXI7HuEE="></latexit>

N1  n  N2



We study the connection between FS and FT
We compute the FS of the PERIODIC “brother” signal with period N:



Connection between FS and FT
Compare the two formulas: 

we obtain:

<latexit sha1_base64="HnBcwlX5Zoo63pww2bg872CJ7/A="></latexit>

ak =
1

N

1X

n=�1
x[n]e�jk 2⇡

N n =
1

N

1X

n=�1
x[n]e�jk⌦0n

<latexit sha1_base64="rQg8hk+DZK3uPiQBr0pmKKHfHEo="></latexit>

X(⌦) =
1X

n=�1
x[n]e�j⌦n

<latexit sha1_base64="TzB6okUFW+UHywEVxS5nj11OAi0="></latexit>

ak =
1

N
X(k⌦0)

<latexit sha1_base64="UoO7ul1FoR7zwBajTvJjadwcJCY="></latexit>

⌦0 =
2⇡

N



Connection between FS and FT

<latexit sha1_base64="TzB6okUFW+UHywEVxS5nj11OAi0="></latexit>

ak =
1

N
X(k⌦0)



<latexit sha1_base64="ylHbryk9JPvfVcby8eeZkyzFmm0=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVRIRdVl047KCfUAbymR6246dTMI8hBryJW5cKOLWT3Hn3zhNs9DWAxcO59w7d+4JE86U9rxvZ2V1bX1js7RV3t7Z3au4+wctFRtJoUljHstOSBRwJqCpmebQSSSQKOTQDic3M7/9CFKxWNzraQJBREaCDRkl2kp9t5L28kfSkBvIHrK+W/VqXg68TPyCVFGBRt/96g1iaiIQmnKiVNf3Eh2kRGpGOWTlnlGQEDohI+haKkgEKkjznRk+scoAD2NpS2icq78nUhIpNY1C2xkRPVaL3kz8z+saPbwKUiYSo0HQ+aKh4VjHeJYCHjAJVPOpJYRKZv+K6ZhIQrXNqmxD8BdPXiats5p/UfPuzqv16yKOEjpCx+gU+egS1dEtaqAmosigZ/SK3pwn58V5dz7mrStOMXOI/sD5/AGxtJPD</latexit>

j

PERIODIC 
<latexit sha1_base64="R1u696y0RW2pv+DE7W01TVypJLc="></latexit>

2⇡

“DISCRETE” SINC (“OCTOPUS

 - Transform of a discrete rectangle”) 

Example

<latexit sha1_base64="spDpQHkeS1ZrEhgf/TKOq0mvEKQ="></latexit>

A

<latexit sha1_base64="sCZWs3Lt0mBKmUKKGOkwaGfcSz4="></latexit>

A = 10
<latexit sha1_base64="axyzD4dsBzaFN7MQaRSO/5AifvY="></latexit>

A = 5



Same example: more details of derivation 
USEFUL FORMULAS FOR EVERY EXAMPLES/PROBLEMS: 

N1 HERE IS NOT THE LENGTH 

OF THE RECTANGLE;


IT IS JUST A GENERIC CONSTANT



Same example: more details of derivation 
USEFUL FORMULAS FOR EVERY EXAMPLES/PROBLEMS: 

WE WILL USE THIS FIRST FORMULA



Same example: more details of derivation 
<latexit sha1_base64="9ELxfXrLOWRuo7H9WksA6xUbCH4="></latexit>

X(⌦) =
1X

n=�1
x[n]e�j⌦n

=
N1X

n=�N1

1 e�j⌦n

=
N1X

n=�N1

(e�j⌦)n
<latexit sha1_base64="v+EeMSSma1dt+BQ8RGrIwSlEXVY="></latexit>

r = e�j⌦



Same example: more details of derivation 
<latexit sha1_base64="cWM3nnBb/0T3gTiAPD5jY+2aNm0="></latexit>

X(⌦) =
1X

n=�1
x[n]e�j⌦n

=
N1X

n=�N1

(e�j⌦)n

=
e�j⌦N1 � e�j⌦(N1+1)

1� e�j⌦

<latexit sha1_base64="v+EeMSSma1dt+BQ8RGrIwSlEXVY="></latexit>

r = e�j⌦

This is already the solution ! 
We could stop here



Same example: more details of derivation 
<latexit sha1_base64="bvLyJ6fVJ1P90rzmXWyWYEnJU90="></latexit>

X(⌦) =
1X

n=�1
x[n]e�j⌦n

=
e�j⌦N1 � e�j⌦(N1+1)

1� e�j⌦

=
e�j⌦N1 � e�j⌦(N1+1)

1� e�j⌦

ej⌦/2

ej⌦/2

=
e�j⌦(N1+ 1

2 ) � e�j⌦(N1� 1
2 )

ej
⌦
2 � e�j ⌦

2



Same example: more details of derivation 

<latexit sha1_base64="4WaJGrGbSmoXs+wyYBp06ESaSHk="></latexit>

X(⌦) =
e�j⌦(N1+ 1

2 ) � e�j⌦(N1� 1
2 )

ej
⌦
2 � e�j ⌦

2

=
2j sin

�
⌦(N1 +

1
2 )
�

2j sin
�
⌦
2

�

=
sin

�
⌦(N1 +

1
2 )
�

sin
�
⌦
2

�



Let us consider a periodic “brother”

<latexit sha1_base64="MJyn9l4Jvq8PwWoZ7hv4XWB8VaQ=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBE8lUREPRa9eKxgP6ANZbOZtEs3m7C7qZbQf+LFgyJe/Sfe/Ddu2xy09cHA470ZZuYFKWdKu+63tbK6tr6xWdoqb+/s7u3bB4dNlWSSYoMmPJHtgCjkTGBDM82xnUokccCxFQxvp35rhFKxRDzocYp+TPqCRYwSbaSebXcfWYia8RDzp0lH+D274lbdGZxl4hWkAgXqPfurGyY0i1FoyolSHc9NtZ8TqRnlOCl3M4UpoUPSx46hgsSo/Hx2+cQ5NUroRIk0JbQzU39P5CRWahwHpjMmeqAWvan4n9fJdHTt50ykmUZB54uijDs6caYxOCGTSDUfG0KoZOZWhw6IJFSbsMomBG/x5WXSPK96l1X3/qJSuyniKMExnMAZeHAFNbiDOjSAwgie4RXerNx6sd6tj3nrilXMHMEfWJ8/JM+T/Q==</latexit>

ex[n]

<latexit sha1_base64="ffwy2zeztm09sU8VcOJH/qi2C1Q=">AAACEXicbVA9SwNBEN3zM8avqKXNYhCswp2IWgZtrCSCUSE5wt7exCzu7R67cybhyF+w8a/YWChia2fnv3ETU2jig4HHezPMzItSKSz6/pc3Mzs3v7BYWCour6yurZc2Nq+szgyHOtdSm5uIWZBCQR0FSrhJDbAkknAd3Z0O/et7MFZodYn9FMKE3SrRFpyhk1qlvd1mV8SAQsaQ9wYNFRabSaR7Oe0K7NAUjNAxPaeDVqnsV/wR6DQJxqRMxqi1Sp/NWPMsAYVcMmsbgZ9imDODgksYFJuZhZTxO3YLDUcVS8CG+eijAd11Skzb2rhSSEfq74mcJdb2k8h1Jgw7dtIbiv95jQzbx2EuVJohKP6zqJ1JipoO46GxMMBR9h1h3Ah3K+UdZhhHF2LRhRBMvjxNrvYrwWHFvzgoV0/GcRTINtkheyQgR6RKzkiN1AknD+SJvJBX79F79t6895/WGW88s0X+wPv4BiZenTM=</latexit>

with period N

You already study and analyze this signal….



Let us consider a periodic “brother”
Using the analysis equation of the Fourier Series:.

<latexit sha1_base64="QhMX3JRU+dm5r/3t95feTBeWGlY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJczO9iZDZh/OzEbDku/w4kERr36MN//GSbIHTSxoKKq66e7yEsGVtu1vq7Cyura+UdwsbW3v7O6V9w+aKk4lwwaLRSzbHlUoeIQNzbXAdiKRhp7Alje8mfqtEUrF4+hejxN0Q9qPeMAZ1UZyu4/cR82Fj9nTpFeu2FV7BrJMnJxUIEe9V/7q+jFLQ4w0E1SpjmMn2s2o1JwJnJS6qcKEsiHtY8fQiIao3Gx29IScGMUnQSxNRZrM1N8TGQ2VGoee6QypHqhFbyr+53VSHVy5GY+SVGPE5ouCVBAdk2kCxOcSmRZjQyiT3NxK2IBKyrTJqWRCcBZfXibNs6pzUbXvziu16zyOIhzBMZyCA5dQg1uoQwMYPMAzvMKbNbJerHfrY95asPKZQ/gD6/MHboOSiA==</latexit>

ex

<latexit sha1_base64="QhMX3JRU+dm5r/3t95feTBeWGlY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJczO9iZDZh/OzEbDku/w4kERr36MN//GSbIHTSxoKKq66e7yEsGVtu1vq7Cyura+UdwsbW3v7O6V9w+aKk4lwwaLRSzbHlUoeIQNzbXAdiKRhp7Alje8mfqtEUrF4+hejxN0Q9qPeMAZ1UZyu4/cR82Fj9nTpFeu2FV7BrJMnJxUIEe9V/7q+jFLQ4w0E1SpjmMn2s2o1JwJnJS6qcKEsiHtY8fQiIao3Gx29IScGMUnQSxNRZrM1N8TGQ2VGoee6QypHqhFbyr+53VSHVy5GY+SVGPE5ouCVBAdk2kCxOcSmRZjQyiT3NxK2IBKyrTJqWRCcBZfXibNs6pzUbXvziu16zyOIhzBMZyCA5dQg1uoQwMYPMAzvMKbNbJerHfrY95asPKZQ/gD6/MHboOSiA==</latexit>

ex



Let us consider a periodic “brother”
<latexit sha1_base64="i92C7dS3NXwYnQ4+93VXXjkvc/Y="></latexit>

ak =
1

N

sin
⇥
k⌦0

�
N1 +

1
2

�⇤

sin
�
k⌦0

2

� <latexit sha1_base64="2D1jtZTwk84syx9+uBEEkYtFTRQ="></latexit>

k 6= 0, N, 2N, ...

We can obtain it in other way?



Considering the non-periodic “brother”
<latexit sha1_base64="TzB6okUFW+UHywEVxS5nj11OAi0="></latexit>

ak =
1

N
X(k⌦0)Using the formula:

<latexit sha1_base64="eZMDo4tkS/1R/ZJj7BJwzyVBLcI="></latexit>

X(⌦) =
sin

�
⌦
�
N1 +

1
2

��

sin
�
⌦
2

�

<latexit sha1_base64="7A3RAH+byo4g9wP2KY+Xkmrvxd0="></latexit>

ak =
1

N
X(k⌦0) =

1

N

sin
�
k⌦0

�
N1 +

1
2

��

sin
�
k⌦0
2

�



Questions?


