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Transformations for signal in discrete time

Fourier Series (FS) Stand. Fourier Transform (FT) Zeta Transform (ZT)

Generalized 
Fourier Transform 
(GFT)

For Periodic signals For non-periodic signals

Mathematically, it is not 
completely valid… or we need 
other definition of Fourier 
Transformation….

also for some 
Signals with 

Infinite Energy



Standard Fourier Transform
Discrete Time Systems



Standard Fourier Transform

DEFINITIONS: (x[n] NO-periodic)

Syntesis Equation:

Analysis Equation:
<latexit sha1_base64="rOqjAP1v/tF+WHrfcx3XzDE09Z8="></latexit>

X(⌦) =
+1X

n=�1
x[n]e�j⌦n

<latexit sha1_base64="KVKGT2VYq77Mhwj0j4tMPfsLCWY="></latexit>

x[n] =
1

2⇡

Z

2⇡
X(⌦)ej⌦nd⌦Inverse 

freq. ==> time

Direct 
time ==> freq. Fourier Transform

Inverse Fourier Transform

periodic with period 
<latexit sha1_base64="R1u696y0RW2pv+DE7W01TVypJLc="></latexit>

2⇡



Standard Fourier Transform

Important property: 

periodic with period 
<latexit sha1_base64="R1u696y0RW2pv+DE7W01TVypJLc="></latexit>

2⇡

<latexit sha1_base64="JH39D9tnyRedJZ9QSaE0Xd+bJkw="></latexit>

X(⌦) = X(⌦+ 2⇡)



Frequencies-“Omega”  as an angle <latexit sha1_base64="j7si4fGUiqgItoH3W9etiuuZ4UQ="></latexit>

z = rej⌦
<latexit sha1_base64="JH39D9tnyRedJZ9QSaE0Xd+bJkw="></latexit>

X(⌦) = X(⌦+ 2⇡)



Existence (convergence of series of stand. FT)

<latexit sha1_base64="rOqjAP1v/tF+WHrfcx3XzDE09Z8="></latexit>

X(⌦) =
+1X

n=�1
x[n]e�j⌦n

<latexit sha1_base64="hNqrAgyWnHkkSezKm6322cFDIQ0="></latexit> 1X

n=�1
|x[n]|2 < 1 -Enerǵıa finita

<latexit sha1_base64="XJ9vCCUgkk5Z0kxzp3Ss7NxbQR0=">AAACEHicbZC7TsMwFIadcivlFmBksagQLFQJQsAAUgULY5HoRUpC5LhOa9VxIttBVGkfgYVXYWEAIVZGNt4Gt80ALb9k6fN/zpF9/iBhVCrL+jYKc/MLi0vF5dLK6tr6hrm51ZBxKjCp45jFohUgSRjlpK6oYqSVCIKigJFm0Lsa1Zv3REga81vVT4gXoQ6nIcVIacs3912ZRn7GLw5dykPVH95lOQweHO4Nzic36Jtlq2KNBWfBzqEMctV888ttxziNCFeYISkd20qUlyGhKGZkWHJTSRKEe6hDHI0cRUR62XihIdzTThuGsdCHKzh2f09kKJKyHwW6M0KqK6drI/O/mpOq8MzLKE9SRTiePBSmDKoYjtKBbSoIVqyvAWFB9V8h7iKBsNIZlnQI9vTKs9A4qtgnFevmuFy9zOMogh2wCw6ADU5BFVyDGqgDDB7BM3gFb8aT8WK8Gx+T1oKRz2yDPzI+fwAwM53w</latexit> 1X

n=�1
|x[n]| < 1<latexit sha1_base64="QnFB4GWCGUUIc8l3d9nmzrY2Q10=">AAACE3icbZDLSgMxFIYzXut4G3XpJlgKIlhmRNSFQtGNywr2Au1YMmmmDU0yQ5IRy7Tv4MZXceNCEbdu3Pk2pu0stPWHwJf/nENy/iBmVGnX/bbm5hcWl5ZzK/bq2vrGprO1XVVRIjGp4IhFsh4gRRgVpKKpZqQeS4J4wEgt6F2N6rV7IhWNxK3ux8TnqCNoSDHSxmo5B5FdaKqEt1JxcdikItT94V2aweChIfzB+eQGW07eLbpjwVnwMsiDTOWW89VsRzjhRGjMkFINz421nyKpKWZkaDcTRWKEe6hDGgYF4kT56XinISwYpw3DSJojNBy7vydSxJXq88B0cqS7aro2Mv+rNRIdnvkpFXGiicCTh8KEQR3BUUCwTSXBmvUNICyp+SvEXSQR1iZG24TgTa88C9WjondSdG+O86XLLI4c2AV7YB944BSUwDUogwrA4BE8g1fwZj1ZL9a79TFpnbOymR3wR9bnD6innqw=</latexit>o

<latexit sha1_base64="KVKGT2VYq77Mhwj0j4tMPfsLCWY="></latexit>

x[n] =
1

2⇡

Z

2⇡
X(⌦)ej⌦nd⌦



Examples (1) of standard FT 
DELTA DE KRONECKER:  

<latexit sha1_base64="8vJxgoQFEjHUc1RkHkLdqZ/nvjs=">AAACIHicbZBNS8NAEIY3fhu/qh69LJaCF0sioh4Uil48KlgtNLFstpt2cbMJuxMxpP0pXvwrXjwoojf9NW7bHLR1YOGZd2aYnTdIBNfgOF/W1PTM7Nz8wqK9tLyyulZa37jWcaooq9NYxKoREM0El6wOHARrJIqRKBDsJrg7G9Rv7pnSPJZXkCXMj0hH8pBTAkZqlQ4rnk6jVi5Pdj0uQ8j6t3kBvYem9HvHowzbg+zEazMBxFCrVHaqzjDwJLgFlFERF63Sp9eOaRoxCVQQrZuuk4CfEwWcCta3vVSzhNA70mFNg5JETPv58MA+rhiljcNYmScBD9XfEzmJtM6iwHRGBLp6vDYQ/6s1UwiP/JzLJAUm6WhRmAoMMR64hdtcMQoiM0Co4uavmHaJIhSMp7YxwR0/eRKu96ruQdW53C/XTgs7FtAW2kY7yEWHqIbO0QWqI4oe0TN6RW/Wk/VivVsfo9Ypq5jZRH/C+v4BFWmkJg==</latexit>

x[n] = �[n]
<latexit sha1_base64="rOqjAP1v/tF+WHrfcx3XzDE09Z8="></latexit>

X(⌦) =
+1X

n=�1
x[n]e�j⌦n

<latexit sha1_base64="QGcGNRRC78Ev1GFGpSgrKaZE3ms="></latexit>

X(⌦) =
+1X

n=�1
�[n]e�j⌦n = e�j⌦0 = 1

<latexit sha1_base64="R/GIIxea635Om2WRNoOmBgpHFYg="></latexit>

�[n]
T F �! 1



Examples (2) of standard FT
DELTA DE KRONECKER “moved/shifted”:  

<latexit sha1_base64="rOqjAP1v/tF+WHrfcx3XzDE09Z8="></latexit>

X(⌦) =
+1X

n=�1
x[n]e�j⌦n

<latexit sha1_base64="3ac6Y4Hdo9KKAUObrh4XpSb9pPA="></latexit>

x[n] = �[n� n0]

<latexit sha1_base64="oLTifIhnrFo49E6LBcBMGr7D7mc="></latexit>

X(⌦) =
+1X

n=�1
�[n� n0]e

�j⌦n = e�j⌦n0

<latexit sha1_base64="03xEOmRx7qSUv5hIBxbE6i7+nGA="></latexit>

�[n� n0]
T F �! e�j⌦n0



Examples (3) of standard FT
<latexit sha1_base64="cQTwkUjTBBAXRq/fmbmHukvlNuw="></latexit>

x[n] = anu[n], |a| < 1
<latexit sha1_base64="rOqjAP1v/tF+WHrfcx3XzDE09Z8="></latexit>

X(⌦) =
+1X

n=�1
x[n]e�j⌦n

<latexit sha1_base64="8LwYTl1hQwpYnFLevcIgn9eog8c="></latexit>

X(⌦) =
+1X

n=0

ane�j⌦n

<latexit sha1_base64="u6jpTnv0+43UdaTXBER2FrdGBDo="></latexit>

=
+1X

n=0

(ae�j⌦)n



Examples (3) of standard FT

Recalling:

We will  
use this one:



Examples (3) of standard FT
<latexit sha1_base64="cQTwkUjTBBAXRq/fmbmHukvlNuw="></latexit>

x[n] = anu[n], |a| < 1
<latexit sha1_base64="8LwYTl1hQwpYnFLevcIgn9eog8c="></latexit>

X(⌦) =
+1X

n=0

ane�j⌦n

<latexit sha1_base64="u6jpTnv0+43UdaTXBER2FrdGBDo="></latexit>

=
+1X

n=0

(ae�j⌦)n

since: 
<latexit sha1_base64="w674ic4AQCqO4ntKwtiL3FeMVvg="></latexit>

r = ae�j⌦

<latexit sha1_base64="qAwL72i46W6PiRLBv9Bq0WqRgd8="></latexit>

|r| = |ae�j⌦| = |a| < 1



Examples (3) of standard FT

<latexit sha1_base64="8LwYTl1hQwpYnFLevcIgn9eog8c="></latexit>

X(⌦) =
+1X

n=0

ane�j⌦n

<latexit sha1_base64="u6jpTnv0+43UdaTXBER2FrdGBDo="></latexit>

=
+1X

n=0

(ae�j⌦)n

since: 
<latexit sha1_base64="w674ic4AQCqO4ntKwtiL3FeMVvg="></latexit>

r = ae�j⌦

<latexit sha1_base64="qAwL72i46W6PiRLBv9Bq0WqRgd8="></latexit>

|r| = |ae�j⌦| = |a| < 1

<latexit sha1_base64="PLYAz34i7IriRztJ1i28wU30rqk="></latexit>

X(⌦) =
+1X

n=0

(ae�j⌦)n =
1

1� ae�j⌦



Examples (3) of standard FT

<latexit sha1_base64="iVfmq/OQNGOH+ec33wc3tl6yEvQ="></latexit>

anu[n], |a| < 1
T F �! 1

1� ae�j⌦



Examples (3) of standard FT
SUMMARY

<latexit sha1_base64="8Wq77mmif1LHAbOkrwIOmLwUgIU="></latexit>

⌦

<latexit sha1_base64="h2LS/vS5wFTTPRcxFABME4SKoLU=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXinosevFmBfsB26Vk02wbmk2WZFYobX+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyaCG3Ddbye3tr6xuZXfLuzs7u0fFA+PmkalmrIGVULpdkgME1yyBnAQrJ1oRuJQsFY4vJ35rSemDVfyEUYJC2LSlzzilICV/Em73LmPWZ+cT7rFkltx58CrxMtICWWod4tfnZ6iacwkUEGM8T03gWBMNHAq2LTQSQ1LCB2SPvMtlSRmJhjPT57iM6v0cKS0LQl4rv6eGJPYmFEc2s6YwMAsezPxP89PIboOxlwmKTBJF4uiVGBQePY/7nHNKIiRJYRqbm/FdEA0oWBTKtgQvOWXV0nzouJdVqoP1VLtJosjj07QKSojD12hGrpDddRAFCn0jF7RmwPOi/PufCxac042c4z+wPn8AaDtkNc=</latexit>

|X(⌦)|

<latexit sha1_base64="h2LS/vS5wFTTPRcxFABME4SKoLU=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXinosevFmBfsB26Vk02wbmk2WZFYobX+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyaCG3Ddbye3tr6xuZXfLuzs7u0fFA+PmkalmrIGVULpdkgME1yyBnAQrJ1oRuJQsFY4vJ35rSemDVfyEUYJC2LSlzzilICV/Em73LmPWZ+cT7rFkltx58CrxMtICWWod4tfnZ6iacwkUEGM8T03gWBMNHAq2LTQSQ1LCB2SPvMtlSRmJhjPT57iM6v0cKS0LQl4rv6eGJPYmFEc2s6YwMAsezPxP89PIboOxlwmKTBJF4uiVGBQePY/7nHNKIiRJYRqbm/FdEA0oWBTKtgQvOWXV0nzouJdVqoP1VLtJosjj07QKSojD12hGrpDddRAFCn0jF7RmwPOi/PufCxac042c4z+wPn8AaDtkNc=</latexit>

|X(⌦)|



Examples (4) of standard FT
Already done in other slides 

“discrete” octopus 
“discrete” Sinc 

<latexit sha1_base64="8Wq77mmif1LHAbOkrwIOmLwUgIU="></latexit>

⌦



Examples (5) of standard FT

<latexit sha1_base64="YtuAqMaot7zYpVGy6sGkQNXVkyk=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4KomIuhGKblxWsA9IQplMJ+3QySTMTMQSunDjr7hxoYhbP8Kdf+O0zUJbD1zu4Zx7mbknTDlT2nG+raXlldW19dJGeXNre2fX3ttvqSSThDZJwhPZCbGinAna1Exz2kklxXHIaTscXk/89j2ViiXiTo9SGsS4L1jECNZG6tqVB08El34kMcl9xQRqIzHO/ZSZ1rWrTs2ZAi0StyBVKNDo2l9+LyFZTIUmHCvluU6qgxxLzQin47KfKZpiMsR96hkqcExVkE+PGKMjo/RQlEhTQqOp+nsjx7FSozg0kzHWAzXvTcT/PC/T0UWQM5FmmgoyeyjKONIJmiSCekxSovnIEEwkM39FZIBNINrkVjYhuPMnL5LWSc09qzm3p9X6VRFHCSpwCMfgwjnU4QYa0AQCj/AMr/BmPVkv1rv1MRtdsoqdA/gD6/MHZZiX7w==</latexit>

x[n] =
sinWn

⇡n

Sinc function in discrete time  
(in the previous slide we saw a Sinc in frequency - continuous-  periodic)  



Examples (5) of standard FT

<latexit sha1_base64="YtuAqMaot7zYpVGy6sGkQNXVkyk=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4KomIuhGKblxWsA9IQplMJ+3QySTMTMQSunDjr7hxoYhbP8Kdf+O0zUJbD1zu4Zx7mbknTDlT2nG+raXlldW19dJGeXNre2fX3ttvqSSThDZJwhPZCbGinAna1Exz2kklxXHIaTscXk/89j2ViiXiTo9SGsS4L1jECNZG6tqVB08El34kMcl9xQRqIzHO/ZSZ1rWrTs2ZAi0StyBVKNDo2l9+LyFZTIUmHCvluU6qgxxLzQin47KfKZpiMsR96hkqcExVkE+PGKMjo/RQlEhTQqOp+nsjx7FSozg0kzHWAzXvTcT/PC/T0UWQM5FmmgoyeyjKONIJmiSCekxSovnIEEwkM39FZIBNINrkVjYhuPMnL5LWSc09qzm3p9X6VRFHCSpwCMfgwjnU4QYa0AQCj/AMr/BmPVkv1rv1MRtdsoqdA/gD6/MHZZiX7w==</latexit>

x[n] =
sinWn

⇡n

In that case, it is difficult to use the direct definition:  
<latexit sha1_base64="rOqjAP1v/tF+WHrfcx3XzDE09Z8="></latexit>

X(⌦) =
+1X

n=�1
x[n]e�j⌦n

<latexit sha1_base64="CU2refYRwLwFsOeR/xGuc4tWnsk="></latexit>

=
+1X

n=�1

sinWn

⇡n
e�j⌦n



Examples (5) of standard FT

In that case, it is difficult to use the direct definition:  
<latexit sha1_base64="rOqjAP1v/tF+WHrfcx3XzDE09Z8="></latexit>

X(⌦) =
+1X

n=�1
x[n]e�j⌦n

<latexit sha1_base64="CU2refYRwLwFsOeR/xGuc4tWnsk="></latexit>

=
+1X

n=�1

sinWn

⇡n
e�j⌦n

This series converges but it is not easy to find the “result” 
 of the convergence.  



Examples (5) of standard FT

However, we can prove that:  
<latexit sha1_base64="8CXCQHNnPiCqIEY3KpTNJPJqJTs="></latexit>

⌦

<latexit sha1_base64="4vNrDBUc4w8J3486R48ujqIJJ5g="></latexit>

Inverse Fourier transform



Properties 



Properties 

very important:  



Properties 

differences are like “derivative” in discrete time…. 
differential equations (continuous) ===> difference equations (discrete)  



Properties 



Questions?


