
TOPIC	
  4	
  	
  
The	
  prac.cal	
  computa.on	
  of	
  Fourier	
  

(e.g.,	
  with	
  Matlab)	
  
PART	
  1	
  



FIRST	
  of	
  all,	
  	
  
RECALL	
  something	
  



RECALL	
  

For	
  a	
  signal	
  x[n]	
  in	
  discrete	
  @me:	
  	
  

Xk = ak =) peŕıodo N

X(⌦) =) peŕıodo 2⇡
<latexit sha1_base64="4T9jG5PWch+yCajqd9YFUwoVs14="></latexit>

ak = ak+N
<latexit sha1_base64="oKr7dd2nFqUauo2p0bp+n/HxEBY="></latexit>

X(⌦) = X(⌦ + 2⇡)
<latexit sha1_base64="aZZ6LHq/xZcHQ4pDwUO7z9Uz1j0="></latexit>

PERIODICITY	
  in	
  the	
  transformed	
  domain	
  !	
  	
  

In	
  the	
  next	
  slides,	
  we	
  will	
  recall	
  some	
  important	
  
concepts	
  and	
  formula,	
  even	
  with	
  a	
  simple	
  example.	
  	
  



ak = ak+N
<latexit sha1_base64="oKr7dd2nFqUauo2p0bp+n/HxEBY="></latexit>

ak = a⇤�k
<latexit sha1_base64="N6k3M5P5KNGieeXGeYvix/rxOOI="></latexit>

Module	
  of	
  	
  Fourier	
  series	
  
	
  –	
  discrete	
  @me	
  

If	
  x[n]	
  is	
  real:	
  

As	
  a	
  consequence	
  :	
  

ak = a⇤�k
<latexit sha1_base64="N6k3M5P5KNGieeXGeYvix/rxOOI="></latexit>

This	
  	
  generates	
  more	
  “symmetries”	
  
in	
  P_k…	
  but	
  do	
  not	
  get	
  confused	
  
(no	
  important),	
  

Pk = |ak|! Pk = P�k
<latexit sha1_base64="iE2ry+4dJan1riCLL2+oNC8mbZM="></latexit>

even	
  !	
  



Module	
  of	
  	
  Fourier	
  transform	
  	
  
–	
  discrete	
  @me	
  

X(⌦) = X(⌦ + 2⇡)
<latexit sha1_base64="aZZ6LHq/xZcHQ4pDwUO7z9Uz1j0="></latexit>

X(⌦) = X⇤(�⌦)
<latexit sha1_base64="MK7QKRi2ybBHqGHmeHr9G8Tbhd8="></latexit>

X(⌦) = X⇤(�⌦)
<latexit sha1_base64="MK7QKRi2ybBHqGHmeHr9G8Tbhd8="></latexit>

If	
  x[n]	
  is	
  real:	
  

As	
  a	
  consequence	
  :	
  

This	
  	
  generates	
  more	
  “symmetries”	
  
in	
  P(Omega)…	
  but	
  do	
  not	
  get	
  
confused	
  (no	
  important).	
  

P (⌦) = |X(⌦)|! P (⌦) = P (�⌦)
<latexit sha1_base64="YCW7UCm3yW4VyWcUs1v8EgLf5+k="></latexit>

even	
  !	
  



Example	
  (also	
  problem	
  of	
  exam)	
  

Also	
  possible	
  problem	
  of	
  the	
  exams:	
  

1� e�j5⌦

1� e�j⌦
=

e�j 5
2⌦(ej 5

2⌦ � e�j 5
2⌦)

e�j 1
2⌦(ej 1

2⌦ � e�j 1
2⌦)

= ej�5+1
2 ⌦ ej 5

2⌦ � e�j 5
2⌦

ej 1
2⌦ � e�j 1

2⌦
= e�j2⌦ 2j sin( 5

2⌦)
2j sin( 1

2⌦)

= e�j2⌦ sin( 5
2⌦)

sin( 1
2⌦)

<latexit sha1_base64="5Wsjq9MhtrvyORAEaIfcJoYtCp4="></latexit>

X(⌦)

<latexit sha1_base64="EWoP+0uACZ56WgYZ3eLOcbocu+E="></latexit>



n

<latexit sha1_base64="QBo3tII47A9uuUud3+6tMk25prw="></latexit>

0

<latexit sha1_base64="z2Az5wScboLQ2Q3ra1aeu1P0KM4="></latexit>

1

<latexit sha1_base64="MQ1RAc8VDHgcIVvCV8MrsDALDjk="></latexit>

2

<latexit sha1_base64="H4Z2lOjF2MYFcfM4QLz0R5hC8SU="></latexit>

3

<latexit sha1_base64="3p2swocnD5KdmAj48COJ7VjNRwE="></latexit>

4

<latexit sha1_base64="xp8+f+ikdv8Ixpo2SHIGXiDC4sc="></latexit>

1

<latexit sha1_base64="MQ1RAc8VDHgcIVvCV8MrsDALDjk="></latexit>

X(⌦)

<latexit sha1_base64="7RqTJYYGy3d27ITSGHDs20Oj6xo="></latexit>

2⇡
<latexit sha1_base64="69S/zugeEiLmYcQU3L8Uuu8wz/o="></latexit>

�2⇡
<latexit sha1_base64="TJXeEEojvk7S3ntq9wYJbLGzN0Y="></latexit> �⇡

<latexit sha1_base64="VMlGdSaW7Xafy4hV1VZg4g6fTjo="></latexit> ⇡
<latexit sha1_base64="RtLlHqbewjCQUYB5gCm9eDKULbM="></latexit>



Repea@ng	
  periodically	
  	
  
a	
  finite-­‐length	
  signal	
  

n

<latexit sha1_base64="QBo3tII47A9uuUud3+6tMk25prw="></latexit>

0

<latexit sha1_base64="z2Az5wScboLQ2Q3ra1aeu1P0KM4="></latexit>

1

<latexit sha1_base64="MQ1RAc8VDHgcIVvCV8MrsDALDjk="></latexit>

2

<latexit sha1_base64="H4Z2lOjF2MYFcfM4QLz0R5hC8SU="></latexit>

3

<latexit sha1_base64="3p2swocnD5KdmAj48COJ7VjNRwE="></latexit>

4

<latexit sha1_base64="xp8+f+ikdv8Ixpo2SHIGXiDC4sc="></latexit>

1

<latexit sha1_base64="MQ1RAc8VDHgcIVvCV8MrsDALDjk="></latexit>

n

<latexit sha1_base64="QBo3tII47A9uuUud3+6tMk25prw="></latexit>

0

<latexit sha1_base64="z2Az5wScboLQ2Q3ra1aeu1P0KM4="></latexit>

1

<latexit sha1_base64="MQ1RAc8VDHgcIVvCV8MrsDALDjk="></latexit>

2

<latexit sha1_base64="H4Z2lOjF2MYFcfM4QLz0R5hC8SU="></latexit>

3

<latexit sha1_base64="3p2swocnD5KdmAj48COJ7VjNRwE="></latexit>

4

<latexit sha1_base64="xp8+f+ikdv8Ixpo2SHIGXiDC4sc="></latexit>

1

<latexit sha1_base64="MQ1RAc8VDHgcIVvCV8MrsDALDjk="></latexit>

7

<latexit sha1_base64="Vl7GbWRYcsMJYFWG3wnpuqnlQ8s="></latexit>

ex[n]

<latexit sha1_base64="XpePcE7y+/hFpLkStt0k6+8MV74="></latexit>

ex[n] = x[n] within a period

<latexit sha1_base64="PyeNXm5tSwTWa7GSKR+6t6czuos="></latexit>

N = 7

<latexit sha1_base64="DmoOZnsGLPRQe1jPuPQnoZ8DlFo="></latexit>



Xk = ak =
1
N

X(k⌦0) =
1
N

X

✓
k

2⇡

N

◆

<latexit sha1_base64="zl1Y3vc3EsgP7Lfxi1iwT5Irwdc="></latexit>

ex[n] = x[n] within a period

<latexit sha1_base64="PyeNXm5tSwTWa7GSKR+6t6czuos="></latexit>

	
  	
  it	
  is	
  periodic	
  (with	
  period	
  N):	
  	
  
Fourier	
  series	
  !!	
  

	
  	
  the	
  coefficients	
  can	
  be	
  easily	
  computed	
  as:	
  

⌦0 =
2⇡

N

<latexit sha1_base64="pFrhNEdGDXp+TJrBPYUCoqp7nDg="></latexit>



X(⌦)

<latexit sha1_base64="zcldF8cB02CrnDxnzva9fvGHJp8="></latexit>

Example	
  with	
  N=15	
  

Xk = ak =
1
N

X(k⌦0) =
1
N

X

✓
k

2⇡

N

◆

<latexit sha1_base64="zl1Y3vc3EsgP7Lfxi1iwT5Irwdc="></latexit>

ak =
sin( 5

2k⌦0)
sin( 1

2k⌦0)
e�j2k⌦0

<latexit sha1_base64="7dQpiWf/YlkPrr1Whp1EQ6F/lV0="></latexit>

N

<latexit sha1_base64="r+S5Rx599zbiKZLAevlpAuKoDW8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRL0FvHiSBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUL+uVUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6Z0jNE=</latexit>



	
  RECALL	
  the	
  formulas	
  of	
  	
  
the	
  FOURIER	
  SERIES	
  

	
  	
  Synthesis	
  Equa@on	
  

	
  	
  Analysis	
  Equa@on	
  

	
  	
  Pay	
  aWen@on	
  on	
  this	
  factor	
  !!	
  

! 	
  	
  Recall	
  that	
  the	
  sums	
  can	
  be	
  done	
  in	
  any	
  interval	
  of	
  
consecu.ve	
  values	
  of	
  length	
  N:	
  from	
  0	
  to	
  N-­‐1,	
  from	
  1	
  to	
  N,	
  
from	
  2	
  to	
  N+1,	
  form	
  -­‐1	
  to	
  N-­‐2	
  etc.	
  	
  



Now	
  “real	
  life”	
  
(for	
  instance,	
  with	
  Matlab)	
  



	
  	
  	
  	
  	
  “In	
  Real	
  Life”	
  

! 	
  Data/SIGNAL:	
  a	
  vector	
  (finite	
  sequence)	
  of	
  values,	
  with	
  
finite	
  length	
  L.	
  

x1, x2, ..., xL

<latexit sha1_base64="JzKZrF1Fw9Jem5NjLjWyHeGdApw="></latexit>

x[0], x[1], x[2], ..., x[L� 1]

<latexit sha1_base64="d4qpJrDjbbfv1ZcXqoanoY8K7mY="></latexit>

lucamartino
Text Box
Let us define the signal as x_L[n];
we could compute (by hand) X_L(Omega) !!!! 

lucamartino
Text Box
We have to define x_L[n] as: 
....0,0,x_L[-1]=0, x_L[0]=x_1, x_L[1]=x_2,...,x_L[L-1]=x_L, x_L[0]=0,0,0,0....

lucamartino
Text Box
Better notation x_L[n] !!!



	
  	
  	
  	
  Interpreta@on	
  as	
  a	
  periodic	
  signal	
  
	
  The	
  easiest	
  (computa@onally	
  speaking)	
  is	
  to	
  interpret	
  the	
  
sequence	
  of	
  values	
  as	
  one	
  period	
  of	
  a	
  periodic	
  signal	
  	
  of	
  
period	
  N>=L	
  	
  	
  

(we	
  will	
  consider	
  other	
  possibili@es	
  in	
  other	
  slides)	
  

! 	
  	
  We	
  said	
  N>=L	
  	
  since	
  we	
  can	
  always	
  fill	
  with	
  N-­‐L	
  zeros	
  
(adding	
  more	
  zeros)	
  our	
  sequence	
  of	
  values:	
  

N � L

<latexit sha1_base64="YxWN8t7FdKedBnxI7fOixI9MDlc="></latexit>

x1, x2, ..., xL, 0, 0, ..., 0

<latexit sha1_base64="WWXBif+LlMR4a5vky4o50Vd1uCc="></latexit>

L

<latexit sha1_base64="Eq4cJnOG0m7tdS9VhoB2ckuVLVo="></latexit>

N � L

<latexit sha1_base64="oADdXdYwIH79io+53ZmO2UYBrNU="></latexit>

N

<latexit sha1_base64="9n4gY/N/vQ0i2Z0+Y5VfCuHSvdM="></latexit>



	
  	
  	
  	
  	
  DISCRETE	
  FOURIER	
  TRANSFORM	
  (DFT)	
  

THIS	
   COMPUTATIONAL	
   PROCEDURE	
   is	
   called	
   “Discrete	
  
Fourier	
   Transform”	
   (DFT):	
   mathema@cally	
   ALMOST	
  
coincides	
   with	
   FOURIER	
   SERIES	
   of	
   a	
   periodic	
   signal	
  
defined	
  in	
  a	
  discrete	
  domain.	
  

 Synthesis equation of DFT

Analysis Equation of DFT



	
  	
  	
  	
  	
  DISCRETE	
  FOURIER	
  TRANSFORM	
  (DFT)	
  
Analysis Equation of DFT

! 	
  Output	
  of	
  DFT:	
  a	
  sequence	
  of	
  N	
  values	
  

! 	
  They	
  play	
  the	
  role	
  of	
  a_k	
  in	
  the	
  Fourier	
  Series	
  

! 	
  Its	
  defini@on	
  is	
  not	
  unique:	
  it	
  depends	
  on	
  the	
  choice	
  of	
  N	
  !!	
  



	
  	
  	
  	
  	
  DFT	
  versus	
  Fourier	
  series	
  	
  

 Synthesis equation of DFT

Analysis Equation of DFT

	
  	
  Synthesis	
  Equa@on	
  

	
  	
  Analysis	
  Equa@on	
  

! 	
  	
  Only	
  the	
  posi@on	
  of	
  the	
  factor	
  1/N,	
  is	
  different	
  !!	
  	
  



	
  	
  	
  	
  	
  Corresponding	
  frequencies	
  

XN [k]

<latexit sha1_base64="XyIyTT/fkU92mT4Y7JrLqVq6BaI="></latexit>

ak

<latexit sha1_base64="V7r5ZOgUhGe+pNTzN0yQKr0jpic="></latexit>

⌦k = k⌦0 = k
2⇡

N

<latexit sha1_base64="ENWFgTqdGvQdIMWXke8+Qo6YPh8="></latexit>

Exactly	
  as	
  in	
  the	
  Fourier	
  Series:	
  

As	
  the	
  Fourier	
  Series	
  and	
  the	
  corresponding	
  coefficients	
  a_k,	
  
we	
  could	
  be	
  evaluate	
  X_N[k]	
  with	
  k<0	
  and/or	
  k>N,	
  and	
  we	
  
could	
  assume:	
  	
  

XN [k] = XN [k + N ]

<latexit sha1_base64="Z1Yc21pAemNhPd+X0gqUeY5cJWk="></latexit>



Example	
  of	
  working	
  with	
  DFT	
  

	
  	
  Example:	
  evalua@ng	
  DFT	
  at	
  0,	
  

	
  	
  Example:	
  evalua@ng	
  DFT	
  with	
  N=4	
  at	
  0,	
  1,	
  	
  

=

<latexit sha1_base64="MjoxvQ5QOtHxhbiobHVyGXxc5AE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRD0IAS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7bK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SvqxXStWbLI48nMApnIMHV1CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCMsIzA</latexit>



Example	
  of	
  working	
  with	
  DFT	
  
	
  	
  Example:	
  evalua@ng	
  DFT	
  with	
  N=4	
  at	
  0,	
  1,2,3	
  	
  

The	
  same	
  as	
  with	
  the	
  Fourier	
  Series	
  (different	
  only	
  for	
  a	
  factor	
  1/N)	
  	
  



Example	
  of	
  working	
  with	
  DFT	
  
	
  	
  We	
  arrive	
  to:	
  

X4[0] = x[0] + x[1] + x[2] + x[3]
X4[1] = x[0]� jx[1]� x[2] + x[3]
X4[2] = x[0]� x[1]� x[2]� x[3]
X4[3] = x[0] + jx[1]� x[2]� jx[3]

<latexit sha1_base64="zHk6BwMPLMj4Vnw/OD4Vuv3YLps="></latexit>

	
  	
  We	
  can	
  write	
  it	
  as	
  a	
  linear	
  system	
  !	
  



The	
  linear	
  System	
  for	
  DFT	
  

	
  F	
  is	
  a	
  Vandermonde	
  matrix	
  !	
  Each	
  row	
  is	
  “geometric	
  
progression”	
  (see	
  next	
  slide)	
  

With	
  the	
  previous	
  case	
  (N=4):	
  

X4

<latexit sha1_base64="yaeQFE3bCqFyhYqqfMiu2Y9Ckmg="></latexit>

F

<latexit sha1_base64="MzpuM4zRouSfuU2PuOTlsjzHq3E="></latexit>

x

<latexit sha1_base64="23g/zBLlYmg/YKfk1MJDqfcyOmc="></latexit>

X4 = Fx

<latexit sha1_base64="RfQVjre6ZL1SLBgKplzB0GRXf5g="></latexit>



The	
  linear	
  System	
  for	
  DFT	
  

XN = Fx

<latexit sha1_base64="2TvMKH5g0IWCNJ79VK2dVIDbjOs="></latexit>

Generic	
  N:	
  



COMPUTING	
  DFT:	
  easy!	
  

XN = Fx

<latexit sha1_base64="2TvMKH5g0IWCNJ79VK2dVIDbjOs="></latexit>

EASY:	
  JUST	
  MULTIPLICATIONS	
  and	
  SUMS	
  !	
  

XN = [XN [0], XN [1], ...,XN [N � 1]]>

<latexit sha1_base64="891kTY8wMxnaGZeyKotqS0nVoLY="></latexit>

SIGNAL	
  

DFT	
  



Compu@ng	
  DFT	
  anali@cally	
  	
  	
  
In	
  simple	
  ar@ficial	
  cases,	
  we	
  can	
  compute	
  the	
  
DFT	
  analy@cally:	
  	
  (clearly,	
  we	
  always	
  consider	
  
finite-­‐length	
  signals,	
  as	
  in	
  the	
  “real	
  world”	
  case)	
  	
  

Example	
  1	
  	
  	
  

Example	
  2	
  	
  	
  



VERY	
  IMPORTANT	
  EXAMPLE	
  
Example	
  3	
  	
  	
  

x[n] =

<latexit sha1_base64="iRltcnWzjbHgOdg7xYUunXgjCTs="></latexit>

1 if n = 0, ..., L� 1
0 if n = L, ..., N

<latexit sha1_base64="obTehfvkGnm8AHoxrzrwfH5l1e8="></latexit>

{

<latexit sha1_base64="r+nhwQsTVzQNoPMcaWGg07GMMh8="></latexit>

This	
  signal	
  has	
  length	
  N	
  but	
  N-­‐L	
  samples	
  are	
  zeros	
  (the	
  
effec@ve	
  length	
  is	
  L).	
  	
  

However,	
  	
  we	
  would	
  like	
  to	
  consider	
  it	
  of	
  length	
  N	
  and	
  we	
  
compute	
  X_N[k]:	
  

XN [k] =
NX

n=0

x[n]e�jk 2⇡
N n =

L�1X

n=0

e

�jk 2⇡
N n =

1� e

�jk 2⇡
N L

1� e

�jk 2⇡
N

=
e

�jk ⇡
N L(ejk ⇡

N L � e

�jk ⇡
N L)

e

�jk ⇡
N (ejk ⇡

N � e

�jk ⇡
N )

<latexit sha1_base64="aD3lX2W8EIWaNzLBkal7b2DImsk=">AAAEWniclVNLa9swHHedrA93W9Ntt13ESkbHamOnGdslUBiMHYLpYGkDtmNkRW7V+DVLHglCX3KXMdhXGUx+sKaNe5jA0t+/lx7wD7KIUGaav7bUTvfR9s7unrb/+MnTg97hswua </latexit>

XN [k] = e�j(L�1) ⇡
N k sin(L⇡

N k)
sin( ⇡

N k)

<latexit sha1_base64="EoqJY6YAgFtYiRynEwpMs8rC/rs="></latexit>

We	
  will	
  use	
  this	
  formula	
  
later.	
  

lucamartino
Pencil

lucamartino
Pencil

lucamartino
Text Box
here is N-1



	
  	
  	
  	
  	
  DFT	
  versus	
  Fourier	
  Transform	
  
We	
  have	
  already	
  compared	
  DFT	
  and	
  the	
  Fourier	
  Series	
  (a_k).	
  
Now	
  we	
  compare	
  with	
  the	
  Fourier	
  Transform	
  of	
  x[n].	
  

Analysis Equation of DFT

X(⌦)

<latexit sha1_base64="BY+qc0QkjJezz83OKJKbs42YZes="></latexit>

But,	
  in	
  the	
  real	
  world,	
  we	
  have	
  a	
  finite-­‐length	
  sequence	
  !!	
  	
  	
  



	
  	
  	
  	
  	
  DFT	
  versus	
  Fourier	
  Transform	
  

...	
  we	
  have	
  a	
  finite-­‐length	
  sequence	
  	
  	
  

X(⌦) =
N�1X

n=0

x[n]e�j⌦n

<latexit sha1_base64="sM5SynwC9GFVPtKSt9BbZbS/NRA="></latexit>

…considering	
  that	
  the	
  signal	
  is	
  an	
  infinite	
  signal	
  with	
  non-­‐zero	
  
values	
  only	
  the	
  values	
  that	
  we	
  have,	
  then	
  we	
  can	
  do	
  FT:	
  

…considering	
  that	
  the	
  signal	
  as	
  a	
  periodic	
  signal	
  (and	
  we	
  
know	
  one	
  period),	
  then	
  we	
  can	
  do	
  as	
  a	
  “Fourier	
  Series”:	
  



	
  	
  	
  	
  	
  DFT	
  and	
  Fourier	
  Transform	
  
THEN,	
  WE	
  CAN	
  WRITE:	
  

XN [k] = X(⌦)
���
k 2⇡

N

= X

✓
k

2⇡

N

◆

<latexit sha1_base64="cHEZgPP7eV6vh3TKxEm6Y9zCDfo="></latexit>

XN [k] = X(⌦)
���
k⌦0

= X (k⌦0)

<latexit sha1_base64="u9+XJs2ZLniu/nkBu9n91RBJ9fw="></latexit>

Recall	
  that:	
   ak =
1
N

X(⌦)
���
k⌦0

=
1
N

X (k⌦0)

<latexit sha1_base64="T6cjME4a64DxxsbtZaXL+i57dEw="></latexit>

It	
  is	
  exactly	
  the	
  same	
  but	
  with	
  the	
  factor	
  1/N…	
  

⌦0 =
2⇡

N

<latexit sha1_base64="6vJw6sg7TNpJ0BGjtHL3IYmyl0I="></latexit>



	
  	
  	
  	
  	
  DFT	
  and	
  Fourier	
  Transform	
  

THEN,	
  WE	
  ARE	
  “SAMPLING”	
  the	
  FOURIER	
  TRANSFORM	
  in	
  
frequency	
  domain.	
  	
  	
  

XN [k] = X(⌦)
���
k 2⇡

N

= X

✓
k

2⇡

N

◆

<latexit sha1_base64="cHEZgPP7eV6vh3TKxEm6Y9zCDfo="></latexit>

XN [k] = X(⌦)
���
k⌦0

= X (k⌦0)

<latexit sha1_base64="u9+XJs2ZLniu/nkBu9n91RBJ9fw="></latexit>

⌦0 =
2⇡

N

<latexit sha1_base64="6vJw6sg7TNpJ0BGjtHL3IYmyl0I="></latexit>



N = 6

<latexit sha1_base64="9feDCUYjmyI2NiU8KzSK8JaIc24="></latexit>

We	
  have	
  L=5	
  BUT	
  we	
  assume:	
  

N � 1

<latexit sha1_base64="/uOz7fTq31/hB9x5atEHVdGiG+I="></latexit>

X(⌦)

<latexit sha1_base64="/5/TOCsaWxY0+kmHLMl8ocsHPDA="></latexit>

Come	
  back	
  to	
  the	
  examples:	
  	
  	
  	
  

|X(⌦)|

<latexit sha1_base64="dEtWWRlghwAymQjqsfvutj7O5C0="></latexit>

⌦

<latexit sha1_base64="OvVvSJXQdCcdeqYYn9LCqZzOg/8="></latexit>

k

<latexit sha1_base64="j/7WUJgLHQ8hNef8xY9PeoD6hjE="></latexit>

|XN [k]|

<latexit sha1_base64="sliJF7aUqwMfPGUJNoZrzqjil14="></latexit>



|X(⌦)|

<latexit sha1_base64="dEtWWRlghwAymQjqsfvutj7O5C0="></latexit>

⌦

<latexit sha1_base64="OvVvSJXQdCcdeqYYn9LCqZzOg/8="></latexit>

k

<latexit sha1_base64="j/7WUJgLHQ8hNef8xY9PeoD6hjE="></latexit>

|XN [k]|

<latexit sha1_base64="sliJF7aUqwMfPGUJNoZrzqjil14="></latexit>

⌦0

<latexit sha1_base64="2efq2vsA3bqvmAmoNkJ78mipdUg="></latexit>

2⌦0

<latexit sha1_base64="h4rj4rfVDTZdQ3hQ9S5+VbN+UvA="></latexit>

3⌦0

<latexit sha1_base64="wJ13je15xPxbtvPzDta55vXv2sY="></latexit>

4⌦0

<latexit sha1_base64="YKNEodKbjPI1YwW1Hx352Wyp/rI="></latexit>

5⌦0

<latexit sha1_base64="daOnHbTBP+GeXLA4EPKm8YU1Cbs="></latexit>

0⌦0 = 0

<latexit sha1_base64="gifdmi8Uf/Hqe1n1qfDPZ51lwAc="></latexit>

XN [k]

<latexit sha1_base64="XyIyTT/fkU92mT4Y7JrLqVq6BaI="></latexit>

ak

<latexit sha1_base64="V7r5ZOgUhGe+pNTzN0yQKr0jpic="></latexit>

⌦k = k⌦0 = k
2⇡

N

<latexit sha1_base64="ENWFgTqdGvQdIMWXke8+Qo6YPh8="></latexit>

k⌦0 = k
2⇡

N

<latexit sha1_base64="HZpVw6lvn/MHlNHv4L3+HqOZRF4="></latexit>

= k
2⇡

6
= k

⇡

3

<latexit sha1_base64="VfMViVoJcOh5LBDgaAMF0KGH8p4="></latexit>

⌦0

<latexit sha1_base64="OUpKoRQUbW4zQ/PzURJIJWVJy/c="></latexit>



Again	
  the	
  example:	
  	
  	
  	
  

We	
  have	
  L=5	
  BUT	
  	
  NOW	
  we	
  assume:	
  
N = 10

<latexit sha1_base64="Qjy/mzGDai0E7uKX5vbauAjGf8k="></latexit>

X(⌦)

<latexit sha1_base64="/5/TOCsaWxY0+kmHLMl8ocsHPDA="></latexit>

N � 1

<latexit sha1_base64="/uOz7fTq31/hB9x5atEHVdGiG+I="></latexit>



⌦0 =
2⇡

N
=

⇡

5

<latexit sha1_base64="48V5DqCk6nytmRUk4oQ8E4ZjhIw="></latexit>

HERE	
  Omega_0	
  is	
  smaller	
  since	
  N	
  is	
  bigger	
  !!!	
  
Then,	
  we	
  get	
  more	
  points	
  from	
  the	
  FT	
  !!	
  

|X(⌦)|

<latexit sha1_base64="dEtWWRlghwAymQjqsfvutj7O5C0="></latexit>

|XN [k]|

<latexit sha1_base64="sliJF7aUqwMfPGUJNoZrzqjil14="></latexit>

⌦

<latexit sha1_base64="OvVvSJXQdCcdeqYYn9LCqZzOg/8="></latexit>

k

<latexit sha1_base64="j/7WUJgLHQ8hNef8xY9PeoD6hjE="></latexit>



N = 10

<latexit sha1_base64="Qjy/mzGDai0E7uKX5vbauAjGf8k="></latexit>

N = 6

<latexit sha1_base64="9feDCUYjmyI2NiU8KzSK8JaIc24="></latexit>

COMPARE:	
  	
  	
  	
  

⌦0 =
2⇡

N
=

⇡

5

<latexit sha1_base64="48V5DqCk6nytmRUk4oQ8E4ZjhIw="></latexit>

⌦0 =
2⇡

N
=

⇡

3

<latexit sha1_base64="4LuVhA4J9lt4Joc6wnUkx3eDzO0="></latexit>



Again	
  the	
  example:	
  	
  	
  	
  

X(⌦)

<latexit sha1_base64="/5/TOCsaWxY0+kmHLMl8ocsHPDA="></latexit>

We	
  have	
  L=5	
  BUT	
  NOW	
  we	
  assume:	
  
N = 3

<latexit sha1_base64="7zH43xSrudkPpeZolz6me5IAM0s="></latexit>

L > N !!!

<latexit sha1_base64="zGOmOVh9Qg1zSC5JTxanA9Kiuo8="></latexit>

L  N

<latexit sha1_base64="AA6g0nK4AGRlA+VkRk/wFdXwmEc="></latexit>

We	
  need:	
  

N � 1

<latexit sha1_base64="/uOz7fTq31/hB9x5atEHVdGiG+I="></latexit>



graphically:	
  	
  	
  	
  

	
  	
  	
  	
  NO	
  CORRESPONDENCE	
  !	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Since	
  	
  L>N	
  !!!	
  

We	
  need:	
   L  N

<latexit sha1_base64="AA6g0nK4AGRlA+VkRk/wFdXwmEc="></latexit>



Other	
  way	
  to	
  see	
  the	
  DFT	
  

One	
  can	
  consider	
  the	
  DFT	
  as	
  a	
  completely	
  different	
  
mathema@cal	
  operator	
  (with	
  respect	
  to	
  the	
  Fourier	
  
series)	
  that	
  is	
  func@on	
  of	
  x[n]	
  and	
  N:	
  

With	
  the	
  condi@on	
  that:	
   N � L

<latexit sha1_base64="YxWN8t7FdKedBnxI7fOixI9MDlc="></latexit>

Where	
  L	
  is	
  the	
  length	
  of	
  x[n]	
  




