
TOPIC	
  4	
  	
  
The	
  prac.cal	
  computa.on	
  of	
  Fourier	
  

(e.g.,	
  with	
  Matlab)	
  
PART	
  3	
  



Fast	
  Fourier	
  Transform	
  (FFT)	
  

! 	
  	
  JUST	
  a	
  FAST	
  WAY	
  of	
  compu<ng	
  DFT	
  
! 	
  	
  FFT	
  is	
  faster	
  since	
  takes	
  advantage	
  of	
  the	
  
structure	
  	
  of	
  the	
  matrix	
  	
  of	
  DFT	
  	
  	
  
! 	
  MATLAB	
  (or	
  Octave)	
  USES	
  FFT	
  !	
  

FFT	
  =	
  DFT	
  but	
  faster	
  	
  



With	
  Matlab:	
  fft(x,N)	
  and	
  ifft(x,N)	
  

X=fft(x,N) is the N-point FFT of x (i.e., it is 
computing the DFT), padded with zeros if x has 
less than N points and truncated if it has 
more. 

x=ifft(X,N) is the inverse discrete Fourier 
transform (Inverse DFT) of X. 



With	
  Matlab	
  (or	
  Octave)	
  
	
  FFT	
  

x =                       X=fft(x)= 

n =                             k = 

0 1 2 3 4 5 6 7  0 1 2 3 4 5 6 7  

N=20; 
x=[1 1 1 1 1 zeros(1,15)]; 
X=fft(x,N);  
k=0:(N-1); 
figure;  
stem(k,abs(X)); 	
  



With	
  Matlab	
  (or	
  Octave)	
  
N=20; 
x=[1 1 1 1 1 zeros(1,15)]; 
X=fft(x,N);  
k=0:(N-1); 
figure;  
stem(k,abs(X)); 	
  

|XN [k]|

<latexit sha1_base64="ZjjclCjExswD5KQZTXD/3P/8548=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRb0VvHiSCrYNpKFstpt26WYTdzdCSfsnvHhQxKt/x5v/xm2bg7Y+GHi8N8PMvCDhTGnb/rYKa+sbm1vF7dLO7t7+QfnwqK3iVBLaIjGPpRtgRTkTtKWZ5tRNJMVRwGknGN3M/M4TlYrF4kGPE+pHeCBYyAjWRnInbu/OG/mTXrliV+050CpxclKBHM1e+avbj0kaUaEJx0p5jp1oP8NSM8LptNRNFU0wGeEB9QwVOKLKz+b3TtGZUfoojKUpodFc/T2R4UipcRSYzgjroVr2ZuJ/npfq8MrPmEhSTQVZLApTjnSMZs+jPpOUaD42BBPJzK2IDLHERJuISiYEZ/nlVdK+qDq1av2+Vmlc53EU4QRO4RwcuIQG3EITWkCAwzO8wpv1aL1Y79bHorVg5TPH8AfW5w/6OI/p</latexit>

This	
  symmetry	
  is	
  due	
  to	
  the	
  fact	
  
that	
  x[n]	
  is	
  real…	
  	
  

k

<latexit sha1_base64="ZF80L+LQwuTY7T259ECZL2kH4Kk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1R2M9w==</latexit>



IMP:	
  Interpre<ng	
  the	
  FFT	
  output	
  

|XN [k]|

<latexit sha1_base64="ZjjclCjExswD5KQZTXD/3P/8548=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRb0VvHiSCrYNpKFstpt26WYTdzdCSfsnvHhQxKt/x5v/xm2bg7Y+GHi8N8PMvCDhTGnb/rYKa+sbm1vF7dLO7t7+QfnwqK3iVBLaIjGPpRtgRTkTtKWZ5tRNJMVRwGknGN3M/M4TlYrF4kGPE+pHeCBYyAjWRnInbu/OG/mTXrliV+050CpxclKBHM1e+avbj0kaUaEJx0p5jp1oP8NSM8LptNRNFU0wGeEB9QwVOKLKz+b3TtGZUfoojKUpodFc/T2R4UipcRSYzgjroVr2ZuJ/npfq8MrPmEhSTQVZLApTjnSMZs+jPpOUaD42BBPJzK2IDLHERJuISiYEZ/nlVdK+qDq1av2+Vmlc53EU4QRO4RwcuIQG3EITWkCAwzO8wpv1aL1Y79bHorVg5TPH8AfW5w/6OI/p</latexit>

k

<latexit sha1_base64="ZF80L+LQwuTY7T259ECZL2kH4Kk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1R2M9w==</latexit>

0

<latexit sha1_base64="N5TJ24ZtGvvOJUapKeIo4Hi0i/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe7GMvA==</latexit>

N � 1

<latexit sha1_base64="2p8JcnHXzX3oSariyapVDRqlMkU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0GvXiSiOYByRJmJ5NkyOzsMtMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0c3Ubz5xbUSkHnEccz+kAyX6glG00sPdmdctltyyOwNZJl5GSpCh1i1+dXoRS0KukElqTNtzY/RTqlEwySeFTmJ4TNmIDnjbUkVDbvx0duqEnFilR/qRtqWQzNTfEykNjRmHge0MKQ7NojcV//PaCfav/FSoOEGu2HxRP5EEIzL9m/SE5gzl2BLKtLC3EjakmjK06RRsCN7iy8ukcV72KuWL+0qpep3FkYcjOIZT8OASqnALNagDgwE8wyu8OdJ5cd6dj3lrzslmDuEPnM8fgkONTA==</latexit>

⌦

<latexit sha1_base64="stkaudQD0h62aiewQx95TTWX3YE=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF29GMA9IljA76U3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9c8av+DHiZBDmpoBz1Xvmr21c0FSAt5cSYTuAnNsyItoxymJS6qYGE0BEZQMdRSQSYMJtdO8EnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9HXcZxqo5WNHCNXM3YrpkGhCrQuo5EIIFl9eJs2zanBevbg/r9Su8ziK6Agdo1MUoEtUQ7eojhqIokf0jF7Rm6e8F+/d+5i3Frx85hD9gff5A2HJjwM=</latexit>

0

<latexit sha1_base64="N5TJ24ZtGvvOJUapKeIo4Hi0i/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe7GMvA==</latexit>

2⇡

<latexit sha1_base64="iJPgbXPNZGzRNoO2wnd0KanAjWo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpf5vSeqNIvko5nH1Bd4IlnICDaZ1BjGbFStuXU3B1onXkFqUKA9qn4NxxFJBJWGcKz1wHNj46dYGUY4XVSGiaYxJjM8oQNLJRZU+2l+6wJdWGWMwkjZkgbl6u+JFAut5yKwnQKbqV71MvE/b5CY8MZPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOuk26l6zfvXQrLVuizjKcAbncAkeXEML7qENHSAwhWd4hTdHOC/Ou/OxbC05xcwp/IHz+QPDm44R</latexit>

⌦0

<latexit sha1_base64="Hl137xjKInztA8CNXotpXIhIbJs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRizcr2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgkfYMNwIbCcKqQwEtoLRzdRvPaHSPI4ezDhBX9JBxEPOqLFSu3sncUB7bq9ccavuDGSZeDmpQI56r/zV7ccslRgZJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lEZWo/Wx274ScWKVPwljZigyZqb8nMiq1HsvAdkpqhnrRm4r/eZ3UhFd+xqMkNRix+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLIheIsvL5PmWdU7r17cn1dq13kcRTiCYzgFDy6hBrdQhwYwEPAMr/DmPDovzrvzMW8tOPnMIfyB8/kDiVuPpg==</latexit>

⌦

<latexit sha1_base64="stkaudQD0h62aiewQx95TTWX3YE=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF29GMA9IljA76U3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9c8av+DHiZBDmpoBz1Xvmr21c0FSAt5cSYTuAnNsyItoxymJS6qYGE0BEZQMdRSQSYMJtdO8EnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9HXcZxqo5WNHCNXM3YrpkGhCrQuo5EIIFl9eJs2zanBevbg/r9Su8ziK6Agdo1MUoEtUQ7eojhqIokf0jF7Rm6e8F+/d+5i3Frx85hD9gff5A2HJjwM=</latexit>

⌦0

<latexit sha1_base64="Hl137xjKInztA8CNXotpXIhIbJs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRizcr2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgkfYMNwIbCcKqQwEtoLRzdRvPaHSPI4ezDhBX9JBxEPOqLFSu3sncUB7bq9ccavuDGSZeDmpQI56r/zV7ccslRgZJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lEZWo/Wx274ScWKVPwljZigyZqb8nMiq1HsvAdkpqhnrRm4r/eZ3UhFd+xqMkNRix+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLIheIsvL5PmWdU7r17cn1dq13kcRTiCYzgFDy6hBrdQhwYwEPAMr/DmPDovzrvzMW8tOPnMIfyB8/kDiVuPpg==</latexit>

2⌦0

<latexit sha1_base64="Bilod5AsEzSQauFRFIo6a7VJHyE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB6DXrwZwTwkWcLspDcZMrO7zMwKIeQrvHhQxKuf482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ch5hw3AjsJ0opDIQ2ApGNzO/9YRK8zh6MOMEfUkHEQ85o8ZKj5XuncQB7bm9Ysktu3OQVeJlpAQZ6r3iV7cfs1RiZJigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LI2oRO1P5gdPyZlV+iSMla3IkLn6e2JCpdZjGdhOSc1QL3sz8T+vk5rwyp/wKEkNRmyxKEwFMTGZfU/6XCEzYmwJZYrbWwkbUkWZsRkVbAje8surpFkpe9XyxX21VLvO4sjDCZzCOXhwCTW4hTo0gIGEZ3iFN0c5L86787FozTnZzDH8gfP5A/ulj+I=</latexit>

0

<latexit sha1_base64="N5TJ24ZtGvvOJUapKeIo4Hi0i/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe7GMvA==</latexit>

⌦0

<latexit sha1_base64="Hl137xjKInztA8CNXotpXIhIbJs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRizcr2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgkfYMNwIbCcKqQwEtoLRzdRvPaHSPI4ezDhBX9JBxEPOqLFSu3sncUB7bq9ccavuDGSZeDmpQI56r/zV7ccslRgZJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lEZWo/Wx274ScWKVPwljZigyZqb8nMiq1HsvAdkpqhnrRm4r/eZ3UhFd+xqMkNRix+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLIheIsvL5PmWdU7r17cn1dq13kcRTiCYzgFDy6hBrdQhwYwEPAMr/DmPDovzrvzMW8tOPnMIfyB8/kDiVuPpg==</latexit>

⌦0

<latexit sha1_base64="Hl137xjKInztA8CNXotpXIhIbJs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRizcr2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgkfYMNwIbCcKqQwEtoLRzdRvPaHSPI4ezDhBX9JBxEPOqLFSu3sncUB7bq9ccavuDGSZeDmpQI56r/zV7ccslRgZJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lEZWo/Wx274ScWKVPwljZigyZqb8nMiq1HsvAdkpqhnrRm4r/eZ3UhFd+xqMkNRix+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLIheIsvL5PmWdU7r17cn1dq13kcRTiCYzgFDy6hBrdQhwYwEPAMr/DmPDovzrvzMW8tOPnMIfyB8/kDiVuPpg==</latexit>

⌦0 =
2⇡

N

<latexit sha1_base64="lCdVblsyHbme9oEIcc8EIhljBzs=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSlIpehKIXT1rB1kITwma7aZfubsLuRighF/+KFw+KePVnePPfuG1z0NYHA4/3ZpiZFyaMKu0431ZpaXllda28XtnY3NresXf3OipOJSZtHLNYdkOkCKOCtDXVjHQTSRAPGXkIR1cT/+GRSEVjca/HCfE5GggaUYy0kQL7wLvlZIAC58KLJMJZ3Utont3kgV11as4UcJG4BamCAq3A/vL6MU45ERozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1CBOFF+Nn0gh8dG6cMolqaEhlP190SGuFJjHppOjvRQzXsT8T+vl+ro3M+oSFJNBJ4tilIGdQwnacA+lQRrNjYEYUnNrRAPkQlCm8wqJgR3/uVF0qnX3Ebt9K5RbV4WcZTBITgCJ8AFZ6AJrkELtAEGOXgGr+DNerJerHfrY9ZasoqZffAH1ucPXXKWRw==</latexit>



IMP:	
  Interpre<ng	
  the	
  FFT	
  output	
  

|XN [k]|

<latexit sha1_base64="ZjjclCjExswD5KQZTXD/3P/8548=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRb0VvHiSCrYNpKFstpt26WYTdzdCSfsnvHhQxKt/x5v/xm2bg7Y+GHi8N8PMvCDhTGnb/rYKa+sbm1vF7dLO7t7+QfnwqK3iVBLaIjGPpRtgRTkTtKWZ5tRNJMVRwGknGN3M/M4TlYrF4kGPE+pHeCBYyAjWRnInbu/OG/mTXrliV+050CpxclKBHM1e+avbj0kaUaEJx0p5jp1oP8NSM8LptNRNFU0wGeEB9QwVOKLKz+b3TtGZUfoojKUpodFc/T2R4UipcRSYzgjroVr2ZuJ/npfq8MrPmEhSTQVZLApTjnSMZs+jPpOUaD42BBPJzK2IDLHERJuISiYEZ/nlVdK+qDq1av2+Vmlc53EU4QRO4RwcuIQG3EITWkCAwzO8wpv1aL1Y79bHorVg5TPH8AfW5w/6OI/p</latexit>

⌦

<latexit sha1_base64="stkaudQD0h62aiewQx95TTWX3YE=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF29GMA9IljA76U3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9c8av+DHiZBDmpoBz1Xvmr21c0FSAt5cSYTuAnNsyItoxymJS6qYGE0BEZQMdRSQSYMJtdO8EnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9HXcZxqo5WNHCNXM3YrpkGhCrQuo5EIIFl9eJs2zanBevbg/r9Su8ziK6Agdo1MUoEtUQ7eojhqIokf0jF7Rm6e8F+/d+5i3Frx85hD9gff5A2HJjwM=</latexit>

0

<latexit sha1_base64="N5TJ24ZtGvvOJUapKeIo4Hi0i/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe7GMvA==</latexit>

2⇡

<latexit sha1_base64="iJPgbXPNZGzRNoO2wnd0KanAjWo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpf5vSeqNIvko5nH1Bd4IlnICDaZ1BjGbFStuXU3B1onXkFqUKA9qn4NxxFJBJWGcKz1wHNj46dYGUY4XVSGiaYxJjM8oQNLJRZU+2l+6wJdWGWMwkjZkgbl6u+JFAut5yKwnQKbqV71MvE/b5CY8MZPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOuk26l6zfvXQrLVuizjKcAbncAkeXEML7qENHSAwhWd4hTdHOC/Ou/OxbC05xcwp/IHz+QPDm44R</latexit>

⌦0

<latexit sha1_base64="Hl137xjKInztA8CNXotpXIhIbJs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRizcr2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgkfYMNwIbCcKqQwEtoLRzdRvPaHSPI4ezDhBX9JBxEPOqLFSu3sncUB7bq9ccavuDGSZeDmpQI56r/zV7ccslRgZJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lEZWo/Wx274ScWKVPwljZigyZqb8nMiq1HsvAdkpqhnrRm4r/eZ3UhFd+xqMkNRix+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLIheIsvL5PmWdU7r17cn1dq13kcRTiCYzgFDy6hBrdQhwYwEPAMr/DmPDovzrvzMW8tOPnMIfyB8/kDiVuPpg==</latexit>

⌦0 =
2⇡

N

<latexit sha1_base64="lCdVblsyHbme9oEIcc8EIhljBzs=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSlIpehKIXT1rB1kITwma7aZfubsLuRighF/+KFw+KePVnePPfuG1z0NYHA4/3ZpiZFyaMKu0431ZpaXllda28XtnY3NresXf3OipOJSZtHLNYdkOkCKOCtDXVjHQTSRAPGXkIR1cT/+GRSEVjca/HCfE5GggaUYy0kQL7wLvlZIAC58KLJMJZ3Utont3kgV11as4UcJG4BamCAq3A/vL6MU45ERozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1CBOFF+Nn0gh8dG6cMolqaEhlP190SGuFJjHppOjvRQzXsT8T+vl+ro3M+oSFJNBJ4tilIGdQwnacA+lQRrNjYEYUnNrRAPkQlCm8wqJgR3/uVF0qnX3Ebt9K5RbV4WcZTBITgCJ8AFZ6AJrkELtAEGOXgGr+DNerJerHfrY9ZasoqZffAH1ucPXXKWRw==</latexit>

⌦

<latexit sha1_base64="stkaudQD0h62aiewQx95TTWX3YE=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF29GMA9IljA76U3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9c8av+DHiZBDmpoBz1Xvmr21c0FSAt5cSYTuAnNsyItoxymJS6qYGE0BEZQMdRSQSYMJtdO8EnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9HXcZxqo5WNHCNXM3YrpkGhCrQuo5EIIFl9eJs2zanBevbg/r9Su8ziK6Agdo1MUoEtUQ7eojhqIokf0jF7Rm6e8F+/d+5i3Frx85hD9gff5A2HJjwM=</latexit>

⌦0

<latexit sha1_base64="Hl137xjKInztA8CNXotpXIhIbJs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRizcr2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgkfYMNwIbCcKqQwEtoLRzdRvPaHSPI4ezDhBX9JBxEPOqLFSu3sncUB7bq9ccavuDGSZeDmpQI56r/zV7ccslRgZJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lEZWo/Wx274ScWKVPwljZigyZqb8nMiq1HsvAdkpqhnrRm4r/eZ3UhFd+xqMkNRix+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLIheIsvL5PmWdU7r17cn1dq13kcRTiCYzgFDy6hBrdQhwYwEPAMr/DmPDovzrvzMW8tOPnMIfyB8/kDiVuPpg==</latexit>

2⌦0

<latexit sha1_base64="Bilod5AsEzSQauFRFIo6a7VJHyE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB6DXrwZwTwkWcLspDcZMrO7zMwKIeQrvHhQxKuf482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ch5hw3AjsJ0opDIQ2ApGNzO/9YRK8zh6MOMEfUkHEQ85o8ZKj5XuncQB7bm9Ysktu3OQVeJlpAQZ6r3iV7cfs1RiZJigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LI2oRO1P5gdPyZlV+iSMla3IkLn6e2JCpdZjGdhOSc1QL3sz8T+vk5rwyp/wKEkNRmyxKEwFMTGZfU/6XCEzYmwJZYrbWwkbUkWZsRkVbAje8surpFkpe9XyxX21VLvO4sjDCZzCOXhwCTW4hTo0gIGEZ3iFN0c5L86787FozTnZzDH8gfP5A/ulj+I=</latexit>

0

<latexit sha1_base64="N5TJ24ZtGvvOJUapKeIo4Hi0i/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe7GMvA==</latexit>

⌦0

<latexit sha1_base64="Hl137xjKInztA8CNXotpXIhIbJs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRizcr2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgkfYMNwIbCcKqQwEtoLRzdRvPaHSPI4ezDhBX9JBxEPOqLFSu3sncUB7bq9ccavuDGSZeDmpQI56r/zV7ccslRgZJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lEZWo/Wx274ScWKVPwljZigyZqb8nMiq1HsvAdkpqhnrRm4r/eZ3UhFd+xqMkNRix+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLIheIsvL5PmWdU7r17cn1dq13kcRTiCYzgFDy6hBrdQhwYwEPAMr/DmPDovzrvzMW8tOPnMIfyB8/kDiVuPpg==</latexit>

⌦0

<latexit sha1_base64="Hl137xjKInztA8CNXotpXIhIbJs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRizcr2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgkfYMNwIbCcKqQwEtoLRzdRvPaHSPI4ezDhBX9JBxEPOqLFSu3sncUB7bq9ccavuDGSZeDmpQI56r/zV7ccslRgZJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lEZWo/Wx274ScWKVPwljZigyZqb8nMiq1HsvAdkpqhnrRm4r/eZ3UhFd+xqMkNRix+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLIheIsvL5PmWdU7r17cn1dq13kcRTiCYzgFDy6hBrdQhwYwEPAMr/DmPDovzrvzMW8tOPnMIfyB8/kDiVuPpg==</latexit>

|X(⌦)|

<latexit sha1_base64="bhL45R8/JdNCX3mSX1s7ENTaXD8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXKnosevFmBfsB26Vk02wbmk2WZFYobX+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyaCG3Ddbye3tr6xuZXfLuzs7u0fFA+PmkalmrIGVULpdkgME1yyBnAQrJ1oRuJQsFY4vJ35rSemDVfyEUYJC2LSlzzilICV/Em73LmPWZ+cT7rFkltx58CrxMtICWWod4tfnZ6iacwkUEGM8T03gWBMNHAq2LTQSQ1LCB2SPvMtlSRmJhjPT57iM6v0cKS0LQl4rv6eGJPYmFEc2s6YwMAsezPxP89PIboOxlwmKTBJF4uiVGBQePY/7nHNKIiRJYRqbm/FdEA0oWBTKtgQvOWXV0nzouJVK5cP1VLtJosjj07QKSojD12hGrpDddRAFCn0jF7RmwPOi/PufCxac042c4z+wPn8AaCXkNY=</latexit>



Recall	
  this	
  slide…	
  
Matlab	
  returns	
  N	
  complex	
  numbers:	
  

XN [0], XN [1], XN [2]..., XN [N � 1]

<latexit sha1_base64="CjNNb2yVpxNNsccphHbCXUXK2Lc="></latexit>

⌦0

<latexit sha1_base64="19B/8Q3tudRibR4+pGhbHZ0OqxU="></latexit>

(N � 1)⌦0

<latexit sha1_base64="J2qmcwPxfxdIl9rcRBP9DZZL6ZQ="></latexit>

0

<latexit sha1_base64="zWg9splX0D5BfDOgKPoZDx0EH6Q="></latexit>

2⌦0

<latexit sha1_base64="fSAk4VOk6T48lUcFhUOd+8EgGAw="></latexit>

⌦0 =
2⇡

N

<latexit sha1_base64="6vJw6sg7TNpJ0BGjtHL3IYmyl0I="></latexit>

XN [k] = X(⌦)
���
k⌦0

= X (k⌦0)

<latexit sha1_base64="u9+XJs2ZLniu/nkBu9n91RBJ9fw="></latexit>

XN [k] = X(⌦)
���
k 2⇡

N

= X

✓
k

2⇡

N

◆

<latexit sha1_base64="cHEZgPP7eV6vh3TKxEm6Y9zCDfo="></latexit>



Recall	
  this	
  slide…	
  

WE	
  ARE	
  “SAMPLING”	
  the	
  FOURIER	
  TRANSFORM	
  of	
  
x[n]	
  in	
  frequency	
  domain.	
  	
  	
  

XN [k] = X(⌦)
���
k 2⇡

N

= X

✓
k

2⇡

N

◆

<latexit sha1_base64="cHEZgPP7eV6vh3TKxEm6Y9zCDfo="></latexit>

XN [k] = X(⌦)
���
k⌦0

= X (k⌦0)

<latexit sha1_base64="u9+XJs2ZLniu/nkBu9n91RBJ9fw="></latexit>

⌦0 =
2⇡

N

<latexit sha1_base64="6vJw6sg7TNpJ0BGjtHL3IYmyl0I="></latexit>

x[n]

<latexit sha1_base64="32S+5Cd3ZiDrryf15gTFjIr8Ohc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48VTFtIQ9lsN+3S3U3Y3Ygl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRWyeZItQnCU9UN8Kaciapb5jhtJsqikXEaSca3878ziNVmiXywUxSGgo8lCxmBBsr+U+BDFG/WnPr7hxolXgFqUGBVr/61RskJBNUGsKx1oHnpibMsTKMcDqt9DJNU0zGeEgDSyUWVIf5/NgpOrPKAMWJsiUNmqu/J3IstJ6IyHYKbEZ62ZuJ/3lBZuLrMGcyzQyVZLEozjgyCZp9jgZMUWL4xBJMFLO3IjLCChNj86nYELzll1dJ+6LuNeqX941a86aIowwncArn4MEVNOEOWuADAQbP8ApvjnRenHfnY9FacoqZY/gD5/MHbtyOcg==</latexit>

X(⌦)

<latexit sha1_base64="h4o9YQvXz/1uhskuZYXjQ27wTio=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKRI9BL96MYB6SLGF20psMmdldZmaFEPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSK4Nq777aysrq1vbOa28ts7u3v7hYPDho5TxbDOYhGrVkA1Ch5h3XAjsJUopDIQ2AyGN1O/+YRK8zh6MKMEfUn7EQ85o8ZKj61S505in551C0W37M5AlomXkSJkqHULX51ezFKJkWGCat323MT4Y6oMZwIn+U6qMaFsSPvYtjSiErU/nh08IadW6ZEwVrYiQ2bq74kxlVqPZGA7JTUDvehNxf+8dmrCK3/MoyQ1GLH5ojAVxMRk+j3pcYXMiJEllClubyVsQBVlxmaUtyF4iy8vk8Z52auUL+4rxep1FkcOjuEESuDBJVThFmpQBwYSnuEV3hzlvDjvzse8dcXJZo7gD5zPH9bpj8o=</latexit>



Another	
  slide:	
  for	
  the	
  same	
  thing...	
  

|X(⌦)|

<latexit sha1_base64="bhL45R8/JdNCX3mSX1s7ENTaXD8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXKnosevFmBfsB26Vk02wbmk2WZFYobX+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyaCG3Ddbye3tr6xuZXfLuzs7u0fFA+PmkalmrIGVULpdkgME1yyBnAQrJ1oRuJQsFY4vJ35rSemDVfyEUYJC2LSlzzilICV/Em73LmPWZ+cT7rFkltx58CrxMtICWWod4tfnZ6iacwkUEGM8T03gWBMNHAq2LTQSQ1LCB2SPvMtlSRmJhjPT57iM6v0cKS0LQl4rv6eGJPYmFEc2s6YwMAsezPxP89PIboOxlwmKTBJF4uiVGBQePY/7nHNKIiRJYRqbm/FdEA0oWBTKtgQvOWXV0nzouJVK5cP1VLtJosjj07QKSojD12hGrpDddRAFCn0jF7RmwPOi/PufCxac042c4z+wPn8AaCXkNY=</latexit>

|XN [k]|

<latexit sha1_base64="6xhouUoBtTloKg95NbD22RHi5MM=">AAAB/nicbVBNS8NAEN3Urxq/ouLJS7AU6qUkUtFj0YsnrWDbQBrCZrtpl+4mYXcjlKTgX/HiQRGv/g5v/hu3bQ7a+mDg8d4MM/OChBIhLetbK62srq1vlDf1re2d3T1j/6Aj4pQj3EYxjbkTQIEpiXBbEkmxk3AMWUBxNxhdT/3uI+aCxNGDHCfYY3AQkZAgKJXkG0fV3Kn17hgewNNczx3/1h15uW9UrLo1g7lM7IJUQIGWb3z1+jFKGY4kolAI17YS6WWQS4Ionui9VOAEohEcYFfRCDIsvGx2/sSsKqVvhjFXFUlzpv6eyCATYswC1cmgHIpFbyr+57mpDC+9jERJKnGE5ovClJoyNqdZmH3CMZJ0rAhEnKhbTTSEHCKpEtNVCPbiy8ukc1a3G/Xz+0aleVXEUQbH4ATUgA0uQBPcgBZoAwQy8AxewZv2pL1o79rHvLWkFTOH4A+0zx/ASpS6</latexit>

XN [k] = X(⌦)
���
k⌦0

= X (k⌦0)

<latexit sha1_base64="u9+XJs2ZLniu/nkBu9n91RBJ9fw="></latexit>

⌦

<latexit sha1_base64="stkaudQD0h62aiewQx95TTWX3YE=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF29GMA9IljA76U3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9c8av+DHiZBDmpoBz1Xvmr21c0FSAt5cSYTuAnNsyItoxymJS6qYGE0BEZQMdRSQSYMJtdO8EnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9HXcZxqo5WNHCNXM3YrpkGhCrQuo5EIIFl9eJs2zanBevbg/r9Su8ziK6Agdo1MUoEtUQ7eojhqIokf0jF7Rm6e8F+/d+5i3Frx85hD9gff5A2HJjwM=</latexit>

0

<latexit sha1_base64="N5TJ24ZtGvvOJUapKeIo4Hi0i/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe7GMvA==</latexit>

2⇡

<latexit sha1_base64="iJPgbXPNZGzRNoO2wnd0KanAjWo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpf5vSeqNIvko5nH1Bd4IlnICDaZ1BjGbFStuXU3B1onXkFqUKA9qn4NxxFJBJWGcKz1wHNj46dYGUY4XVSGiaYxJjM8oQNLJRZU+2l+6wJdWGWMwkjZkgbl6u+JFAut5yKwnQKbqV71MvE/b5CY8MZPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOuk26l6zfvXQrLVuizjKcAbncAkeXEML7qENHSAwhWd4hTdHOC/Ou/OxbC05xcwp/IHz+QPDm44R</latexit>

⌦

<latexit sha1_base64="stkaudQD0h62aiewQx95TTWX3YE=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF29GMA9IljA76U3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9c8av+DHiZBDmpoBz1Xvmr21c0FSAt5cSYTuAnNsyItoxymJS6qYGE0BEZQMdRSQSYMJtdO8EnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9HXcZxqo5WNHCNXM3YrpkGhCrQuo5EIIFl9eJs2zanBevbg/r9Su8ziK6Agdo1MUoEtUQ7eojhqIokf0jF7Rm6e8F+/d+5i3Frx85hD9gff5A2HJjwM=</latexit>

0

<latexit sha1_base64="N5TJ24ZtGvvOJUapKeIo4Hi0i/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe7GMvA==</latexit>

2⇡

<latexit sha1_base64="iJPgbXPNZGzRNoO2wnd0KanAjWo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpf5vSeqNIvko5nH1Bd4IlnICDaZ1BjGbFStuXU3B1onXkFqUKA9qn4NxxFJBJWGcKz1wHNj46dYGUY4XVSGiaYxJjM8oQNLJRZU+2l+6wJdWGWMwkjZkgbl6u+JFAut5yKwnQKbqV71MvE/b5CY8MZPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOuk26l6zfvXQrLVuizjKcAbncAkeXEML7qENHSAwhWd4hTdHOC/Ou/OxbC05xcwp/IHz+QPDm44R</latexit>

2⌦0

<latexit sha1_base64="oR30ukb7CAJd+i5huYwQBLLIX/g="></latexit>

N = 20

<latexit sha1_base64="SpP1Qkk0fqykVFCLhcJqyKHwoYk="></latexit>



So	
  far…	
  

So	
  far,	
  we	
  have	
  just	
  “repeated”	
  several	
  <mes	
  the	
  same	
  
thing…	
  And	
  we	
  have	
  seen/studied	
  the	
  rela<onship:	
  	
  	
  

x[n]

<latexit sha1_base64="32S+5Cd3ZiDrryf15gTFjIr8Ohc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48VTFtIQ9lsN+3S3U3Y3Ygl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRWyeZItQnCU9UN8Kaciapb5jhtJsqikXEaSca3878ziNVmiXywUxSGgo8lCxmBBsr+U+BDFG/WnPr7hxolXgFqUGBVr/61RskJBNUGsKx1oHnpibMsTKMcDqt9DJNU0zGeEgDSyUWVIf5/NgpOrPKAMWJsiUNmqu/J3IstJ6IyHYKbEZ62ZuJ/3lBZuLrMGcyzQyVZLEozjgyCZp9jgZMUWL4xBJMFLO3IjLCChNj86nYELzll1dJ+6LuNeqX941a86aIowwncArn4MEVNOEOWuADAQbP8ApvjnRenHfnY9FacoqZY/gD5/MHbtyOcg==</latexit>

X(⌦)

<latexit sha1_base64="h4o9YQvXz/1uhskuZYXjQ27wTio=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKRI9BL96MYB6SLGF20psMmdldZmaFEPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSK4Nq777aysrq1vbOa28ts7u3v7hYPDho5TxbDOYhGrVkA1Ch5h3XAjsJUopDIQ2AyGN1O/+YRK8zh6MKMEfUn7EQ85o8ZKj61S505in551C0W37M5AlomXkSJkqHULX51ezFKJkWGCat323MT4Y6oMZwIn+U6qMaFsSPvYtjSiErU/nh08IadW6ZEwVrYiQ2bq74kxlVqPZGA7JTUDvehNxf+8dmrCK3/MoyQ1GLH5ojAVxMRk+j3pcYXMiJEllClubyVsQBVlxmaUtyF4iy8vk8Z52auUL+4rxep1FkcOjuEESuDBJVThFmpQBwYSnuEV3hzlvDjvzse8dcXJZo7gD5zPH9bpj8o=</latexit>

x[n]

<latexit sha1_base64="32S+5Cd3ZiDrryf15gTFjIr8Ohc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48VTFtIQ9lsN+3S3U3Y3Ygl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRWyeZItQnCU9UN8Kaciapb5jhtJsqikXEaSca3878ziNVmiXywUxSGgo8lCxmBBsr+U+BDFG/WnPr7hxolXgFqUGBVr/61RskJBNUGsKx1oHnpibMsTKMcDqt9DJNU0zGeEgDSyUWVIf5/NgpOrPKAMWJsiUNmqu/J3IstJ6IyHYKbEZ62ZuJ/3lBZuLrMGcyzQyVZLEozjgyCZp9jgZMUWL4xBJMFLO3IjLCChNj86nYELzll1dJ+6LuNeqX941a86aIowwncArn4MEVNOEOWuADAQbP8ApvjnRenHfnY9FacoqZY/gD5/MHbtyOcg==</latexit>

XN [k]

<latexit sha1_base64="+JEgZKbeoo5IhkINKZHZwQGWBsU=">AAAB/XicbVDLSsNAFJ34rPEVHzs3wVKom5JIRZdFN660gm0DaQiT6aQdOjMJMxOhpsVfceNCEbf+hzv/xqTNQlsPXDiccy/33hPElEhlWd/a0vLK6tp6aUPf3Nre2TX29tsySgTCLRTRSDgBlJgSjluKKIqdWGDIAoo7wfAq9zsPWEgS8Xs1irHHYJ+TkCCoMsk3Ditjp9q9ZbgPT8a649+4Q0/3jbJVs6YwF4ldkDIo0PSNr24vQgnDXCEKpXRtK1ZeCoUiiOKJ3k0kjiEawj52M8ohw9JLp9dPzEqm9MwwEllxZU7V3xMpZFKOWJB1MqgGct7Lxf88N1HhhZcSHicKczRbFCbUVJGZR2H2iMBI0VFGIBIku9VEAyggUllgeQj2/MuLpH1as+u1s7t6uXFZxFECR+AYVIENzkEDXIMmaAEEHsEzeAVv2pP2or1rH7PWJa2YOQB/oH3+ACrhk8I=</latexit>

MATLAB - FFT

<latexit sha1_base64="/HJcwoUSSeDGmLYHuvwqP30USYQ="></latexit>



NOW:	
  if	
  x[n]	
  is	
  a	
  sampled	
  signal	
  from	
  x(t)?	
  

x[n]

<latexit sha1_base64="32S+5Cd3ZiDrryf15gTFjIr8Ohc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48VTFtIQ9lsN+3S3U3Y3Ygl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRWyeZItQnCU9UN8Kaciapb5jhtJsqikXEaSca3878ziNVmiXywUxSGgo8lCxmBBsr+U+BDFG/WnPr7hxolXgFqUGBVr/61RskJBNUGsKx1oHnpibMsTKMcDqt9DJNU0zGeEgDSyUWVIf5/NgpOrPKAMWJsiUNmqu/J3IstJ6IyHYKbEZ62ZuJ/3lBZuLrMGcyzQyVZLEozjgyCZp9jgZMUWL4xBJMFLO3IjLCChNj86nYELzll1dJ+6LuNeqX941a86aIowwncArn4MEVNOEOWuADAQbP8ApvjnRenHfnY9FacoqZY/gD5/MHbtyOcg==</latexit>

XN [k]

<latexit sha1_base64="+JEgZKbeoo5IhkINKZHZwQGWBsU=">AAAB/XicbVDLSsNAFJ34rPEVHzs3wVKom5JIRZdFN660gm0DaQiT6aQdOjMJMxOhpsVfceNCEbf+hzv/xqTNQlsPXDiccy/33hPElEhlWd/a0vLK6tp6aUPf3Nre2TX29tsySgTCLRTRSDgBlJgSjluKKIqdWGDIAoo7wfAq9zsPWEgS8Xs1irHHYJ+TkCCoMsk3Ditjp9q9ZbgPT8a649+4Q0/3jbJVs6YwF4ldkDIo0PSNr24vQgnDXCEKpXRtK1ZeCoUiiOKJ3k0kjiEawj52M8ohw9JLp9dPzEqm9MwwEllxZU7V3xMpZFKOWJB1MqgGct7Lxf88N1HhhZcSHicKczRbFCbUVJGZR2H2iMBI0VFGIBIku9VEAyggUllgeQj2/MuLpH1as+u1s7t6uXFZxFECR+AYVIENzkEDXIMmaAEEHsEzeAVv2pP2or1rH7PWJa2YOQB/oH3+ACrhk8I=</latexit>

MATLAB - FFT

<latexit sha1_base64="/HJcwoUSSeDGmLYHuvwqP30USYQ="></latexit>

X(!)

<latexit sha1_base64="RRpOv4m/TPBkCWCS0VjmOydRcGk="></latexit>

x(t)

<latexit sha1_base64="LjXqdtfBXzC+NTc+YMVU4dfwUu8="></latexit>

x(t)

<latexit sha1_base64="LjXqdtfBXzC+NTc+YMVU4dfwUu8="></latexit>

x[n] = x(nT )

<latexit sha1_base64="wzeEd+ODGPygCAafmn9OzcEUM6A="></latexit>

T

<latexit sha1_base64="JUFyleXnqoqKvL8SHzfMvac7DR0="></latexit>

Sampling	
  period	
  -­‐	
  Sampling	
  step	
  	
  



EXAMPLE;	
  	
  	
  DFT=FFT	
  (Matlab)	
  

N = 51
<latexit sha1_base64="yP0Lu1Pki5v0+yvHqNiGIfgTzS8=">AAACG3icbVDLSsNAFJ3UV42vqks3wVJwFZK0optCwY2rUsE+IAlhMp20QyYPZiZCCf0PN/6KGxeKuBJc+DdO2iy09cCFwzn3cu89fkoJF4bxrVQ2Nre2d6q76t7+weFR7fhkwJOMIdxHCU3YyIccUxLjviCC4lHKMIx8iod+eFP4wwfMOEniezFLsRvBSUwCgqCQklezuu1LU204AYMot5yUzPPuvG3optW01Ab0wvbSMgt95HXt0PVqdUM3FtDWiVmSOijR82qfzjhBWYRjgSjk3DaNVLg5ZIIgiueqk3GcQhTCCbYljWGEuZsvfptrDamMtSBhsmKhLdTfEzmMOJ9FvuyMoJjyVa8Q//PsTATXbk7iNBM4RstFQUY1kWhFUNqYMIwEnUkCESPyVg1NocxCyDhVGYK5+vI6GVi62dStu1a90yrjqIIzcA4ugAmuQAfcgh7oAwQewTN4BW/Kk/KivCsfy9aKUs6cgj9Qvn4A5rme2w==</latexit>

|XN [k]|

<latexit sha1_base64="jARO05W7fKNSknHKOSliB3L0Ebk="></latexit>



FFT	
  en	
  Matlab:	
  interpre<ng	
  as	
  FT	
  of	
  x[n]	
  

2⇡

N
= 0.1232

<latexit sha1_base64="wq14RBoCS+b3JyKTYsac6dfJWcs=">AAACFXicbVDLSsNAFJ3UV62vqks3wVJwISFJC7opFNy4KhXsA5oQJtNJO3QyCTMToYT8hBt/xY0LRdwK7vwbJ20W2nrgwuGce7n3Hj+mREjT/NZKG5tb2zvl3cre/sHhUfX4pC+ihCPcQxGN+NCHAlPCcE8SSfEw5hiGPsUDf3aT+4MHzAWJ2L2cx9gN4YSRgCAoleRVL52AQ5TaTkyytJO1TMOyG3alDr1Za2lZuT70OqOZ61VrpmEuoK8TqyA1UKDrVb+ccYSSEDOJKBRiZJmxdFPIJUEUZxUnETiGaAYneKQogyEWbrr4KtPrShnrQcRVMakv1N8TKQyFmIe+6gyhnIpVLxf/80aJDK7dlLA4kZih5aIgobqM9DwifUw4RpLOFYGIE3WrjqZQZSFVkBUVgrX68jrp24bVMOy7Zq3dLOIogzNwDi6ABa5AG9yCLugBBB7BM3gFb9qT9qK9ax/L1pJWzJyCP9A+fwAc4p1/</latexit>

BETWEEN	
  
TWO	
  POINTS:	
  

⌦0 =

<latexit sha1_base64="1JS58NOJ/o30idpUaKPrec3i3co="></latexit>

2⇡
<latexit sha1_base64="plEd4ytRxhc1HJi72CrfdvRliEY=">AAACBHicbVDLSsNAFJ3UV42vqMtuBkvBVUmqoBuh6MZVqWAfkIQwmU7aIZMHMxOhhCzc+CtuXCji1o9w5984bbPQ1gMXDufcy733+CmjQprmt1ZZW9/Y3Kpu6zu7e/sHxuFRXyQZx6SHE5bwoY8EYTQmPUklI8OUExT5jAz88GbmDx4IFzSJ7+U0JW6ExjENKEZSSZ5Razkp1RvIC6+cgCOcW0XeKYZexw5dz6ibTXMOuEqsktRBia5nfDmjBGcRiSVmSAjbMlPp5ohLihkpdCcTJEU4RGNiKxqjiAg3nz9RwIZSRjBIuKpYwrn6eyJHkRDTyFedEZITsezNxP88O5PBpZvTOM0kifFiUZAxKBM4SwSOKCdYsqkiCHOqboV4glQWUuWmqxCs5ZdXSb/VtM6arbvzevu6jKMKauAEnAILXIA2uAVd0AMYPIJn8AretCftRXvXPhatFa2cOQZ/oH3+AFyxl0o=</latexit>

⇡
<latexit sha1_base64="K8c9jhQwxmgI2bf6u5sgJ/WO+v4=">AAACA3icbVDLSsNAFJ3UV42vqDvdDJaCq5JUQTdC0Y2rUsE+IAlhMp20QyYPZiZCCQE3/oobF4q49Sfc+TdO2yy09cCFwzn3cu89fsqokKb5rVVWVtfWN6qb+tb2zu6esX/QE0nGMenihCV84CNBGI1JV1LJyCDlBEU+I30/vJn6/QfCBU3iezlJiRuhUUwDipFUkmccOSnV68gLr5yAI5xbRd4uBl7bDl3PqJkNcwa4TKyS1ECJjmd8OcMEZxGJJWZICNsyU+nmiEuKGSl0JxMkRThEI2IrGqOICDef/VDAulKGMEi4qljCmfp7IkeREJPIV50RkmOx6E3F/zw7k8Glm9M4zSSJ8XxRkDEoEzgNBA4pJ1iyiSIIc6puhXiMVBZSxaarEKzFl5dJr9mwzhrNu/Na67qMowqOwQk4BRa4AC1wCzqgCzB4BM/gFbxpT9qL9q59zFsrWjlzCP5A+/wB5pGXDg==</latexit>

|X(⌦)|⌦=k⌦0

<latexit sha1_base64="aryMLOI0GSCZSlyy4C8Mz+M1YB4="></latexit>

N = 51
<latexit sha1_base64="yP0Lu1Pki5v0+yvHqNiGIfgTzS8=">AAACG3icbVDLSsNAFJ3UV42vqks3wVJwFZK0optCwY2rUsE+IAlhMp20QyYPZiZCCf0PN/6KGxeKuBJc+DdO2iy09cCFwzn3cu89fkoJF4bxrVQ2Nre2d6q76t7+weFR7fhkwJOMIdxHCU3YyIccUxLjviCC4lHKMIx8iod+eFP4wwfMOEniezFLsRvBSUwCgqCQklezuu1LU204AYMot5yUzPPuvG3optW01Ab0wvbSMgt95HXt0PVqdUM3FtDWiVmSOijR82qfzjhBWYRjgSjk3DaNVLg5ZIIgiueqk3GcQhTCCbYljWGEuZsvfptrDamMtSBhsmKhLdTfEzmMOJ9FvuyMoJjyVa8Q//PsTATXbk7iNBM4RstFQUY1kWhFUNqYMIwEnUkCESPyVg1NocxCyDhVGYK5+vI6GVi62dStu1a90yrjqIIzcA4ugAmuQAfcgh7oAwQewTN4BW/Kk/KivCsfy9aKUs6cgj9Qvn4A5rme2w==</latexit>



2⇡

NT
= 0.6160

<latexit sha1_base64="ktHKTyS0ren5VICHJqkXBJPtdxQ="></latexit>

BETWEEN	
  
TWO	
  POINTS:	
  

N = 51
<latexit sha1_base64="yP0Lu1Pki5v0+yvHqNiGIfgTzS8=">AAACG3icbVDLSsNAFJ3UV42vqks3wVJwFZK0optCwY2rUsE+IAlhMp20QyYPZiZCCf0PN/6KGxeKuBJc+DdO2iy09cCFwzn3cu89fkoJF4bxrVQ2Nre2d6q76t7+weFR7fhkwJOMIdxHCU3YyIccUxLjviCC4lHKMIx8iod+eFP4wwfMOEniezFLsRvBSUwCgqCQklezuu1LU204AYMot5yUzPPuvG3optW01Ab0wvbSMgt95HXt0PVqdUM3FtDWiVmSOijR82qfzjhBWYRjgSjk3DaNVLg5ZIIgiueqk3GcQhTCCbYljWGEuZsvfptrDamMtSBhsmKhLdTfEzmMOJ9FvuyMoJjyVa8Q//PsTATXbk7iNBM4RstFQUY1kWhFUNqYMIwEnUkCESPyVg1NocxCyDhVGYK5+vI6GVi62dStu1a90yrjqIIzcA4ugAmuQAfcgh7oAwQewTN4BW/Kk/KivCsfy9aKUs6cgj9Qvn4A5rme2w==</latexit>

FFT	
  en	
  Matlab:	
  interpre<ng	
  as	
  FT	
  of	
  x(t)	
  

!s

2
=

⇡

T
= 15.7080

<latexit sha1_base64="kdYl5JcBX45EHkA18/eYFJCLo9E="></latexit>

|X(!)|!=k!0

<latexit sha1_base64="kRXfUTe+Wpr61faTwXy+qSd9XXA="></latexit>

!0 =
⌦0

T
=

<latexit sha1_base64="xq9lIqMRM48y8s6QrPHFuYfjG/8="></latexit>



IMP!!!	
  

If	
  we	
  sa<sfy	
  Nyquist,	
  we	
  can	
  “see”	
  un<l	
  	
  !s

2
=

⇡

T
= 15.7080

<latexit sha1_base64="kdYl5JcBX45EHkA18/eYFJCLo9E="></latexit>

DUE	
  TO	
  NYQUIST	
  we	
  cannot	
  “see”	
  
more	
  frequencies	
  bigger	
  than	
  ws/2	
  

|X(!)|!=k!0

<latexit sha1_base64="kRXfUTe+Wpr61faTwXy+qSd9XXA="></latexit>

2⇡

NT
= 0.6160

<latexit sha1_base64="ktHKTyS0ren5VICHJqkXBJPtdxQ="></latexit>

BETWEEN	
  
TWO	
  POINTS:	
  

N = 51
<latexit sha1_base64="yP0Lu1Pki5v0+yvHqNiGIfgTzS8=">AAACG3icbVDLSsNAFJ3UV42vqks3wVJwFZK0optCwY2rUsE+IAlhMp20QyYPZiZCCf0PN/6KGxeKuBJc+DdO2iy09cCFwzn3cu89fkoJF4bxrVQ2Nre2d6q76t7+weFR7fhkwJOMIdxHCU3YyIccUxLjviCC4lHKMIx8iod+eFP4wwfMOEniezFLsRvBSUwCgqCQklezuu1LU204AYMot5yUzPPuvG3optW01Ab0wvbSMgt95HXt0PVqdUM3FtDWiVmSOijR82qfzjhBWYRjgSjk3DaNVLg5ZIIgiueqk3GcQhTCCbYljWGEuZsvfptrDamMtSBhsmKhLdTfEzmMOJ9FvuyMoJjyVa8Q//PsTATXbk7iNBM4RstFQUY1kWhFUNqYMIwEnUkCESPyVg1NocxCyDhVGYK5+vI6GVi62dStu1a90yrjqIIzcA4ugAmuQAfcgh7oAwQewTN4BW/Kk/KivCsfy9aKUs6cgj9Qvn4A5rme2w==</latexit>

!0 =
⌦0

T
=

<latexit sha1_base64="xq9lIqMRM48y8s6QrPHFuYfjG/8="></latexit>

!s

2
=

⇡

T
= 15.7080

<latexit sha1_base64="kdYl5JcBX45EHkA18/eYFJCLo9E="></latexit>

This	
  part	
  is	
  
useless…	
  



IMP!!!	
  

If	
   we	
   do	
   not	
   sa<sfy	
   Nyquist,	
   the	
   FFT	
   does	
   not	
  
make	
   any	
   sense….	
   It	
   is	
   useless	
   (we	
   lose	
   too	
  
much	
  informa<on	
  in	
  the	
  sampling	
  procedure).	
  



!s

2
=

⇡

T
= 15.7080

<latexit sha1_base64="kdYl5JcBX45EHkA18/eYFJCLo9E="></latexit>

If	
  the	
  signal	
  contains	
  frequencies	
  higher	
  than	
  

THEN	
  the	
  sampling	
  has	
  been	
  not	
  done	
  properly!	
  	
  	
  

!s

2
=

⇡

T
= 15.7080

<latexit sha1_base64="kdYl5JcBX45EHkA18/eYFJCLo9E="></latexit>

FFT	
  en	
  Matlab:	
  interpre<ng	
  as	
  FT	
  of	
  x(t)	
  



Interpre<ng	
  as	
  FT	
  of	
  x(t):	
  
	
  just	
  HALF	
  of	
  points	
  

2⇡

NT
= 0.6160

<latexit sha1_base64="ktHKTyS0ren5VICHJqkXBJPtdxQ="></latexit>

N

2
= 25.5

<latexit sha1_base64="CIf0DshN8PXaUtophUvhf2RQBtg="></latexit>

BETWEEN	
  
TWO	
  POINTS:	
  

NUMBER	
  OF	
  POINTS:	
  

!s

2
=

⇡

T
= 15.7080

<latexit sha1_base64="Lm0uK5lILLMUya82L/DpOho9+L8="></latexit>

N = 51
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