
TOPIC	
  5	
  	
  
ZETA	
  TRANSFORM	
  

PART	
  1	
  



ZETA	
  TRANSFORM	
  

DEFINITION:	
  

This	
  	
  is	
  the	
  so-­‐called	
  “Analysis	
  EquaAon”:	
  	
  
in	
  the	
  sense	
  that	
  we	
  go	
  from	
  Ame	
  domain-­‐	
  	
  x[n]	
  -­‐	
  	
  
to	
  the	
  transform	
  domain	
  -­‐	
  X(z).	
  

z 2 C

<latexit sha1_base64="pQ7/5uSEiE5XAJszx+M2lgHKnKk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURRZeFbnRXwT6gCWUynbRDJ5MwMxHa0C9x40IRt36KO//GSZuFth4YOJxzL/fMCRLOlHacb6u0sbm1vVPereztHxxW7aPjjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDSTP3u09UKhaLRz1NqB/hkWAhI1gbaWBXZx4TyIuwHgdB1pwP7JpTdxZA68QtSA0KtAb2lzeMSRpRoQnHSvVdJ9F+hqVmhNN5xUsVTTCZ4BHtGypwRJWfLYLP0blRhiiMpXlCo4X6eyPDkVLTKDCTeUK16uXif14/1eGtnzGRpJoKsjwUphzpGOUtoCGTlGg+NQQTyUxWRMZYYqJNVxVTgrv65XXSuay7V/Xrh6ta476oowyncAYX4MINNOAOWtAGAik8wyu8WTPrxXq3PpajJavYOYE/sD5/AK0MkyI=</latexit>

X(z) 2 C

<latexit sha1_base64="Oqp/Yus8oqXOntN1TleJfGkiCGU=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmkostCN7qrYB/QljKZTtqhk0mYmYg15FfcuFDErT/izr9x0mahrQcGDufcyz1zvIgzpR3n21pb39jc2i7sFHf39g8O7aNSW4WxJLRFQh7KrocV5UzQlmaa024kKQ48TjvetJH5nQcqFQvFvZ5FdBDgsWA+I1gbaWiXupWn8z4TqB9gPfG8pJEO7bJTdeZAq8TNSRlyNIf2V38UkjigQhOOleq5TqQHCZaaEU7TYj9WNMJkise0Z6jAAVWDZJ49RWdGGSE/lOYJjebq740EB0rNAs9MZgnVspeJ/3m9WPvXg4SJKNZUkMUhP+ZIhygrAo2YpETzmSGYSGayIjLBEhNt6iqaEtzlL6+S9kXVrVUv72rl+m1eRwFO4BQq4MIV1OEGmtACAo/wDK/wZqXWi/VufSxG16x85xj+wPr8ASfBk+k=</latexit>

It	
  is	
  a	
  generalizaAon/extension	
  of	
  the	
  Fourier	
  
Transform	
  for	
  a	
  signal	
  in	
  discrete	
  Ame	
  (DTFT).	
  

z 2 ROC

<latexit sha1_base64="2Dug1z6kONctejT3T1DswOnlQQY="></latexit>

Region	
  Of	
  Convergence	
  (ROC)	
  



ZETA	
  TRANSFORM	
  

X(z) =
+1X

n=�1
x[n]z�n

<latexit sha1_base64="z3DmogIykn8ZGmKolxbDMDsopzo="></latexit>

z = rej⌦

<latexit sha1_base64="ZvlB0RzP1sGgequLEINahKXTQRw="></latexit>

We	
  will	
  use	
  the	
  polar	
  representaAon	
  
	
  for	
  the	
  variable	
  z.	
   FREQUENCY	
  

z 2 ROC

<latexit sha1_base64="2Dug1z6kONctejT3T1DswOnlQQY="></latexit>

Region	
  of	
  Convergence	
  



POLAR	
  REPRESENTATION	
  

z = rej⌦

<latexit sha1_base64="ZvlB0RzP1sGgequLEINahKXTQRw="></latexit>

! For	
  each	
  r	
  and	
  Omega	
  we	
  have	
  a	
  complex	
  
number	
  z	
  (a	
  point	
  in	
  the	
  complex	
  plane).	
  

Real

<latexit sha1_base64="P5kgfCxE9il5THqJkpJTDlE4IP4="></latexit>

Imag.

<latexit sha1_base64="UzZ3GaOyKD4Il+cwHoJ8ZKiJ0Cw="></latexit>

z

<latexit sha1_base64="RUkNaNJ5WL4PqDV7iCV/3RxC7uI="></latexit>

r

<latexit sha1_base64="cqU1NwR/qUNEQEt5AmL3G0HyO0M="></latexit>

⌦

<latexit sha1_base64="cVj3xtsld9/8MlrQdyeT75vDr9c="></latexit>



RELATIONSHIP	
  with	
  other	
  topics/fields	
  

! 	
  Zeta	
  transform	
  coincides	
  with	
  the	
  so-­‐called	
  
Laurent	
  Series	
  -­‐	
  Laurent	
  expansion	
  	
  (in	
  complex	
  
analysis).	
  	
  
! 	
  The	
  inverse	
  Zeta	
  transform	
  is	
  related	
  to	
  the	
  
so-­‐called	
  Cauchy	
  integral	
  formula	
  	
  and	
  residue	
  
theorem	
  (in	
  complex	
  analysis).	
  	
  



RELATIONSHIP	
  with	
  other	
  topics/fields	
  

! 	
  Since	
  the	
  Laurent	
  Series	
  generalizes	
  the	
  
Taylor	
  series,	
  the	
  Zeta	
  trasform	
  is	
  a	
  
generalizaAon	
  of	
  the	
  Taylor	
  series;	
  
Indeed,	
  consider	
  only	
  the	
  negaAve	
  values	
  of	
  n,	
  
we	
  have	
  	
  

X(z) =
0X

n=�1
x[n]z�n =

1X

k=0

x[k]zk

<latexit sha1_base64="YFlC8jBqYpHw/l02luAtkKaYuZE="></latexit>

k=-­‐n	
  



RELATIONSHIP	
  with	
  other	
  topics/fields	
  

! 	
  Zeta	
  transform	
  is	
  related	
  to	
  the	
  soluAon	
  of	
  
the	
  difference	
  equaAons.	
  
! 	
  as	
  a	
  consequence,	
  it	
  is	
  related	
  also	
  to	
  digital	
  
filtering	
  theory	
  (ARMA,	
  AR,	
  MA,	
  IIR,	
  FIR	
  etc.).	
  



Graphical	
  example	
  of	
  |X(z)|	
  
! 	
  The	
  Zeta	
  transform	
  is	
  defined	
  in	
  the	
  complex	
  domain	
  
(except	
  some	
  points	
  or	
  regions	
  where	
  there	
  is	
  not	
  
convergence;	
  later	
  we	
  will	
  talk	
  about	
  that);	
  it	
  takes	
  
complex	
  values	
  then	
  we	
  plot	
  the	
  module	
  (for	
  instance).	
  	
  



Inverse	
  Zeta	
  Transform	
  

! 	
  Almost	
  never	
  used	
  in	
  pracAce.	
  
! 	
  Synthesis	
  equaAon.	
  

LINE	
  INTEGRAL	
  –	
  CURVE	
  INTEGRAL	
  (in	
  a	
  “close”	
  
“circular”	
  curve)	
  



Recovering	
  the	
  FOURIER	
  TRANSFORM	
  

X(z) =
+1X

n=�1
x[n]z�n

=
+1X

n=�1
x[n](rej⌦)�n

=
+1X

n=�1
x[n]r�n

e

�j⌦n

<latexit sha1_base64="7LiOfNotK1ZbyEa9CoQwTdPJOJc="></latexit>



Recovering	
  the	
  FOURIER	
  TRANSFORM	
  

X(rej⌦) = X(r, ⌦) =
+1X

n=�1
x[n]r�n

e

�j⌦n

<latexit sha1_base64="SmEwCWo36oKzHcw22QR5iCcdrBI="></latexit>

r = 1

<latexit sha1_base64="aYbDYE1pyWPsiNclvf7ddXqbm9U="></latexit>

X(ej⌦) = X(1,⌦) = X(⌦) =
+1X

n=�1
x[n]e�j⌦n

<latexit sha1_base64="onDcipymndoNvBj5c55mb6p4IHI="></latexit>



Recovering	
  the	
  FOURIER	
  TRANSFORM	
  

X(ej⌦) = X(1,⌦) = X(⌦) =
+1X

n=�1
x[n]e�j⌦n

<latexit sha1_base64="onDcipymndoNvBj5c55mb6p4IHI="></latexit>

Real

<latexit sha1_base64="P5kgfCxE9il5THqJkpJTDlE4IP4="></latexit>

Imag.

<latexit sha1_base64="UzZ3GaOyKD4Il+cwHoJ8ZKiJ0Cw="></latexit>

z

<latexit sha1_base64="RUkNaNJ5WL4PqDV7iCV/3RxC7uI="></latexit>

r = 1

<latexit sha1_base64="w60odMHoIxk/4Wet3Oqi71mLH3s="></latexit>

⌦

<latexit sha1_base64="YPwyUwzzSARUp1gU8O/dheh4NO0="></latexit>

-­‐ 	
  The	
  Fourier	
  Transform	
  is	
  defined	
  in	
  this	
  “circle”	
  
-­‐ 	
  The	
  ROC	
  must	
  contains	
  this	
  circle	
  in	
  order	
  to	
  have	
  the	
  FT	
  !	
  



Why	
  ZETA	
  TRANSFORM?	
  

z = rej⌦

<latexit sha1_base64="ZvlB0RzP1sGgequLEINahKXTQRw="></latexit>

! 	
  The	
  variable	
  r	
  can	
  help	
  the	
  convergence	
  of	
  
the	
  series	
  (for	
  some	
  signals	
  x[n]).	
  	
  

! 	
  RECALL	
  For	
  each	
  r	
  and	
  Omega	
  we	
  have	
  a	
  
complex	
  number	
  z	
  (a	
  point	
  in	
  the	
  complex	
  
plane).	
  



EXAMPLE	
  
x[n] = a

n
u[n]

<latexit sha1_base64="l9thd/Lf9TAODrOvE6+bnawO6LA="></latexit>

ROC	
  !!!!!	
  
Region	
  of	
  convergence	
  



Region	
  of	
  convergence	
  (ROC)	
  

x[n] = a

n
u[n]

<latexit sha1_base64="l9thd/Lf9TAODrOvE6+bnawO6LA="></latexit>

ROC	
  !!!!!	
  
Region	
  of	
  convergence	
  

The	
  ROC	
  is	
  depicted	
  in	
  “grey”	
  



Region	
  of	
  convergence	
  (ROC)	
  

The	
  ROC	
  is	
  depicted	
  in	
  “grey”	
  

ROC = {all z 2 C such that X(z) exists (finite)}

<latexit sha1_base64="NgaVHv2VLWZf+axYI8Iq02YmKc0="></latexit>

ROC =
n

all z 2 C such that
P+1

n=�1 x[n]z�n converges
o

<latexit sha1_base64="AA7ERMVJS8ZKX1oo74A6/cVmWJM="></latexit>

Does	
  the	
  FT	
  exist?	
  In	
  this	
  case	
  “yes”	
  !!!	
  
Since	
  the	
  unit	
  circle	
  is	
  contained	
  in	
  the	
  ROC:	
  
	
  if	
  a<1,	
  then	
  the	
  FT	
  exists;	
  
if	
  a>1,	
  then	
  the	
  FT	
  does	
  not	
  exist	
  !	
  	
  



Region	
  of	
  convergence	
  (ROC)	
  

x[n] = a

n
u[n]

<latexit sha1_base64="l9thd/Lf9TAODrOvE6+bnawO6LA="></latexit>

ROC:	
  Region	
  Of	
  Convergence	
  

ROC =
n

<latexit sha1_base64="qEb2tQyS0qN88Tx7DZq72l4hqB0="></latexit>

o

<latexit sha1_base64="DzqzK9+olLsYOOvfkQ7zJIzeETg="></latexit>

We	
  have	
  always	
  	
  
to	
  obtain/provide:	
  
X(z)	
  jointly	
  with	
  the	
  ROC.	
  



Region	
  of	
  convergence	
  (ROC)	
  

The	
  ROC	
  is	
  an	
  essenAal	
  part	
  of	
  
the	
  informaAon.	
  



Other	
  example	
  
x[n] = �a

n
u[�n� 1]

<latexit sha1_base64="M36EQ2y3Y9hFix3OV+X/nJumD40="></latexit>

ROC:	
  Region	
  Of	
  Convergence	
  

IT	
  IS	
  THE	
  SAME	
  X(z)	
  
of	
  the	
  other	
  
example!!	
  



Other	
  example	
  
x[n] = �a

n
u[�n� 1]

<latexit sha1_base64="M36EQ2y3Y9hFix3OV+X/nJumD40="></latexit>

X(z) =
z

z � a

<latexit sha1_base64="gQc6vp6SX9lUNijJ5RR90LmPC84="></latexit>

|z| < a

<latexit sha1_base64="2+TUcOC0qiGhdaCrEZTSGWh8sVM="></latexit>

ROC	
  

The	
  ROC	
  is	
  depicted	
  in	
  “grey”	
  

If	
  a<1	
  then	
  the	
  FT	
  does	
  not	
  exist….	
  
If	
  a>1	
  then	
  the	
  FT	
  will	
  exist….	
  
(In	
  the	
  figure	
  above	
  a<1,	
  the	
  FT	
  does	
  not	
  exist)	
  

|	
  	
  	
  	
  |	
  



About	
  ROCs	
  of	
  the	
  Zeta	
  transform	
  

The	
  ROCs	
  are	
  always	
  “circular	
  pieces/
porAons”	
  of	
  the	
  complex	
  plane,	
  possibly	
  

infinite	
  pieces	
  (as	
  we	
  saw	
  in	
  the	
  
previous	
  slides;	
  it	
  can	
  be	
  also	
  like	
  a	
  
“donut”,	
  we	
  will	
  see	
  this	
  case).	
  	
  



SUMMARY	
  of	
  the	
  examples	
  

x[n] = �a

n
u[�n� 1]

<latexit sha1_base64="M36EQ2y3Y9hFix3OV+X/nJumD40="></latexit>

X(z) =
z

z � a

<latexit sha1_base64="gQc6vp6SX9lUNijJ5RR90LmPC84="></latexit>

|z| < a

<latexit sha1_base64="2+TUcOC0qiGhdaCrEZTSGWh8sVM="></latexit>

x[n] = a

n
u[n]

<latexit sha1_base64="l9thd/Lf9TAODrOvE6+bnawO6LA="></latexit>

X(z) =
z

z � a

<latexit sha1_base64="gQc6vp6SX9lUNijJ5RR90LmPC84="></latexit>

|z| > a

<latexit sha1_base64="EV13uXevftZlGBfLCb6HwBl9LNY="></latexit>

THE	
  SAME	
  ZETA	
  TRASFORM	
  BUT	
  DIFFERENT	
  ROCs	
  !!!!	
  

ROC	
  

ROC	
  

|	
  	
  	
  	
  |	
  

|	
  	
  	
  	
  |	
  



…Then,	
  the	
  ZETA	
  TRANSFORM	
  IS:	
  

X(z) + ROC

<latexit sha1_base64="ZpVL27xf/LwF0VrvvLLaEvF+z2I="></latexit>



Given	
  a	
  signal	
  in	
  Ame	
  x[n]…	
  

x[n]

<latexit sha1_base64="gjZN4POj5m/qV3gbGfHCIXm1oq0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF09SwX5AGspmu2mX7m7C7kYsoX/BiwdFvPqHvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpOFaFtEvNY9UKsKWeStg0znPYSRbEIOe2Gk5vc7z5SpVksH8w0oYHAI8kiRrDJpSdfBoNqza27c6BV4hWkBgVag+pXfxiTVFBpCMda+56bmCDDyjDC6azSTzVNMJngEfUtlVhQHWTzW2fozCpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/8/zURNdBxmSSGirJYlGUcmRilD+OhkxRYvjUEkwUs7ciMsYKE2PjqdgQvOWXV0nnou416pf3jVrzroijDCdwCufgwRU04RZa0AYCY3iGV3hzhPPivDsfi9aSU8wcwx84nz8bcI5U</latexit>

X(z) + ROC

<latexit sha1_base64="ZpVL27xf/LwF0VrvvLLaEvF+z2I="></latexit>

To	
  a	
  signal	
  x[n]	
  in	
  Ame	
  corresponds	
  
one	
  X(z)	
  and	
  one	
  ROC	
  associated.	
  The	
  
pair	
  X[z]+ROC	
  is	
  associated	
  to	
  x[n].	
  	
  



Given	
  X[z]+ROC	
  …	
  

x[n]

<latexit sha1_base64="gjZN4POj5m/qV3gbGfHCIXm1oq0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF09SwX5AGspmu2mX7m7C7kYsoX/BiwdFvPqHvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpOFaFtEvNY9UKsKWeStg0znPYSRbEIOe2Gk5vc7z5SpVksH8w0oYHAI8kiRrDJpSdfBoNqza27c6BV4hWkBgVag+pXfxiTVFBpCMda+56bmCDDyjDC6azSTzVNMJngEfUtlVhQHWTzW2fozCpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/8/zURNdBxmSSGirJYlGUcmRilD+OhkxRYvjUEkwUs7ciMsYKE2PjqdgQvOWXV0nnou416pf3jVrzroijDCdwCufgwRU04RZa0AYCY3iGV3hzhPPivDsfi9aSU8wcwx84nz8bcI5U</latexit>

X(z) + ROC

<latexit sha1_base64="ZpVL27xf/LwF0VrvvLLaEvF+z2I="></latexit>

Given	
  a	
  pair	
  X[z]+ROC,	
  in	
  Ame	
  we	
  a	
  
UNIQUE	
  (only	
  one)	
  signal	
  x[n],	
  
corresponding	
  to	
  	
  this	
  pair	
  (X[z]+ROC).	
  



Given	
  just	
  X[z]	
  …	
  

Given	
  only	
  X[z],	
  we	
  	
  different	
  signals	
  in	
  Ame	
  
(which	
  provide	
  the	
  same	
  X[z]).	
  Each	
  signal	
  
corresponds	
  to	
  	
  a	
  specific	
  ROC.	
  

X[z]

<latexit sha1_base64="EZje8kboSWVq4M3+Lw9lqEZvGrw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF09SwX5AGspmu2mX7m7C7kaooX/BiwdFvPqHvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpOFaFtEvNY9UKsKWeStg0znPYSRbEIOe2Gk5vc7z5SpVksH8w0oYHAI8kiRrDJpZ7/FAyqNbfuzoFWiVeQGhRoDapf/WFMUkGlIRxr7XtuYoIMK8MIp7NKP9U0wWSCR9S3VGJBdZDNb52hM6sMURQrW9Kgufp7IsNC66kIbafAZqyXvVz8z/NTE10HGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNp2JD8JZfXiWdi7rXqF/eN2rNuyKOMpzAKZyDB1fQhFtoQRsIjOEZXuHNEc6L8+58LFpLTjFzDH/gfP4A/L2OQA==</latexit>

x1[n]

<latexit sha1_base64="9lKrcMX5NLoQOH8UM11DiQB5+zY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVFj0WvHiSCvYDtkvJptk2NpssSVYsS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8fXM7zxSpZkU92aS0CDGQ8EiRrCxUvup7/ki6JcrbtWdA60SLycVyNHsl796A0nSmApDONba99zEBBlWhhFOp6VeqmmCyRgPqW+pwDHVQTa/dorOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/eX5qoqsgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6R9UfVq1fpdrdK4zeMowgmcwjl4cAkNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9ClI74</latexit>

x2[n]

<latexit sha1_base64="uNCfqBwy5jkrKH+f9Dl9IX9Pydo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvHiSCvYDtkvJptk2NpssSVYsS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8fXM7zxSpZkU92aS0CDGQ8EiRrCxUvupX/NF0C9X3Ko7B1olXk4qkKPZL3/1BpKkMRWGcKy177mJCTKsDCOcTku9VNMEkzEeUt9SgWOqg2x+7RSdWWWAIqlsCYPm6u+JDMdaT+LQdsbYjPSyNxP/8/zURFdBxkSSGirIYlGUcmQkmr2OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvOWXV0m7VvXq1Yu7eqVxm8dRhBM4hXPw4BIacANNaAGBB3iGV3hzpPPivDsfi9aCk88cwx84nz9EG475</latexit>

xR[n]

<latexit sha1_base64="/E7P/qgCiApOY+ItVlwB12Ek1wg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVih4LXjxJFfsB26Vk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqTog15UzQpmGG006iKI5DTtvh6Grqtx+p0kyKezNOaBDjgWARI9hYqfXUu/NF0CtX3Ko7A1omXk4qkKPRK391+5KkMRWGcKy177mJCTKsDCOcTkrdVNMEkxEeUN9SgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8/zURJdBxkSSGirIfFGUcmQkmr6O+kxRYvjYEkwUs7ciMsQKE2MDKtkQvMWXl0nrrOrVque3tUr9Jo+jCEdwDKfgwQXU4Roa0AQCD/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AdPuPGQ==</latexit>

...

<latexit sha1_base64="rYuT+WhwWrvxIQIMUiyEyVEyF14=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF09S0X5AG8pmO2mXbjZhdyOU0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmhang2njet1NYW9/Y3Cpul3Z29/YPyodHTZ1kimGDJSJR7ZBqFFxiw3AjsJ0qpHEosBWObmZ+6wmV5ol8NOMUg5gOJI84o8ZKD67r9soVz/XmIKvEz0kFctR75a9uP2FZjNIwQbXu+F5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRNfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQ/OWXV0nzwvWr7uV9tVK7y+Mowgmcwjn4cAU1uIU6NIDBAJ7hFd4c4bw4787HorXg5DPH8AfO5w9SGI02</latexit>

ROC1

<latexit sha1_base64="GYA7NfPAonuFOJWfeUR6XdI5dhY=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY+FevBmFfsB3aVk02wbmk2WJCuWpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqTog15UzQpmGG006iKI5DTtvhqD71249UaSbFgxknNIjxQLCIEWys5PtxKJ+y+9v6pOf1yhW36s6AlomXkwrkaPTKX35fkjSmwhCOte56bmKCDCvDCKeTkp9qmmAywgPatVTgmOogm908QSdW6aNIKlvCoJn6eyLDsdbjOLSdMTZDvehNxf+8bmqiqyBjIkkNFWS+KEo5MhJNA0B9pigxfGwJJorZWxEZYoWJsTGVbAje4svLpHVW9c6rF3fnldp1HkcRjuAYTsGDS6jBDTSgCQQSeIZXeHNS58V5dz7mrQUnnzmEP3A+fwCzd5F6</latexit>

ROC2

<latexit sha1_base64="qq/qYZ3d/8CDDuCwVfbDKNEYKDk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0W6sGbVewHdJeSTdM2NJssSVYsS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZF8acaeO6305ubX1jcyu/XdjZ3ds/KB4etbRMFKFNIrlUnRBrypmgTcMMp51YURyFnLbDcX3mtx+p0kyKBzOJaRDhoWADRrCxku9HoXxK72/r016lVyy5ZXcOtEq8jJQgQ6NX/PL7kiQRFYZwrHXXc2MTpFgZRjidFvxE0xiTMR7SrqUCR1QH6fzmKTqzSh8NpLIlDJqrvydSHGk9iULbGWEz0sveTPzP6yZmcBWkTMSJoYIsFg0SjoxEswBQnylKDJ9Ygoli9lZERlhhYmxMBRuCt/zyKmlVyl61fHFXLdWuszjycAKncA4eXEINbqABTSAQwzO8wpuTOC/Ou/OxaM052cwx/IHz+QO0+5F7</latexit>

ROCR

<latexit sha1_base64="acXPymbd6dEWT35CeVGZ2h2zW2s=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mVih4L9eDNWuwHdJeSTdM2NJssSVYsS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZF8acaeO6305ubX1jcyu/XdjZ3ds/KB4etbRMFKFNIrlUnRBrypmgTcMMp51YURyFnLbDcW3mtx+p0kyKBzOJaRDhoWADRrCxku9HoXxKG3e1aa/RK5bcsjsHWiVeRkqQod4rfvl9SZKICkM41rrrubEJUqwMI5xOC36iaYzJGA9p11KBI6qDdH7zFJ1ZpY8GUtkSBs3V3xMpjrSeRKHtjLAZ6WVvJv7ndRMzuA5SJuLEUEEWiwYJR0aiWQCozxQlhk8swUQxeysiI6wwMTamgg3BW355lbQuyl6lfHlfKVVvsjjycAKncA4eXEEVbqEOTSAQwzO8wpuTOC/Ou/OxaM052cwx/IHz+QPle5Gb</latexit>



Given	
  just	
  X[z]:	
  example	
  

X(z) =
z

z � a

<latexit sha1_base64="gQc6vp6SX9lUNijJ5RR90LmPC84="></latexit>

x[n] = a

n
u[n]

<latexit sha1_base64="l9thd/Lf9TAODrOvE6+bnawO6LA="></latexit>

x[n] = �a

n
u[�n� 1]

<latexit sha1_base64="M36EQ2y3Y9hFix3OV+X/nJumD40="></latexit>

|z| > a

<latexit sha1_base64="EV13uXevftZlGBfLCb6HwBl9LNY="></latexit>

ROC-­‐1	
  

|z| < a

<latexit sha1_base64="2+TUcOC0qiGhdaCrEZTSGWh8sVM="></latexit>

ROC-­‐2	
  



Poles	
  and	
  zeros	
  

ZEROS: all values of z such that X(z) = 0

<latexit sha1_base64="b9uJCfIEVcQ76gAw8RzzBzi8ksU="></latexit>

POLES: all values of z such that X(z)!1

<latexit sha1_base64="EdSvl929YQA/y8rmE3VUwHt1X7o="></latexit>



Poles	
  and	
  zeros:	
  example	
  

X(z) =
z

z � a

<latexit sha1_base64="gQc6vp6SX9lUNijJ5RR90LmPC84="></latexit>

One	
  zero	
  at	
  z=0	
  

One	
  pole	
  at	
  z=a	
  



Poles	
  and	
  zeros:	
  other	
  example	
  

Two	
  zeros	
  at	
  z=-­‐2	
  
And	
  z=2	
  

ONE	
  pole	
  at	
  
z=Infinity	
  
(“almost”	
  no	
  
poles…	
  )	
  

X(z) = z2 � 4

<latexit sha1_base64="ySimzExwJLJvOCjrNnXzBXGpgW0="></latexit>



Poles	
  and	
  zeros:	
  other	
  example	
  

Two	
  zeros	
  at	
  z=-­‐2j	
  
and	
  z=2j	
  

X(z) = z2 + 4

<latexit sha1_base64="ueB5mZe1iwC33obJQPBClL/QgfQ="></latexit>

ONE	
  pole	
  at	
  
z=Infinity	
  
(“almost”	
  no	
  
poles…	
  )	
  



Poles	
  and	
  zeros:	
  other	
  example	
  

One	
  zero	
  at	
  z=1	
  

Two	
  poles	
  at	
  z=-­‐2j	
  
and	
  z=2j	
  

X(z) =
z � 1
z2 + 4

<latexit sha1_base64="5KjU+pnRDkM3wHInWzRqJVk8gCk="></latexit>

And	
  one	
  zero	
  at	
  	
  
z=Infinity	
  



ROCs	
  and	
  poles	
  

VERY	
  IMPORTANT	
  SLIDE	
  !!	
  

A	
  ROC	
  does	
  not	
  contain	
  poles	
  (never!)	
  	
  

Generally,	
  the	
  poles	
  are	
  
	
  in	
  the	
  boundaries	
  of	
  the	
  ROCs.	
  If	
  

X(z)	
  is	
  raAonal	
  (a	
  fracAon	
  of	
  
polynomials)	
  this	
  is	
  always	
  the	
  case.	
  



ROCs	
  and	
  poles	
  

Namely,	
  in	
  the	
  case	
  of	
  X(z)	
  is	
  raAonal	
  
(a	
  fracAon	
  of	
  polynomials)	
  the	
  poles	
  

“define/determine”	
  the	
  ROC.	
  



ROCs	
  and	
  poles:	
  examples	
  

The	
  ROC	
  is	
  depicted	
  in	
  “grey”	
  

x[n] = a

n
u[n]

<latexit sha1_base64="l9thd/Lf9TAODrOvE6+bnawO6LA="></latexit>

POLE	
  at	
  z=a	
  	
  



ROCs	
  and	
  poles:	
  examples	
  

x[n] = �a

n
u[�n� 1]

<latexit sha1_base64="M36EQ2y3Y9hFix3OV+X/nJumD40="></latexit>

X(z) =
z

z � a

<latexit sha1_base64="gQc6vp6SX9lUNijJ5RR90LmPC84="></latexit>

|z| < a

<latexit sha1_base64="2+TUcOC0qiGhdaCrEZTSGWh8sVM="></latexit>

ROC	
  

The	
  ROC	
  is	
  depicted	
  in	
  “grey”	
  

POLE	
  at	
  z=a	
  	
  

|	
  	
  	
  	
  |	
  


