
TOPIC	
  5	
  	
  
ZETA	
  TRANSFORM	
  

PART	
  3	
  



Zeta	
  Transform	
  of	
  the	
  impulse	
  
response	
  of	
  a	
  LTI	
  system	
  

H(z) =
Y (z)
X(z)

=
PL

i=0 biz
�i

PR
r=0 crz�r

<latexit sha1_base64="Su1pZHgzsHeSOQutDFXpM0OFAQI="></latexit>

The	
  Zeta	
  Transform	
  of	
  an	
  impulse	
  response	
  of	
  
an	
  LTI	
  system	
  is	
  always	
  ra:onal:	
  namely,	
  a	
  

frac:on	
  of	
  polynomials	
  !	
  

It	
  can	
  be	
  expressed	
  as	
  a	
  frac:on	
  of	
  polynomials	
  !!!	
  



Zeta	
  Transform	
  of	
  the	
  impulse	
  response	
  of	
  
a	
  LTI	
  system:	
  frac:on	
  of	
  polynomials	
  !	
  

EXAMPLE:	
  

=
z2 � 2z

3z2 + 4z � 1

<latexit sha1_base64="GSuf3h5mT7Gl7b4iiT7rR0zOvcI="></latexit>

=
z2

z2

1� 2z�1

3 + 4z�1 � z�2

<latexit sha1_base64="58rxlQWcxOQqgJq67eoaiXShHME="></latexit>

It	
  can	
  be	
  expressed	
  as	
  a	
  frac:on	
  of	
  polynomials:	
  

H(z) =
1� 2z�1

3 + 4z�1 � z�2

<latexit sha1_base64="mRcN++nZjpImjEfy9lJzezLat/Y="></latexit>



Zeta	
  Transform	
  of	
  the	
  impulse	
  response	
  of	
  
a	
  LTI	
  system:	
  frac:on	
  of	
  polynomials	
  !	
  

H(z) =
N(z)
D(z)

<latexit sha1_base64="qyw1xBf0oMFwz00rpvS6HwzdtOA="></latexit>

zeros of N(z): zeros of the Zeta transform H(z)

<latexit sha1_base64="DGwyhChh/ID8m1BHXbD8Q3z2SPA="></latexit>

zeros of D(z): poles of the Zeta transform H(z)

<latexit sha1_base64="imHyczm98wdrkxbnNR3k/HVIQCA="></latexit>

polynomials	
  !!!	
  



Zeta	
  Transform	
  of	
  linear	
  combina:on	
  of	
  
exponen:als:	
  frac:on	
  of	
  polynomials	
  !	
  

polynomials	
  !!!	
  

If	
  x[n]	
  is	
  a	
  linear	
  combina:on	
  of	
  exponen:als	
  in	
  
discrete	
  :me:	
  

Then	
  X(z)	
  is	
  a	
  frac:on	
  of	
  polynomials,	
  as	
  well	
  	
  

X(z) =
N(z)
D(z)

<latexit sha1_base64="RpF9DBqUaFWa6Kcn9HsJ7x1TCDs="></latexit>



MAIN	
  PROPERTIES	
  	
  
of	
  the	
  ZETA	
  TRANSFORM	
  



PROPERTY-­‐1	
  (already	
  seen	
  and	
  proved)	
  

We	
  have	
  already	
  seen	
  that:	
  

x[n� n0]

<latexit sha1_base64="uWOAVi5UF4xVhX9pvNtXj5cl5+s="></latexit>

z�n0X(z)

<latexit sha1_base64="zDrx3Nci5J/+1J9V+soRqGU3zTI="></latexit>

REGARDING	
  THE	
  ROC,	
  we	
  COULD	
  have:	
  

-­‐ An	
  addi:onal	
  (mul:ple)	
  pole	
  at	
  z=0	
  (if	
  n0>0).	
  
-­‐ An	
  addi:onal	
  (mul:ple)	
  pole	
  at	
  z=Infinity	
  (if	
  n0<0).	
  

RECALL	
  THAT	
  THE	
  POLE	
  ARE	
  NOT	
  CONTAINED	
  IN	
  THE	
  ROC.	
  	
  



PROPERTY-­‐2	
  

PROOF:	
  

Defini:on	
  of	
  ZT	
  of	
  nx[n]	
  

THE	
  ROC	
  DOES	
  NOT	
  
CHANGE.	
  

lucamartino
Pencil



PROPERTY	
  –	
  3:	
  	
  
Ini:al	
  value	
  Theorem	
  

If	
  x[n]	
  is	
  causal,	
  i.e.,	
  x[n]=0	
  for	
  n<0,	
  
then:	
  

x[0] = lim
z!1

X(z)

<latexit sha1_base64="gYgFP5PuYPBxR4zG5EVWO6OQL8k="></latexit>



PROPERTY	
  –	
  4:	
  	
  
Final	
  value	
  Theorem	
  

If	
  the	
  poles	
  of	
  (z-­‐1)X(z)	
  are	
  inside	
  the	
  
unit	
  circles,	
  then:	
  

x[1] = lim
z!1

(z � 1)X(z)

<latexit sha1_base64="BZPkdYExHJz/vPE9u+hP40nfQ5s="></latexit>

(related	
  to	
  the	
  residue	
  computa:ons	
  and	
  theorem…)	
  



PROPERTY	
  –	
  5:	
  	
  
Convolu:on	
  in	
  :me,	
  product	
  in	
  the	
  

transformed	
  domain…	
  

Y (z) = H(z)X(z)

<latexit sha1_base64="fMGbizQsjftxWcpF/VFJWunn424=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBDZkxEN2YkLjBHSbyMDAhndKBhk5nbDskOOE73LjQGLd+jDv/xgKzUPAktzk5597c2+NFnClt299WZm19Y3Mru53b2d3bP8gfHjVVGEtCGyTkoWx7WFHOBG1opjltR5LiwOO05Y1uZn5rTKViobjXk4i6AR4I5jOCtZHch+LT+XXNPG1TvXzBLtlzoFXipKQAKeq9/Fe3H5I4oEITjpXqOHak3QRLzQin01w3VjTCZIQHtGOowAFVbjI/eorOjNJHfihNCY3m6u+JBAdKTQLPdAZYD9WyNxP/8zqx9q/chIko1lSQxSI/5kiHaJYA6jNJieYTQzCRzNyKyBBLTLTJKWdCcJa/vEqaFyWnXKrclQvV2zSOLJzAKRTBgUuoQg3q0AACj/AMr/Bmja0X6936WLRmrHTmGP7A+vwBd0aQog==</latexit>

The	
  ROC	
  of	
  Y(z)	
  is	
  different,	
  in	
  general,	
  	
  
from	
  the	
  ROC	
  of	
  H(z)	
  and	
  the	
  ROC	
  of	
  X(z).	
  



PROPERTY	
  –	
  6:	
  	
  
STABILITY	
  of	
  the	
  LTI	
  system	
  

Recall	
  that,	
  	
  
an	
  LTI	
  system	
  is	
  stable	
  if:	
  	
   ROC	
  	
  de	
  H(z)	
  	
  must	
  contain	
  

the	
  circle	
  of	
  radius	
  1	
  !	
  	
  

Think	
  to	
  	
  
the	
  defini:on	
  	
  
of	
  Zeta	
  Transform	
  H(z)….	
  

Namely,	
  STABILITY:	
  when	
  
exists	
  the	
  FT	
  of	
  h[n]	
  !	
  



Example	
  10	
  

x[n] = �3�[n] + 2�[n� 1] + �[n� 4]

<latexit sha1_base64="NSSOUn3mDomoWmq6yJ7JUvdC7uE="></latexit>

x[0] = �3, x[1] = 2, x[4] = 1,

otherwise 0

<latexit sha1_base64="vbWlAShiV2EJLQ/gXxNTMI/jx+k="></latexit>

Easy	
  to	
  
express	
  with	
  
deltas	
  	
  

x[n]

<latexit sha1_base64="eErXTvxu/0viQxII5fBt2KuUMf4="></latexit>

n

<latexit sha1_base64="61YPRXYruGo8TsRueX/FYWWhfJA="></latexit>

�3

<latexit sha1_base64="oxlBxP6dxrBrvkzTfeH6t0b5C+Y="></latexit>

2

<latexit sha1_base64="uT84atibnlKNsLpA8rdBJf1EqIA="></latexit>

1

<latexit sha1_base64="CrhDCJec2zgbrJR/MuuphEhWrs4="></latexit>

2

<latexit sha1_base64="fLHCSo2dlG8fPsCQmuEcGqu9Kk0="></latexit>

3

<latexit sha1_base64="HFKaV9T4UTy4YzYDg4bv3KHUQ1A="></latexit>

4

<latexit sha1_base64="Tjry01IT0zoaXyPjaYg3PRvMwpg="></latexit>

�1

<latexit sha1_base64="oyuJvaM2Q7SnegwfwcIkw5m/Hxw="></latexit>

�2

<latexit sha1_base64="mzze0hqriKjRWVpp7hbs56lHcKI="></latexit>

5

<latexit sha1_base64="IkJYmvyLKLU0uMkRZJLruzM8mtc="></latexit>

FINITE-­‐LENGTH	
  
sequence	
  



Example	
  10	
  

X(z) = z�n0

<latexit sha1_base64="79+630Jku7P7cOZCFtev5B0AFHU="></latexit>

x[n] = �[n� n0]

<latexit sha1_base64="MzJHXtG3Rd4waBobcTRam6CepvQ="></latexit>

Using	
  the	
  result	
  of	
  example	
  7:	
  

ROC:	
  	
  all	
  the	
  complex	
  plane	
  except	
  z=0!	
  (i.e.,	
  r=0)	
  

x[n] = �3�[n] + 2�[n� 1] + �[n� 4]

<latexit sha1_base64="NSSOUn3mDomoWmq6yJ7JUvdC7uE="></latexit>

X(z) = �3 + 2z�1

<latexit sha1_base64="M69lRFNTmdxxZ+akxd4dt6AaHqY=">AAACE3icbVC7TgJBFJ3FF+Jr1dJmIiHBB2QXMVpIQrSxxEQeCaxkdhhgwuzsOjNrAhv+wcZfsbHQGFsbO//G4VEoeJKbnJxzb+69xw0Ylcqyvo3YwuLS8kp8NbG2vrG5ZW7vVKQfCkzK2Ge+qLlIEkY5KSuqGKkFgiDPZaTq9q5GfvWBCEl9fqv6AXE81OG0TTFSWmqah6lunTsF6xg27kPUgo22LxBjkF9YiVp6cFDInBzlBndRxh42zaSVtcaA88SekiSYotQ0vxotH4ce4QozJGXdtgLlREgoihkZJhqhJAHCPdQhdU058oh0ovFPQ5jSSgvqa3RxBcfq74kIeVL2PVd3ekh15aw3Ev/z6qFqnzsR5UGoCMeTRe2QQeXDUUCwRQXBivU1QVhQfSvEXSQQVjrGhA7Bnn15nlRyWTufPb3JJ4uX0zjiYA/sgzSwwRkogmtQAmWAwSN4Bq/gzXgyXox342PSGjOmM7vgD4zPH/jHmxU=</latexit>

X(z) =
�3z + 2

z

<latexit sha1_base64="teiJ6D4wPxktjzCpq9529+x3f8Y="></latexit>



Example	
  11	
  
x[n]

<latexit sha1_base64="eErXTvxu/0viQxII5fBt2KuUMf4="></latexit>

n

<latexit sha1_base64="61YPRXYruGo8TsRueX/FYWWhfJA="></latexit>

�3

<latexit sha1_base64="oxlBxP6dxrBrvkzTfeH6t0b5C+Y="></latexit>

2

<latexit sha1_base64="uT84atibnlKNsLpA8rdBJf1EqIA="></latexit>

x[0] = �3, x[1] = 2, x[4] = 1,

otherwise 0

<latexit sha1_base64="vbWlAShiV2EJLQ/gXxNTMI/jx+k="></latexit>

�1

<latexit sha1_base64="oyuJvaM2Q7SnegwfwcIkw5m/Hxw="></latexit>

�2

<latexit sha1_base64="mzze0hqriKjRWVpp7hbs56lHcKI="></latexit>

Easy	
  to	
  
express	
  with	
  
deltas	
  	
  

1

<latexit sha1_base64="CrhDCJec2zgbrJR/MuuphEhWrs4="></latexit>

2

<latexit sha1_base64="fLHCSo2dlG8fPsCQmuEcGqu9Kk0="></latexit>

3

<latexit sha1_base64="HFKaV9T4UTy4YzYDg4bv3KHUQ1A="></latexit>

�3

<latexit sha1_base64="6EavV5p/f4XtlCpM9oPy6pfDwJo="></latexit>

�4

<latexit sha1_base64="NVoFiX7OtJ6sJZa6PW7pb80truA="></latexit>

x[�2] = �3, x[�1] = 2

<latexit sha1_base64="J7FA3RgpyG02BqQKQmmDlpfN5wM="></latexit>

x[n] = �3�[n + 2] + 2�[n + 1]

<latexit sha1_base64="tT260cK81Vskl4u6Hs1c4hZV5KM="></latexit>

FINITE-­‐LENGTH	
  
sequence	
  



Example	
  11	
  
x[n] = �3�[n + 2] + 2�[n + 1]

<latexit sha1_base64="tT260cK81Vskl4u6Hs1c4hZV5KM="></latexit>

X(z) = �3z2 + 2z

<latexit sha1_base64="WS4pzmtzmERX9N9F/jzwMaxNITA="></latexit>

ROC:	
  	
  all	
  the	
  complex	
  plane	
  
except	
  |z|=r=Infinity!	
  	
  



Example	
  12	
  
x[0] = �3, x[1] = 2, x[4] = 1,

otherwise 0

<latexit sha1_base64="vbWlAShiV2EJLQ/gXxNTMI/jx+k="></latexit>

Easy	
  to	
  
express	
  with	
  
deltas	
  	
  

x[n]

<latexit sha1_base64="eErXTvxu/0viQxII5fBt2KuUMf4="></latexit>

n

<latexit sha1_base64="61YPRXYruGo8TsRueX/FYWWhfJA="></latexit>

�3

<latexit sha1_base64="oxlBxP6dxrBrvkzTfeH6t0b5C+Y="></latexit>

2

<latexit sha1_base64="uT84atibnlKNsLpA8rdBJf1EqIA="></latexit>

�1

<latexit sha1_base64="oyuJvaM2Q7SnegwfwcIkw5m/Hxw="></latexit>

1

<latexit sha1_base64="CrhDCJec2zgbrJR/MuuphEhWrs4="></latexit>

2

<latexit sha1_base64="fLHCSo2dlG8fPsCQmuEcGqu9Kk0="></latexit>

3

<latexit sha1_base64="HFKaV9T4UTy4YzYDg4bv3KHUQ1A="></latexit>

FINITE-­‐LENGTH	
  
sequence	
  

x[1] = �3, x[2] = 2

<latexit sha1_base64="+am7YYnqq3M09eDnHVmutdRfwXg="></latexit>

x[n] = �3�[n� 1] + 2�[n� 2]

<latexit sha1_base64="Bf61h8DVB5tYrj9rC67kjB6KEJM="></latexit>



Example	
  12	
  

ROC:	
  	
  all	
  the	
  complex	
  plane	
  except	
  
z=r=0	
  (pole	
  mul:ple	
  of	
  degree	
  2)!	
  
Infinity	
  is	
  a	
  zero	
  of	
  X(z)…	
  	
  

x[n] = �3�[n� 1] + 2�[n� 2]

<latexit sha1_base64="Bf61h8DVB5tYrj9rC67kjB6KEJM="></latexit>

X(z) = �3z�1 + 2z�2

<latexit sha1_base64="zMal5vH3fxbsktKigKwrtumy6h4="></latexit>

X(z) =
�3z + 2

z2

<latexit sha1_base64="QtQg8MMQcQVpBJNNel88rfZqIt8="></latexit>



Example	
  13	
  
x[0] = �3, x[1] = 2, x[4] = 1,

otherwise 0

<latexit sha1_base64="vbWlAShiV2EJLQ/gXxNTMI/jx+k="></latexit>

Easy	
  to	
  
express	
  with	
  
deltas	
  	
  

x[n]

<latexit sha1_base64="eErXTvxu/0viQxII5fBt2KuUMf4="></latexit>

n

<latexit sha1_base64="61YPRXYruGo8TsRueX/FYWWhfJA="></latexit>

�3

<latexit sha1_base64="oxlBxP6dxrBrvkzTfeH6t0b5C+Y="></latexit>

2

<latexit sha1_base64="uT84atibnlKNsLpA8rdBJf1EqIA="></latexit>

�1

<latexit sha1_base64="oyuJvaM2Q7SnegwfwcIkw5m/Hxw="></latexit>

1

<latexit sha1_base64="CrhDCJec2zgbrJR/MuuphEhWrs4="></latexit>

2

<latexit sha1_base64="fLHCSo2dlG8fPsCQmuEcGqu9Kk0="></latexit>

3

<latexit sha1_base64="HFKaV9T4UTy4YzYDg4bv3KHUQ1A="></latexit>

FINITE-­‐LENGTH	
  
sequence	
  

x[�1] = �3, x[2] = 2

<latexit sha1_base64="mcAl6dLlso0EzidXD9EdW7Hkowk="></latexit>

x[n] = �3�[n + 1] + 2�[n� 2]

<latexit sha1_base64="hacpbz4higrGEKS9W24QFPKDvdY="></latexit>



Example	
  13	
  

ROC:	
  	
  all	
  the	
  complex	
  plane	
  except	
  
z=r=0	
  (pole	
  mul:ple	
  of	
  degree	
  2)	
  and	
  
|z|=r=Infinity	
  (it	
  is	
  another	
  pole)	
  	
  

x[n] = �3�[n + 1] + 2�[n� 2]

<latexit sha1_base64="hacpbz4higrGEKS9W24QFPKDvdY="></latexit>

X(z) = �3z + 2z�2

<latexit sha1_base64="qirY/Ps0eR2/9xqPCAyKJG4tdJQ="></latexit>

X(z) =
�3z3 + 2

z2

<latexit sha1_base64="Zi9S5iSxfFiTHB085Km5BcbS4LM="></latexit>



Right-­‐sided	
  sequence-­‐signal	
  

x[n]

<latexit sha1_base64="eErXTvxu/0viQxII5fBt2KuUMf4="></latexit>

n

<latexit sha1_base64="61YPRXYruGo8TsRueX/FYWWhfJA="></latexit>

�3

<latexit sha1_base64="oxlBxP6dxrBrvkzTfeH6t0b5C+Y="></latexit>

2

<latexit sha1_base64="uT84atibnlKNsLpA8rdBJf1EqIA="></latexit>

1

<latexit sha1_base64="CrhDCJec2zgbrJR/MuuphEhWrs4="></latexit>

2

<latexit sha1_base64="fLHCSo2dlG8fPsCQmuEcGqu9Kk0="></latexit>

3

<latexit sha1_base64="HFKaV9T4UTy4YzYDg4bv3KHUQ1A="></latexit>

4

<latexit sha1_base64="Tjry01IT0zoaXyPjaYg3PRvMwpg="></latexit>

�1

<latexit sha1_base64="oyuJvaM2Q7SnegwfwcIkw5m/Hxw="></latexit>

�2

<latexit sha1_base64="mzze0hqriKjRWVpp7hbs56lHcKI="></latexit>

5

<latexit sha1_base64="IkJYmvyLKLU0uMkRZJLruzM8mtc="></latexit>

x[n]

<latexit sha1_base64="eErXTvxu/0viQxII5fBt2KuUMf4="></latexit>

n

<latexit sha1_base64="61YPRXYruGo8TsRueX/FYWWhfJA="></latexit>

�3

<latexit sha1_base64="oxlBxP6dxrBrvkzTfeH6t0b5C+Y="></latexit>

2

<latexit sha1_base64="uT84atibnlKNsLpA8rdBJf1EqIA="></latexit>

�1

<latexit sha1_base64="oyuJvaM2Q7SnegwfwcIkw5m/Hxw="></latexit>

1

<latexit sha1_base64="CrhDCJec2zgbrJR/MuuphEhWrs4="></latexit>

2

<latexit sha1_base64="fLHCSo2dlG8fPsCQmuEcGqu9Kk0="></latexit>

3

<latexit sha1_base64="HFKaV9T4UTy4YzYDg4bv3KHUQ1A="></latexit>

Of	
  the	
  Example	
  10:	
  	
   Of	
  the	
  example	
  12:	
  	
  

	
  Example	
  of	
  these	
  sequences:	
  	
  



Right-­‐sided	
  sequence-­‐signal	
  

Other	
  examples	
  of	
  right-­‐sided	
  sequences:	
  	
  

x[n]

<latexit sha1_base64="eErXTvxu/0viQxII5fBt2KuUMf4="></latexit>

n

<latexit sha1_base64="61YPRXYruGo8TsRueX/FYWWhfJA="></latexit>

1

<latexit sha1_base64="CrhDCJec2zgbrJR/MuuphEhWrs4="></latexit>

2

<latexit sha1_base64="fLHCSo2dlG8fPsCQmuEcGqu9Kk0="></latexit>

3

<latexit sha1_base64="HFKaV9T4UTy4YzYDg4bv3KHUQ1A="></latexit>

4

<latexit sha1_base64="Tjry01IT0zoaXyPjaYg3PRvMwpg="></latexit>

�1

<latexit sha1_base64="oyuJvaM2Q7SnegwfwcIkw5m/Hxw="></latexit>

�2

<latexit sha1_base64="mzze0hqriKjRWVpp7hbs56lHcKI="></latexit>

5

<latexit sha1_base64="IkJYmvyLKLU0uMkRZJLruzM8mtc="></latexit>



Right-­‐sided	
  sequence-­‐signal	
  

0

0.2

0.4

0.6

0.8

1

-20 -10 0 10 20

Other	
  examples	
  of	
  right-­‐sided	
  sequences,	
  x[n]=(1/2)^n	
  u[n]	
  	
  

x[n] =
✓

1
2

◆n

u[n]

<latexit sha1_base64="mVu4DzvsqIFjX5krjo0fD4UAnDA="></latexit>



Right-­‐sided	
  sequence-­‐signal	
  

X(z)	
  and	
  ROC:	
  	
  	
  

x[n] =
✓

1
2

◆n

u[n]

<latexit sha1_base64="mVu4DzvsqIFjX5krjo0fD4UAnDA="></latexit>

X(z) =
z

z � 1
2

<latexit sha1_base64="v+N0hqL1jRGwafnzrWDP2XKijxY="></latexit>

|z| >
1
2

<latexit sha1_base64="rKWEAkvMmXlco3VH8FYcNDEK3HM="></latexit>

r >
1
2

<latexit sha1_base64="MLfWpeMTEJMAwN2lON8IzijmmyQ="></latexit>



ROCs	
  for	
  right-­‐sided	
  sequences!	
  
Poles	
  in	
  red	
  dots	
  !	
  	
  

ROC	
  “outside”	
  !	
  
Determined	
  by	
  the	
  pole	
  with	
  biggest	
  module.	
  	
  



LEFT-­‐sided	
  sequence-­‐signal	
  

	
  Example	
  of	
  these	
  sequences:	
  	
  

x[n]

<latexit sha1_base64="eErXTvxu/0viQxII5fBt2KuUMf4="></latexit>

n

<latexit sha1_base64="61YPRXYruGo8TsRueX/FYWWhfJA="></latexit>

�3

<latexit sha1_base64="oxlBxP6dxrBrvkzTfeH6t0b5C+Y="></latexit>

2

<latexit sha1_base64="uT84atibnlKNsLpA8rdBJf1EqIA="></latexit>

�1

<latexit sha1_base64="oyuJvaM2Q7SnegwfwcIkw5m/Hxw="></latexit>

�2

<latexit sha1_base64="mzze0hqriKjRWVpp7hbs56lHcKI="></latexit>

1

<latexit sha1_base64="CrhDCJec2zgbrJR/MuuphEhWrs4="></latexit>

2

<latexit sha1_base64="fLHCSo2dlG8fPsCQmuEcGqu9Kk0="></latexit>

3

<latexit sha1_base64="HFKaV9T4UTy4YzYDg4bv3KHUQ1A="></latexit>

�3

<latexit sha1_base64="6EavV5p/f4XtlCpM9oPy6pfDwJo="></latexit>

�4

<latexit sha1_base64="NVoFiX7OtJ6sJZa6PW7pb80truA="></latexit>

Of	
  the	
  Example	
  11:	
  	
  



LEFT-­‐sided	
  sequence-­‐signal	
  
Another	
  example	
  of	
  right-­‐sided	
  sequences,	
  x[n]=-­‐2^(n)	
  u[-­‐1-­‐n]	
  	
  

x[n] = �2n
u[�n� 1]

<latexit sha1_base64="VLQcHPtEkkeKYfwXCY5o1uV+XsQ="></latexit>



LEFT-­‐sided	
  sequence-­‐signal	
  

X(z)	
  and	
  ROC:	
  	
  	
  

x[n] = �2n
u[�n� 1]

<latexit sha1_base64="VLQcHPtEkkeKYfwXCY5o1uV+XsQ="></latexit>

X(z) =
z

z � 2

<latexit sha1_base64="GR0Rt2+pte12yLD0/qRAh32rG64="></latexit>

|z| < 2

<latexit sha1_base64="odE1ZLgW+vtca0Yix4dGG0+iWd4="></latexit>



ROCs	
  for	
  LEFT-­‐sided	
  sequences!	
  
Poles	
  in	
  red	
  dots	
  !	
  	
  

ROC	
  “inside”	
  !	
  
Determined	
  by	
  the	
  pole	
  with	
  smallest	
  module.	
  	
  



Recalling	
  “Causality”	
  for	
  	
  
an	
  LTI	
  system…	
  

Recall:	
  

h[n]	
  is	
  the	
  impulse	
  response:	
  
It	
  must	
  a	
  right-­‐sided	
  sequence	
  

h[n] = 0, 8n < 0

<latexit sha1_base64="L9xtA4KdAL7WBEXaFXP/nl+l3vs=">AAACAnicbVDLSsNAFL2pr1pfVVfiZrAILqQkUtGFQtGNywr2AUkok8mkHTqZxJmJUEpx46+4caGIW7/CnX/j9LHQ1gMXDufcy733BClnStv2t5VbWFxaXsmvFtbWNza3its7DZVkktA6SXgiWwFWlDNB65ppTluppDgOOG0GveuR33ygUrFE3Ol+Sv0YdwSLGMHaSO3iXtcV/qV9jLz7DIfIixKJOUfiwm4XS3bZHgPNE2dKSjBFrV388sKEZDEVmnCslOvYqfYHWGpGOB0WvEzRFJMe7lDXUIFjqvzB+IUhOjRKiMx2U0Kjsfp7YoBjpfpxYDpjrLtq1huJ/3lupqNzf8BEmmkqyGRRlHGkEzTKA4VMUqJ53xBMJDO3ItLFEhNtUiuYEJzZl+dJ46TsVMqnt5VS9WoaRx724QCOwIEzqMIN1KAOBB7hGV7hzXqyXqx362PSmrOmM7vwB9bnDw8RlfE=</latexit>



PROPERTY	
  –	
  7:	
  	
  
STABILITY	
  of	
  the	
  CAUSAL	
  LTI	
  system	
  

All	
  poles	
  within	
  
	
  the	
  circle	
  of	
  radius	
  1	
  !	
  	
  

1

<latexit sha1_base64="fpuaeADNsV97+eC3h/QwALquGcU=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CZZC3ZQZqehGKLjpsoJ9SDuUTJppQzOZIckU6tA/ceNCEbf+iTv/xrSdhbYeuOFwzr3cm+PHnCntON9WbmNza3snv1vY2z84PLKPT1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sd3c789oVKxSDzoaUy9EA8FCxjB2kh92y49lp8ubuvm6ZgquH276FScBdA6cTNShAyNvv3VG0QkCanQhGOluq4Tay/FUjPC6azQSxSNMRnjIe0aKnBIlZcuLp+hklEGKIikKaHRQv09keJQqWnom84Q65Fa9ebif1430cGNlzIRJ5oKslwUJBzpCM1jQAMmKdF8aggmkplbERlhiYk2YRVMCO7ql9dJ67LiVitX99VirZrFkYczOIcyuHANNahDA5pAYALP8ApvVmq9WO/Wx7I1Z2Uzp/AH1ucP8rWRPA==</latexit>

Poles	
  with	
  module	
  less	
  than	
  1!	
  	
  

Due	
  to	
  the	
  previous	
  
proper:es	
  of	
  right-­‐sided	
  
sequences,	
  then:	
  



PROPERTY	
  –	
  8:	
  	
  
	
  CAUSAL	
  LTI	
  system?	
  When	
  M<=	
  N	
  

M  N

<latexit sha1_base64="qnhobe62VAfMDbW6ENA0GqCLEko="></latexit>

H(z) =
N(z)
D(z)

<latexit sha1_base64="qyw1xBf0oMFwz00rpvS6HwzdtOA="></latexit>

polynomials	
  !!!	
  

M : degree of N(x)

<latexit sha1_base64="wAdDhJjaxdEqMks4VAa94m1VFzA="></latexit>

N : degree of D(x)

<latexit sha1_base64="5ubQpszSJN4ZAoMvT9gz035HPRs="></latexit>

h[n] = 0, 8n < 0

<latexit sha1_base64="L9xtA4KdAL7WBEXaFXP/nl+l3vs=">AAACAnicbVDLSsNAFL2pr1pfVVfiZrAILqQkUtGFQtGNywr2AUkok8mkHTqZxJmJUEpx46+4caGIW7/CnX/j9LHQ1gMXDufcy733BClnStv2t5VbWFxaXsmvFtbWNza3its7DZVkktA6SXgiWwFWlDNB65ppTluppDgOOG0GveuR33ygUrFE3Ol+Sv0YdwSLGMHaSO3iXtcV/qV9jLz7DIfIixKJOUfiwm4XS3bZHgPNE2dKSjBFrV388sKEZDEVmnCslOvYqfYHWGpGOB0WvEzRFJMe7lDXUIFjqvzB+IUhOjRKiMx2U0Kjsfp7YoBjpfpxYDpjrLtq1huJ/3lupqNzf8BEmmkqyGRRlHGkEzTKA4VMUqJ53xBMJDO3ItLFEhNtUiuYEJzZl+dJ46TsVMqnt5VS9WoaRx724QCOwIEzqMIN1KAOBB7hGV7hzXqyXqx362PSmrOmM7vwB9bnDw8RlfE=</latexit>



PROPERTY	
  –	
  8:	
  	
  
	
  CAUSAL	
  LTI	
  system?	
  When	
  M<=	
  N	
  

M  N

<latexit sha1_base64="qnhobe62VAfMDbW6ENA0GqCLEko="></latexit>

h[n] = 0, 8n < 0

<latexit sha1_base64="L9xtA4KdAL7WBEXaFXP/nl+l3vs=">AAACAnicbVDLSsNAFL2pr1pfVVfiZrAILqQkUtGFQtGNywr2AUkok8mkHTqZxJmJUEpx46+4caGIW7/CnX/j9LHQ1gMXDufcy733BClnStv2t5VbWFxaXsmvFtbWNza3its7DZVkktA6SXgiWwFWlDNB65ppTluppDgOOG0GveuR33ygUrFE3Ol+Sv0YdwSLGMHaSO3iXtcV/qV9jLz7DIfIixKJOUfiwm4XS3bZHgPNE2dKSjBFrV388sKEZDEVmnCslOvYqfYHWGpGOB0WvEzRFJMe7lDXUIFjqvzB+IUhOjRKiMx2U0Kjsfp7YoBjpfpxYDpjrLtq1huJ/3lupqNzf8BEmmkqyGRRlHGkEzTKA4VMUqJ53xBMJDO3ItLFEhNtUiuYEJzZl+dJ46TsVMqnt5VS9WoaRx724QCOwIEzqMIN1KAOBB7hGV7hzXqyXqx362PSmrOmM7vwB9bnDw8RlfE=</latexit>



Why	
  it	
  is	
  important	
  	
  
	
  CAUSAL	
  LTI	
  system?	
  	
  

Consider	
  this	
  impulse	
  response:	
  
Note	
  that:	
  	
  

n

<latexit sha1_base64="61YPRXYruGo8TsRueX/FYWWhfJA="></latexit>

�3

<latexit sha1_base64="oxlBxP6dxrBrvkzTfeH6t0b5C+Y="></latexit>

2

<latexit sha1_base64="uT84atibnlKNsLpA8rdBJf1EqIA="></latexit>

1

<latexit sha1_base64="CrhDCJec2zgbrJR/MuuphEhWrs4="></latexit>

2

<latexit sha1_base64="fLHCSo2dlG8fPsCQmuEcGqu9Kk0="></latexit>

3

<latexit sha1_base64="HFKaV9T4UTy4YzYDg4bv3KHUQ1A="></latexit>

4

<latexit sha1_base64="Tjry01IT0zoaXyPjaYg3PRvMwpg="></latexit>

�1

<latexit sha1_base64="oyuJvaM2Q7SnegwfwcIkw5m/Hxw="></latexit>

�2

<latexit sha1_base64="mzze0hqriKjRWVpp7hbs56lHcKI="></latexit>

5

<latexit sha1_base64="IkJYmvyLKLU0uMkRZJLruzM8mtc="></latexit>

1

<latexit sha1_base64="tJjnSnP1uwXu25U1aAmRMEvdwQg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoicpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWanr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1a9bNYq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHwBjLk=</latexit>

h[n]

<latexit sha1_base64="vFsTBDFKVT0KBb4B9V1j0lcyMO0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHisYD8gDWWz3TRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhSln2rjut1NZW9/Y3Kpu13Z29/YP6odHXZ1kitAOSXii+iHWlDNJO4YZTvupoliEnPbCyV3h956o0iyRj2aa0kDgsWQRI9gUUuzLYFhvuE13DrRKvJI0oER7WP8ajBKSCSoN4Vhr33NTE+RYGUY4ndUGmaYpJhM8pr6lEguqg3x+6wydWWWEokTZkgbN1d8TORZaT0VoOwU2sV72CvE/z89MdBPkTKaZoZIsFkUZRyZBxeNoxBQlhk8twUQxeysiMVaYGBtPzYbgLb+8SroXTe+yefVw2WjdlnFU4QRO4Rw8uIYW3EMbOkAghmd4hTdHOC/Ou/OxaK045cwx/IHz+QP+IY40</latexit>

h[n] = 0, 8n < 0

<latexit sha1_base64="L9xtA4KdAL7WBEXaFXP/nl+l3vs=">AAACAnicbVDLSsNAFL2pr1pfVVfiZrAILqQkUtGFQtGNywr2AUkok8mkHTqZxJmJUEpx46+4caGIW7/CnX/j9LHQ1gMXDufcy733BClnStv2t5VbWFxaXsmvFtbWNza3its7DZVkktA6SXgiWwFWlDNB65ppTluppDgOOG0GveuR33ygUrFE3Ol+Sv0YdwSLGMHaSO3iXtcV/qV9jLz7DIfIixKJOUfiwm4XS3bZHgPNE2dKSjBFrV388sKEZDEVmnCslOvYqfYHWGpGOB0WvEzRFJMe7lDXUIFjqvzB+IUhOjRKiMx2U0Kjsfp7YoBjpfpxYDpjrLtq1huJ/3lupqNzf8BEmmkqyGRRlHGkEzTKA4VMUqJ53xBMJDO3ItLFEhNtUiuYEJzZl+dJ46TsVMqnt5VS9WoaRx724QCOwIEzqMIN1KAOBB7hGV7hzXqyXqx362PSmrOmM7vwB9bnDw8RlfE=</latexit>

h[n] = �3�[n] + 2�[n� 1] + �[n� 2]

<latexit sha1_base64="Fj7UyMYvPZB1pf5ud46gHb9q4nc=">AAACGHicbZBNS8MwGMfT+TbrW9Wjl+IYCGOznRO9KAMvHie4F+jKSNNsC0vTkqTCKPsYXvwqXjwo4nU3v43pVkU3H0j48f8/D8nz9yJKhLSsTy23srq2vpHf1Le2d3b3jP2DlghjjnAThTTkHQ8KTAnDTUkkxZ2IYxh4FLe90U3qtx8wFyRk93IcYTeAA0b6BEGppJ5xWhw6zNXT66p81vUxlVBxqfqNZdst/XDV7RkFq2LNylwGO4MCyKrRM6ZdP0RxgJlEFArh2FYk3QRySRDFE70bCxxBNIID7ChkMMDCTWaLTcyiUnyzH3J1mDRn6u+JBAZCjANPdQZQDsWil4r/eU4s+5duQlgUS8zQ/KF+TE0ZmmlKpk84RpKOFUDEifqriYaQQyRVlroKwV5ceRla1Ypdq5zf1Qr16yyOPDgCx+AE2OAC1MEtaIAmQOARPINX8KY9aS/au/Yxb81p2cwh+FPa9Au4rJ5W</latexit>



Why	
  it	
  is	
  important	
  	
  
	
  CAUSAL	
  LTI	
  system?	
  	
  

y[n] = x[n] ⇤ h[n]

<latexit sha1_base64="L3wc4Uu5W3bLzt/pvLrmv6gsW4Q=">AAACKHicbZBNS8NAEIY39avGr6hHL8FSEEtLUit6UQtePFawH9CGstlu26WbTdjdiKH053jxr3gRUaRXf4mbNIq2Duzw8M4Ms/O6ASVCWtZUyywtr6yuZdf1jc2t7R1jd68h/JAjXEc+9XnLhQJTwnBdEklxK+AYei7FTXd0Hdeb95gL4rM7GQXY8eCAkT5BUCqpa1zlh23m6Em+KJ50ephKqLhQ/sai7RR+uOzoUdz5oNJxPNM1clbJSsJcBDuFHEij1jVeOz0fhR5mElEoRNu2AumMIZcEUTzRO6HAAUQjOMBthQx6WDjj5NCJmVdKz+z7XD0mzUT9PTGGnhCR56pOD8qhmK/F4n+1dij7586YsCCUmKHZon5ITembsWtmj3CMJI0UQMSJ+quJhpBDJJW3ujLBnj95ERrlkl0pnd5WctXL1I4sOACH4AjY4AxUwQ2ogTpA4BE8gzfwrj1pL9qHNp21ZrR0Zh/8Ce3zC1F0pFc=</latexit>

y[n] = x[n] ⇤ (�3�[n] + 2�[n� 1] + �[n� 2])

<latexit sha1_base64="nfyEMBhMtvU2W7t9L/QBRrZ3lr0="></latexit>

y[n] = �3x[n] + 2x[n� 1] + x[n� 2]

<latexit sha1_base64="dIPkXQGaAXBdv+W0ID9+6wS3lGQ="></latexit>

The	
  output	
  of	
  the	
  system	
  ONLY	
  depends	
  	
  
on	
  the	
  PRESENT	
  and	
  the	
  PAST	
  of	
  the	
  input	
  !!	
  Not	
  

on	
  the	
  future!	
  	
  



EXAMPLE	
  with	
  	
  
a	
  NON-­‐CAUSAL	
  LTI	
  system	
  	
  

Consider	
  this	
  impulse	
  response:	
  
Note	
  that:	
  	
  

n

<latexit sha1_base64="61YPRXYruGo8TsRueX/FYWWhfJA="></latexit>

�3

<latexit sha1_base64="oxlBxP6dxrBrvkzTfeH6t0b5C+Y="></latexit>

2

<latexit sha1_base64="uT84atibnlKNsLpA8rdBJf1EqIA="></latexit>

1

<latexit sha1_base64="CrhDCJec2zgbrJR/MuuphEhWrs4="></latexit>

2

<latexit sha1_base64="fLHCSo2dlG8fPsCQmuEcGqu9Kk0="></latexit>

3

<latexit sha1_base64="HFKaV9T4UTy4YzYDg4bv3KHUQ1A="></latexit>

4

<latexit sha1_base64="Tjry01IT0zoaXyPjaYg3PRvMwpg="></latexit>

�1

<latexit sha1_base64="oyuJvaM2Q7SnegwfwcIkw5m/Hxw="></latexit>

�2

<latexit sha1_base64="mzze0hqriKjRWVpp7hbs56lHcKI="></latexit>

5

<latexit sha1_base64="IkJYmvyLKLU0uMkRZJLruzM8mtc="></latexit>

1

<latexit sha1_base64="tJjnSnP1uwXu25U1aAmRMEvdwQg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoicpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWanr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1a9bNYq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHwBjLk=</latexit>

h[n]

<latexit sha1_base64="vFsTBDFKVT0KBb4B9V1j0lcyMO0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHisYD8gDWWz3TRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhSln2rjut1NZW9/Y3Kpu13Z29/YP6odHXZ1kitAOSXii+iHWlDNJO4YZTvupoliEnPbCyV3h956o0iyRj2aa0kDgsWQRI9gUUuzLYFhvuE13DrRKvJI0oER7WP8ajBKSCSoN4Vhr33NTE+RYGUY4ndUGmaYpJhM8pr6lEguqg3x+6wydWWWEokTZkgbN1d8TORZaT0VoOwU2sV72CvE/z89MdBPkTKaZoZIsFkUZRyZBxeNoxBQlhk8twUQxeysiMVaYGBtPzYbgLb+8SroXTe+yefVw2WjdlnFU4QRO4Rw8uIYW3EMbOkAghmd4hTdHOC/Ou/OxaK045cwx/IHz+QP+IY40</latexit>

h[n] = �3�[n] + 2�[n� 1] + �[n + 1]

<latexit sha1_base64="f3/8rrQfbaxy6Eal4B9JjhMtF3I="></latexit>



EXAMPLE	
  with	
  	
  
a	
  NON-­‐CAUSAL	
  LTI	
  system	
  	
  

y[n] = x[n] ⇤ h[n]

<latexit sha1_base64="L3wc4Uu5W3bLzt/pvLrmv6gsW4Q=">AAACKHicbZBNS8NAEIY39avGr6hHL8FSEEtLUit6UQtePFawH9CGstlu26WbTdjdiKH053jxr3gRUaRXf4mbNIq2Duzw8M4Ms/O6ASVCWtZUyywtr6yuZdf1jc2t7R1jd68h/JAjXEc+9XnLhQJTwnBdEklxK+AYei7FTXd0Hdeb95gL4rM7GQXY8eCAkT5BUCqpa1zlh23m6Em+KJ50ephKqLhQ/sai7RR+uOzoUdz5oNJxPNM1clbJSsJcBDuFHEij1jVeOz0fhR5mElEoRNu2AumMIZcEUTzRO6HAAUQjOMBthQx6WDjj5NCJmVdKz+z7XD0mzUT9PTGGnhCR56pOD8qhmK/F4n+1dij7586YsCCUmKHZon5ITembsWtmj3CMJI0UQMSJ+quJhpBDJJW3ujLBnj95ERrlkl0pnd5WctXL1I4sOACH4AjY4AxUwQ2ogTpA4BE8gzfwrj1pL9qHNp21ZrR0Zh/8Ce3zC1F0pFc=</latexit>

y[n] = x[n] ⇤ (�3�[n] + 2�[n� 1] + �[n + 1])

<latexit sha1_base64="SKQYCFRqbxyQWVI3PQseLZkou+A="></latexit>

The	
  output	
  of	
  the	
  system	
  depends	
  	
  
ALSO	
  on	
  the	
  FUTURE	
  of	
  the	
  input!!	
  

y[n] = �3x[n] + 2x[n� 1] + x[n + 1]

<latexit sha1_base64="CU5/+3gMQrZxDxSBZHvzv4qCG9w="></latexit>



X(z)	
  of	
  a	
  NON-­‐CAUSAL	
  LTI	
  system	
  	
  

h[n] = �3�[n] + 2�[n� 1] + �[n + 1]

<latexit sha1_base64="f3/8rrQfbaxy6Eal4B9JjhMtF3I="></latexit>

H(z) = �3 + 2z�1 + z

<latexit sha1_base64="t/lxWGiwoSrFHm/FUf9d9dJWZe8="></latexit>

H(z) =
�3z + 2 + z2

z

<latexit sha1_base64="jRvCMk8AvWtA/h0Ce8yXcxFJ7oY="></latexit>

Note	
  that:	
  	
   M > N

<latexit sha1_base64="FaTolwNsYA6Aj7aWHB0k2YEKCYo="></latexit>

degree N(z) > degree D(z)

<latexit sha1_base64="NwCtaufeghh5KYbLoZoKhgzGf6w="></latexit>

ROC:	
  all	
  the	
  complex	
  
plane,	
  except	
  0	
  and	
  
Infinity	
  	
  	
  


