
TOPIC	
  5	
  	
  
ZETA	
  TRANSFORM	
  

PART	
  4	
  



RECALL:	
  Example	
  13	
  

x[0] = �3, x[1] = 2, x[4] = 1,

otherwise 0

<latexit sha1_base64="vbWlAShiV2EJLQ/gXxNTMI/jx+k="></latexit>

Easy	
  to	
  
express	
  with	
  
deltas	
  	
  

x[n]

<latexit sha1_base64="eErXTvxu/0viQxII5fBt2KuUMf4="></latexit>

n

<latexit sha1_base64="61YPRXYruGo8TsRueX/FYWWhfJA="></latexit>

�3

<latexit sha1_base64="oxlBxP6dxrBrvkzTfeH6t0b5C+Y="></latexit>

2

<latexit sha1_base64="uT84atibnlKNsLpA8rdBJf1EqIA="></latexit>

�1

<latexit sha1_base64="oyuJvaM2Q7SnegwfwcIkw5m/Hxw="></latexit>

1

<latexit sha1_base64="CrhDCJec2zgbrJR/MuuphEhWrs4="></latexit>

2

<latexit sha1_base64="fLHCSo2dlG8fPsCQmuEcGqu9Kk0="></latexit>

3

<latexit sha1_base64="HFKaV9T4UTy4YzYDg4bv3KHUQ1A="></latexit>

FINITE-­‐LENGTH	
  
sequence	
  

x[�1] = �3, x[2] = 2

<latexit sha1_base64="mcAl6dLlso0EzidXD9EdW7Hkowk="></latexit>

x[n] = �3�[n + 1] + 2�[n� 2]

<latexit sha1_base64="hacpbz4higrGEKS9W24QFPKDvdY="></latexit>

THIS	
  IS	
  a	
  BILATERAL	
  SEQUENCE	
  !!	
  
It	
  is	
  not	
  right	
  or	
  leL-­‐sided,	
  it	
  is	
  
both….	
  	
  



RECALL:	
  Example	
  13	
  

ROC:	
  	
  all	
  the	
  complex	
  plane	
  except	
  z=r=0	
  (pole	
  mulVple	
  of	
  
degree	
  2)	
  and	
  |z|=r=Infinity	
  (it	
  is	
  another	
  pole)	
  	
  

x[n] = �3�[n + 1] + 2�[n� 2]

<latexit sha1_base64="hacpbz4higrGEKS9W24QFPKDvdY="></latexit>

X(z) = �3z + 2z�2

<latexit sha1_base64="qirY/Ps0eR2/9xqPCAyKJG4tdJQ="></latexit>

X(z) =
�3z3 + 2

z2

<latexit sha1_base64="Zi9S5iSxfFiTHB085Km5BcbS4LM="></latexit>

Note	
  that	
  	
  
degree	
  N(z)	
  >	
  degree	
  D(z)	
  



Recalling	
  	
  also	
  the	
  signal…	
  

0 < b < 1

<latexit sha1_base64="2uSM9ngFrFQmSPEOJCXzleTzygU=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0SJF0MYygvmA5Ah7m7lkyd7esbsnhCO/wcZCEVt/kJ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWj2aSoB/RoeQhZ9RYqenWgprXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx87JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZfU4GXCEzYmIJZYrbWwkbUUWZsfmUbAje8surpHVR9S6rVw+XlfptHkcRTuAUzsGDa6jDPTSgCQw4PMMrvDnSeXHenY9Fa8HJZ47hD5zPH6aLje8=</latexit>

THIS	
  IS	
  a	
  	
  
BILATERAL	
  SEQUENCE	
  !!	
  
It	
  is	
  not	
  right	
  or	
  leL-­‐sided,	
  
it	
  is	
  both….	
  	
  



…the	
  ZT	
  and	
  ROC	
  was…	
  

SoluVon	
  for	
  0<b<1:	
  

ROC:	
  

Also	
  in	
  this	
  case	
  0	
  
and	
  Infinity	
  are	
  not	
  included	
  !!	
  	
  



ROCs	
  for	
  
	
  BILATERAL	
  SEQUENCES-­‐	
  SIGNALS	
  

Poles	
  in	
  red	
  dots	
  !	
  	
  

ROC	
  like	
  a	
  “donut”	
  !	
  
Recall:	
  the	
  ROC	
  cannot	
  contain	
  a	
  pole.	
  



SUMMARY	
  	
  
RIGHT-­‐SIDED	
  signal	
  

LEFT-­‐SIDED	
  signal	
  

BILATERAL	
  signal	
  

ROC	
  “outside”	
  	
  

ROC	
  “inside”	
  	
  

ROC	
  “donut”	
  	
  

Infinity	
  is	
  contained;	
  	
  

zero	
  is	
  NOT	
  contained	
  	
  

Infinity	
  is	
  NOT	
  contained;	
  	
  

zero	
  is	
  contained	
  	
  

Infinity	
  is	
  NOT	
  contained;	
  	
  

zero	
  is	
  NOT	
  contained	
  	
  



SUMMARY:	
  if	
  also	
  is	
  a	
  	
  
FINITE-­‐LENGTH	
  signal	
  	
  
ROC	
  is	
  all	
  the	
  complex	
  plane	
  but:	
  	
  

RIGHT-­‐SIDED	
  signal	
  
(and	
  finite-­‐length)	
  

Infinity	
  is	
  contained;	
  	
  

zero	
  is	
  NOT	
  contained	
  	
  

LEFT-­‐SIDED	
  signal	
  
(and	
  finite-­‐length)	
  

Infinity	
  is	
  NOT	
  contained;	
  	
  

zero	
  is	
  contained	
  	
  

Infinity	
  is	
  NOT	
  contained;	
  	
  

zero	
  is	
  NOT	
  contained	
  	
  
BILATERAL	
  signal	
  
(and	
  finite-­‐length)	
  



SUMMARY:	
  	
  
if	
  it	
  is	
  a	
  FINITE-­‐LENGTH	
  signal	
  	
  

TYPE	
  of	
  ZT	
  –	
  just	
  examples:	
  	
  

RIGHT-­‐SIDED	
  signal	
  
(and	
  finite-­‐length)	
  

LEFT-­‐SIDED	
  signal	
  
(and	
  finite-­‐length)	
  

BILATERAL	
  signal	
  
(and	
  finite-­‐length)	
  

X(z) = z4 � z2 + 3

<latexit sha1_base64="PChLLJbiQP6YUeXXUD/uJhsGCJY=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQEcNujKgHIeDFYwTzgGQTZiezyZDZ2WVmVklC/sOLB0W8+i/e/BsnyR40WtBQVHXT3eVFnClt219Waml5ZXUtvZ7Z2Nza3snu7tVUGEtCqyTkoWx4WFHOBK1qpjltRJLiwOO07g1upn79gUrFQnGvhxF1A9wTzGcEayO1G/nR8fWoXTodtYsnZ51szi7YM6C/xElIDhJUOtnPVjckcUCFJhwr1XTsSLtjLDUjnE4yrVjRCJMB7tGmoQIHVLnj2dUTdGSULvJDaUpoNFN/ToxxoNQw8ExngHVfLXpT8T+vGWv/0h0zEcWaCjJf5Mcc6RBNI0BdJinRfGgIJpKZWxHpY4mJNkFlTAjO4st/Sa1YcEqF87tSrnyVxJGGAziEPDhwAWW4hQpUgYCEJ3iBV+vRerberPd5a8pKZvbhF6yPbz3JkQY=</latexit>

Only	
  numerator	
  

X(z) =
z2 + 3z � 1

z2

<latexit sha1_base64="tHlioTsB/2Vy44QHJSjunNiSsOE=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoSKWpFbUhVBw47KCvUAby2Q6aYdOJmFmIrQhuPFV3LhQxK1P4c63cdJ2oa0/DHz85xzOnN8NGZXKsr6NzMLi0vJKdjW3tr6xuWVu79RlEAlMajhggWi6SBJGOakpqhhphoIg32Wk4Q6u03rjgQhJA36nhiFxfNTj1KMYKW11zL1mYXR01fYEwvHovnR8Ojqxk5SSjpm3itZYcB7sKeTBVNWO+dXuBjjyCVeYISlbthUqJ0ZCUcxIkmtHkoQID1CPtDRy5BPpxOMTEnionS70AqEfV3Ds/p6IkS/l0Hd1p49UX87WUvO/WitS3oUTUx5GinA8WeRFDKoApnnALhUEKzbUgLCg+q8Q95GOQ+nUcjoEe/bkeaiXina5eHZbzlcup3FkwT44AAVgg3NQATegCmoAg0fwDF7Bm/FkvBjvxsekNWNMZ3bBHxmfP4K3ljY=</latexit>

Degree	
  of	
  numerator	
  <	
  or	
  =	
  	
  
degree	
  of	
  denominator	
  

X(z) =
z4 + 3z � 1

z2

<latexit sha1_base64="GGX46+z1OUXG3UfK0XYEHlqUICY=">AAACHXicbZDLSsNAFIYn9VbjLerSTbAUKmJJakRdCAU3LivYC7SxTKaTdujkwsxEaENexI2v4saFIi7ciG/jpM2iFw8MfPz/OZw5vxNSwoVh/Cq5ldW19Y38prq1vbO7p+0fNHgQMYTrKKABazmQY0p8XBdEUNwKGYaeQ3HTGd6mfvMJM04C/0GMQmx7sO8TlyAopNTVrGKrND656bgMonj8WDk9H5+ZSUqJOudYM05XKxhlY1L6MpgZFEBWta723ekFKPKwLxCFnLdNIxR2DJkgiOJE7UQchxANYR+3JfrQw9yOJ9clelEqPd0NmHy+0Cfq7EQMPc5HniM7PSgGfNFLxf+8diTcKzsmfhgJ7KPpIjeiugj0NCq9RxhGgo4kQMSI/KuOBlDGIWSgqgzBXDx5GRqVsmmVL+6tQvU6iyMPjsAxKAETXIIquAM1UAcIPINX8A4+lBflTflUvqatOSWbOQRzpfz8AQWDoAc=</latexit>

Degree	
  of	
  numerator	
  >	
  	
  
degree	
  of	
  denominator	
  



MORE	
  EXAMPLES	
  



Example	
  14	
  -­‐	
  problem	
  

Given	
  the	
  following	
  Zeta	
  Transform:	
  	
  

Is	
  there	
  only	
  one	
  signal	
  x[n]	
  corresponding	
  to	
  this	
  X(z)?	
  	
  

It	
  can	
  be	
  more	
  than	
  	
  1,	
  since	
  we	
  have	
  not	
  the	
  ROC	
  !!!	
  	
  



“Simple	
  fracVons”	
  decomposiVon	
  
In	
  the	
  next	
  part	
  –	
  slides,	
  	
  
we	
  will	
  study	
  how	
  	
  we	
  will	
  come	
  	
  back	
  in	
  Vme	
  
with	
  the	
  	
  so-­‐called	
  	
  “Simple	
  fracVons”	
  decomposiVon;	
  
We	
  will	
  use	
  quickly	
  in	
  this	
  example.	
  

Diagram	
  of	
  poles	
  and	
  zeros:	
  



Example	
  14	
  	
  -­‐	
  problem	
  

We	
  obtain	
  the	
  values:	
  A	
  =	
  1,	
  B	
  =	
  2	
  



ROC	
  III:	
  

Example	
  14	
  -­‐	
  problem	
  

3	
  POSSIBLE	
  SIGNALS	
  IN	
  TIME	
  !!!	
  3	
  POSSIBLE	
  SOLUTIONS	
  



Example	
  14	
  -­‐	
  problem	
  

3	
  POSSIBLE	
  SIGNALS	
  IN	
  TIME	
  !!!	
  3	
  POSSIBLE	
  SOLUTIONS	
  

ROC	
  II:	
  



Example	
  14	
  -­‐	
  problem	
  

3	
  POSSIBLE	
  SIGNALS	
  IN	
  TIME	
  !!!	
  3	
  POSSIBLE	
  SOLUTIONS	
  

ROC	
  I:	
  



GENERAL	
  IDEA	
  

THE	
  NUMBER	
  OF	
  POSSIBLE	
  SIGNALS	
  IN	
  TIME	
  IS:	
  
NUMBER	
  OF	
  REAL	
  POLES	
  WITH	
  DIFFERENT	
  MODULE	
  (and	
  

different	
  from	
  0	
  and	
  infinity)	
  +	
  1	
  

“…two	
  poles	
  complex	
  conjugates	
  generate	
  only	
  2	
  possible	
  
signals….”	
  



Example	
  15	
  	
  

X(z) = z2 � z

<latexit sha1_base64="R3EETrbuiUHXk4qJeBl6/x6jajo="></latexit>

In	
  this	
  case	
  is	
  much	
  easy:	
  we	
  know	
  that	
  corresponds	
  	
  
to	
  a	
  finite-­‐length	
  signal	
  (only	
  one	
  pole	
  at	
  infinity);	
  	
  
the	
  ROC	
  is	
  all	
  the	
  complex	
  plane	
  except	
  infinity.	
  	
  

x[n] = �[n + 2]� �[n + 1]

<latexit sha1_base64="HMDliQftEim7Ha9l5nQallR+Ql4="></latexit>



Example	
  16	
  	
  

In	
  this	
  case	
  is	
  much	
  easy:	
  we	
  know	
  that	
  corresponds	
  	
  
to	
  a	
  finite-­‐length	
  signal	
  (only	
  one	
  pole	
  at	
  zero);	
  	
  
the	
  ROC	
  is	
  all	
  the	
  complex	
  plane	
  except	
  zero.	
  	
  

X(z) =
z2 + 3z � 1

z2

<latexit sha1_base64="VXYjJX4uRvf+YK6t6gJ95cO4iN0="></latexit>

X(z) = 1 + 3z�1 � z�2

<latexit sha1_base64="M3lGzT093LowTRsoNIGkF5NFnE4="></latexit>

x[n] = �[n] + 3�[n� 1]� �[n� 2]

<latexit sha1_base64="RgZWH8pdO4tk6Y27bxgqI9zivM4="></latexit>



Example	
  17	
  	
  

In	
  this	
  case	
  is	
  much	
  easy:	
  we	
  know	
  that	
  corresponds	
  	
  
to	
  a	
  finite-­‐length	
  signal	
  (two	
  poles	
  at	
  zero	
  and	
  infinity);	
  	
  
the	
  ROC	
  is	
  all	
  the	
  complex	
  plane	
  except	
  zero	
  and	
  infinity.	
  	
  

X(z) =
z3 � 1

z2

<latexit sha1_base64="XfBnjx5qNnRXM2BKoyGaXqzdRfE="></latexit>

X(z) = z � z�2

<latexit sha1_base64="sXu+JBSPhmNTv8d2+jwTAwmcz40="></latexit>

x[n] = �[n + 1]� �[n� 2]

<latexit sha1_base64="O1PsVlbKnmeNChhPBNpB8WxaSQs="></latexit>



Example	
  18	
  	
  

the	
  ROC	
  is	
  all	
  the	
  complex	
  plane	
  except	
  zero	
  and	
  infinity.	
  	
  

3	
  

-­‐1	
  

2	
  

0	
  ,	
  for	
  the	
  rest	
  of	
  values	
  of	
  n	
  

x[n] = 3�[n + 3]� �[n + 1] + �[n� 4]

<latexit sha1_base64="BEtIUzF8qHLxl2eF6/WGy2JnqIs="></latexit>

2	
  



UNILATERAL	
  ZETA	
  TRASFORM	
  



UNILATERAL	
  ZETA	
  TRASFORM	
  

X(z) =
+1X

n=0

x[n]z�n

<latexit sha1_base64="ZcbKSqT/Uma1Df6/SLtgljx2VyI="></latexit>

It	
  loses	
  some	
  properVes	
  and	
  acquires	
  others….	
  	
  

X(z) =
+1X

n=�1
x[n]z�n

<latexit sha1_base64="N/5lQ1KbVKRAgmmqrRUNLJR0LxQ="></latexit>

WE	
  ONLY	
  CONSIDER	
  THE	
  BILATERAL	
  ZETA	
  TRANSFORM:	
  


