
TOPIC	
  5	
  	
  
ZETA	
  TRANSFORM	
  

PART	
  5	
  
“back	
  in	
  .me	
  domain”	
  



Inverse	
  Zeta	
  Transform	
  

LINE	
  INTEGRAL	
  –	
  CURVE	
  INTEGRAL	
  (in	
  a	
  “close”	
  
“circular”	
  curve)	
  

! 	
  Almost	
  never	
  used	
  in	
  prac.ce.	
  
! 	
  Synthesis	
  equa.on.	
  

ALTERNATIVES	
  ?	
  !	
  



PARTIAL	
  FRACTION	
  DECOMPOSITION	
  
(DECOMPOSITION	
  FOR	
  “SIMPLE	
  

FRACTIONS”	
  or	
  
PARTIAL	
  FRACTION	
  EXPANSION)	
  

We	
  will	
  see	
  JUST	
  FEW	
  special	
  cases…	
  



..even	
  without	
  part-­‐frac.on	
  
decomposi.on…	
  

X(z) = z5 + 2z � 1

<latexit sha1_base64="3oZse1xHuaBau6Wu18QLgslp720=">AAAB9HicbVBdSwJBFL3bp9mX1WMvQxIYkeyKUi+B1EuPBvkBusnsOKuDs7PbzKyg4u/opYcieu3H9Na/adR9KO3AhcM593LvPV7EmdK2/W2trK6tb2ymttLbO7t7+5mDw5oKY0lolYQ8lA0PK8qZoFXNNKeNSFIceJzWvf7t1K8PqFQsFA96GFE3wF3BfEawNpLbyI3OrkePpfPC6MJpZ7J23p4BLRMnIVlIUGlnvlqdkMQBFZpwrFTTsSPtjrHUjHA6SbdiRSNM+rhLm4YKHFDljmdHT9CpUTrID6UpodFM/T0xxoFSw8AznQHWPbXoTcX/vGas/St3zEQUayrIfJEfc6RDNE0AdZikRPOhIZhIZm5FpIclJtrklDYhOIsvL5NaIe8U86X7YrZ8k8SRgmM4gRw4cAlluIMKVIHAEzzDK7xZA+vFerc+5q0rVjJzBH9gff4AhwGQpg==</latexit>

x[n] = �[n + 5] + 2�[n + 1]� �[n]

<latexit sha1_base64="/0tBD/pOyBcvFUMa7Csca5lAlss=">AAACH3icbZDLSgMxFIYzXut4G3XpZrAUKqVlprTqplB047KCvcB0LJk0bUMzmSHJiO3QN3Hjq7hxoYi469uYXhRt/SHw5T/nkJzfCykR0rLG2srq2vrGZmJL397Z3ds3Dg5rIog4wlUU0IA3PCgwJQxXJZEUN0KOoe9RXPf6V5N6/R5zQQJ2Kwchdn3YZaRDEJTKahlnqUZ6eFoa3hUz+WHW1h8c5paabUwldFim6GbyPxfbzX6z2zKSVs6aylwGew5JMFelZXw22wGKfMwkolAIx7ZC6caQS4IoHunNSOAQoj7sYkchgz4Wbjzdb2SmlNM2OwFXh0lz6v6eiKEvxMD3VKcPZU8s1ibmfzUnkp0LNyYsjCRmaPZQJ6KmDMxJWGabcIwkHSiAiBP1VxP1IIdIqkh1FYK9uPIy1PI5u5Ar3hSS5ct5HAlwDE5AGtjgHJTBNaiAKkDgETyDV/CmPWkv2rv2MWtd0eYzR+CPtPEXvm+gZQ==</latexit>

ROC:	
  all	
  the	
  complex	
  plane,	
  
	
  except	
  Infinity….	
  



…other	
  very	
  simple	
  case…	
  

X(z) =
z5 + 2z � 1

z3

<latexit sha1_base64="sjR59snJ71TLFZnGgbgIO/J9WdM="></latexit>

= z2 + 2z�2 � z�3

<latexit sha1_base64="zqkD/Wgd6oXF8o8UTxHV5XXGQkA="></latexit>

x[n] = �[n + 2] + 2�[n� 2]� �[n� 3]

<latexit sha1_base64="nKqlozdRVfulYv+oiDvZ52qnwQ0="></latexit>

ROC:	
  all	
  the	
  complex	
  plane,	
  
	
  except	
  zero	
  and	
  Infinity….	
  	
  
(are	
  mul.ple	
  poles?	
  Yes	
  !)	
  



PARTIAL	
  FRACTION	
  
DECOMPOSITION	
  

We	
  ONLY	
  consider	
  the	
  case	
  where:	
  

! Degree	
  Numerator	
  <=	
  Degree	
  Denominator	
  

! The	
  poles	
  are	
  all	
  real	
  and	
  different	
  

! The	
  poles	
  are	
  “simple”	
  (degree	
  1)	
  	
  



PARTIAL	
  FRACTION	
  
DECOMPOSITION	
  

How	
  	
  to	
  find	
  the	
  constant	
  c_i?	
  !	
  



PARTIAL	
  FRACTION	
  
DECOMPOSITION	
  

How	
  	
  to	
  find	
  the	
  constant	
  c_i?	
  !	
  



Come	
  back	
  to	
  Example	
  14	
  

How	
  can	
  we	
  	
  obtain	
  the	
  constant	
  A	
  ,	
  B?	
  	
  

X(z) =
A(1� 1

3z�1) + B(1� 1
4z�1)

(1� 1
4z�1)(1� 1

3z�1)

<latexit sha1_base64="x3XLe7bYmEYbM8AMBSSu3GYKWsU="></latexit>



Come	
  back	
  to	
  Example	
  14	
  

X(z) =
A(1� 1

3z�1) + B(1� 1
4z�1)

(1� 1
4z�1)(1� 1

3z�1)

<latexit sha1_base64="x3XLe7bYmEYbM8AMBSSu3GYKWsU="></latexit>

X(z) =
A�A 1

3z�1 + B �B 1
4z�1

(1� 1
4z�1)(1� 1

3z�1)

<latexit sha1_base64="qXpeAcKVwikVGZaXVqUfCscZAK0="></latexit>

X(z) =
A + B + (�A 1

3 �B 1
4 )z�1

(1� 1
4z�1)(1� 1

3z�1)

<latexit sha1_base64="DAF5kgU/AwWj68uzRuiIlI3IKug="></latexit>



Come	
  back	
  to	
  Example	
  14	
  

X(z) =
A + B + (�A 1

3 �B 1
4 )z�1

(1� 1
4z�1)(1� 1

3z�1)

<latexit sha1_base64="DAF5kgU/AwWj68uzRuiIlI3IKug="></latexit>

We	
  desire	
  that	
  

A + B = 3

�A

3
� B

4
= �5

6

<latexit sha1_base64="5YuDJWau18Ta3CSTdHo4ktb73TE="></latexit>

{

<latexit sha1_base64="eHoRXltC8ePSgsKw9o4IqdE7P+A="></latexit>



Come	
  back	
  to	
  Example	
  14	
  

A + B = 3

�A

3
� B

4
= �5

6

<latexit sha1_base64="5YuDJWau18Ta3CSTdHo4ktb73TE="></latexit>

{

<latexit sha1_base64="eHoRXltC8ePSgsKw9o4IqdE7P+A="></latexit>

A = 1
B = 2

<latexit sha1_base64="8NYWK9aFWjwyxhwRpYn2y+c1Jos="></latexit>



Example	
  14	
  	
  -­‐	
  problem	
  

We	
  obtain	
  the	
  values:	
  A	
  =	
  1,	
  B	
  =	
  2	
  



Example	
  14	
  	
  -­‐	
  problem	
  

We	
  are	
  able	
  to	
  invert	
  these	
  ZT	
  (depending	
  
on	
  the	
  ROC	
  !!!	
  )	
  since	
  we	
  have	
  already	
  seen	
  
in	
  the	
  first	
  two	
  examples	
  of	
  ZT	
  we	
  did….	
  



ROC	
  III:	
  

Example	
  14	
  -­‐	
  problem	
  

3	
  POSSIBLE	
  SIGNALS	
  IN	
  TIME	
  !!!	
  3	
  POSSIBLE	
  SOLUTIONS	
  



Example	
  14	
  -­‐	
  problem	
  

3	
  POSSIBLE	
  SIGNALS	
  IN	
  TIME	
  !!!	
  3	
  POSSIBLE	
  SOLUTIONS	
  

ROC	
  II:	
  



Example	
  14	
  -­‐	
  problem	
  

3	
  POSSIBLE	
  SIGNALS	
  IN	
  TIME	
  !!!	
  3	
  POSSIBLE	
  SOLUTIONS	
  

ROC	
  I:	
  



Example	
  14.5	
  	
  

Considering	
  AGAIN	
  the	
  following	
  ZT	
  :	
  

But	
  in	
  this	
  case	
  we	
  assume	
  the	
  ROC:	
  

How	
  many	
  possible	
  signal	
  x[n]	
  	
  we	
  can	
  have?	
  



Example	
  14.5	
  	
  

ONLY	
  ONE	
  POSSIBLE	
  SOLUTION	
  !!!	
  



Example	
  14.6	
  	
  

Considering	
  the	
  signal	
  in	
  the	
  .me	
  domain:	
  

How	
  many	
  possible	
  Zeta	
  Transforms	
  we	
  can	
  have?	
  

x[n] =
✓

1
4

◆n

u[n] + 2
✓

1
3

◆n

u[n]

<latexit sha1_base64="VTV+tDvnCJQLXb2dJasASaKiBOM="></latexit>



Example	
  14.6	
  	
  

ONLY	
  ONE	
  !!!	
  

With	
  ROC:	
  


