
TOPIC	
  5	
  	
  
ZETA	
  TRANSFORM	
  

PART	
  6	
  



If	
  Zeta	
  Transform	
  H(z)	
  	
  is	
  ra7onal	
  
(frac7on	
  of	
  polynomials)	
  with	
  	
  

real	
  coefficients,	
  then…	
  

The	
  zeros	
  and	
  poles	
  are	
  real	
  	
  
or	
  complex	
  conjugates	
  
(including	
  infinity)	
  



If	
  Zeta	
  Transform	
  H(z)	
  	
  is	
  ra7onal	
  
(frac7on	
  of	
  polynomials)	
  with	
  	
  real	
  

coefficients,	
  then…	
  

The	
  zeros	
  and	
  poles	
  are	
  real	
  	
  
or	
  complex	
  conjugates	
  (including	
  infinity)	
  

Example:	
  



Examples	
  



Examples	
  



Examples	
  of	
  ZT	
  with	
  ROCs	
  

]

<latexit sha1_base64="fdR5JSdUdvGoOlsth63ya9e+1uQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkot4KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmn6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/SaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/vTCM4A==</latexit>



Other	
  example	
  of	
  problem	
  
“back	
  in	
  7me”	
  

There	
  are	
  3	
  possible	
  sequences	
  in	
  7me	
  !!	
  



Recalling	
  the	
  rela7onship	
  with	
  	
  
Fourier	
  Transform	
  and	
  more	
  

clarifica7ons…	
  



SeTng	
  r=1	
  

z = e
j⌦

<latexit sha1_base64="LiSz+SDLnAtDO/7ZW7xwk3MgUKQ=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXZUYquhEKunBnBfuAdiyZ9E4bm2TGJFOoQ7/DjQtF3Pox7vwb04dQXwcuHM65l3s4QcyZNq774czNLywuLWdWsqtr6xubua3tqo4SRaFCIx6pekA0cCahYpjhUI8VEBFwqAW9s5Ff64PSLJLXZhCDL0hHspBRYqzk35/CTXrbvBTQIcNWLu8V3DGw+4t8WXk0RbmVe2+2I5oIkIZyonXDc2Pjp0QZRjkMs81EQ0xoj3SgYakkArSfjkMP8b5V2jiMlB1p8FidvUiJ0HogArspiOnqn95I/MtrJCY88VMm48SApJNHYcKxifCoAdxmCqjhA0sIVcxmxbRLFKHG9pSdLeF/Uj0seMXC0VUxXzqf1pFBu2gPHSAPHaMSukBlVEEU3aEH9ISenb7z6Lw4r5PVOWd6s4O+wXn7BNTkkig=</latexit>



High	
  frequencies	
   Low	
  	
  frequencies	
  



Example	
  2	
  poles	
  at	
  z=0	
  !	
  
1	
  zero	
  at	
  z=j	
  and	
  other	
  zero	
  at	
  z=-­‐j	
  

We	
  have	
  to	
  analyze	
  the	
  distances	
  of	
  poles	
  and	
  zeros	
  with	
  the	
  circle	
  |r|=1…	
  	
  



Example:	
  low-­‐pass	
  filter	
  

|H(⌦)|

<latexit sha1_base64="1vjdNhQfewrTjFwiD7eXUNF2pyA=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiDES5hIRL0FvORmBLPAZAg9nZqkSU/30N0jhEk+w4sHRbz6Nd78GzuLELcHBY/3qqiqF8ScaeO6H05mZXVtfSO7mdva3tndy+8fNLVMFIUGlVyqdkA0cCagYZjh0I4VkCjg0AqG11O/dQ9KMynuzCgGPyJ9wUJGibGSN64VOzcR9MnpuJsvlEvuDNj9Rb6sAlqg3s2/d3qSJhEIQznR2iu7sfFTogyjHCa5TqIhJnRI+uBZKkgE2k9nJ0/wiVV6OJTKljB4pi5PpCTSehQFtjMiZqB/elPxL89LTHjpp0zEiQFB54vChGMj8fR/3GMKqOEjSwhVzN6K6YAoQo1NKbccwv+keVYqV0rnt5VC9WoRRxYdoWNURGV0gaqohuqogSiS6AE9oWfHOI/Oi/M6b804i5lD9A3O2yeGkpC+</latexit>

�⇡

<latexit sha1_base64="NjPXzos+9wlAyGQdRNfyrhdQOwc=">AAAB63icdVDLSgNBEOz1GeMr6tHLYBC8GHYlot4CXjxGMA9IljA76U2GzMwuM7NCWPILXjwo4tUf8ubfuJtEiK+ChqKqm+6uIBbcWNf9cJaWV1bX1gsbxc2t7Z3d0t5+00SJZthgkYh0O6AGBVfYsNwKbMcaqQwEtoLRde637lEbHqk7O47Rl3SgeMgZtbl02o15r1T2Ku4UxP1FvqwyzFHvld67/YglEpVlghrT8dzY+inVljOBk2I3MRhTNqID7GRUUYnGT6e3TshxpvRJGOmslCVTdXEipdKYsQyyTknt0Pz0cvEvr5PY8NJPuYoTi4rNFoWJIDYi+eOkzzUyK8YZoUzz7FbChlRTZrN4iosh/E+aZxWvWjm/rZZrV/M4CnAIR3ACHlxADW6gDg1gMIQHeIJnRzqPzovzOmtdcuYzB/ANztsnusOOBA==</latexit>

⇡

<latexit sha1_base64="TVHHu7zu1FvNDstOWzSOiOOBOVI=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4CjOSoN4CXjxGNAskQ+jp9CRNenqG7hohDPkELx4U8eoXefNv7CxC3B4UPN6roqpekEhh0HU/nNzK6tr6Rn6zsLW9s7tX3D9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGV1O/dc+1EbG6w3HC/YgOlAgFo2il224iesWSV3ZnIO4v8mWVYIF6r/je7ccsjbhCJqkxHc9N0M+oRsEknxS6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqcsTGY2MGUeB7YwoDs1Pbyr+5XVSDC/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0Cssh/E+aZ2WvUq7eVEq1y0UceTiCYzgFD86hBtdQhwYwGMADPMGzI51H58V5nbfmnMXMIXyD8/YJUSCNzQ==</latexit>



Example:	
  high-­‐pass	
  filter	
  

|H(⌦)|

<latexit sha1_base64="1vjdNhQfewrTjFwiD7eXUNF2pyA=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiDES5hIRL0FvORmBLPAZAg9nZqkSU/30N0jhEk+w4sHRbz6Nd78GzuLELcHBY/3qqiqF8ScaeO6H05mZXVtfSO7mdva3tndy+8fNLVMFIUGlVyqdkA0cCagYZjh0I4VkCjg0AqG11O/dQ9KMynuzCgGPyJ9wUJGibGSN64VOzcR9MnpuJsvlEvuDNj9Rb6sAlqg3s2/d3qSJhEIQznR2iu7sfFTogyjHCa5TqIhJnRI+uBZKkgE2k9nJ0/wiVV6OJTKljB4pi5PpCTSehQFtjMiZqB/elPxL89LTHjpp0zEiQFB54vChGMj8fR/3GMKqOEjSwhVzN6K6YAoQo1NKbccwv+keVYqV0rnt5VC9WoRRxYdoWNURGV0gaqohuqogSiS6AE9oWfHOI/Oi/M6b804i5lD9A3O2yeGkpC+</latexit>

�⇡

<latexit sha1_base64="NjPXzos+9wlAyGQdRNfyrhdQOwc=">AAAB63icdVDLSgNBEOz1GeMr6tHLYBC8GHYlot4CXjxGMA9IljA76U2GzMwuM7NCWPILXjwo4tUf8ubfuJtEiK+ChqKqm+6uIBbcWNf9cJaWV1bX1gsbxc2t7Z3d0t5+00SJZthgkYh0O6AGBVfYsNwKbMcaqQwEtoLRde637lEbHqk7O47Rl3SgeMgZtbl02o15r1T2Ku4UxP1FvqwyzFHvld67/YglEpVlghrT8dzY+inVljOBk2I3MRhTNqID7GRUUYnGT6e3TshxpvRJGOmslCVTdXEipdKYsQyyTknt0Pz0cvEvr5PY8NJPuYoTi4rNFoWJIDYi+eOkzzUyK8YZoUzz7FbChlRTZrN4iosh/E+aZxWvWjm/rZZrV/M4CnAIR3ACHlxADW6gDg1gMIQHeIJnRzqPzovzOmtdcuYzB/ANztsnusOOBA==</latexit>

⇡

<latexit sha1_base64="TVHHu7zu1FvNDstOWzSOiOOBOVI=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4CjOSoN4CXjxGNAskQ+jp9CRNenqG7hohDPkELx4U8eoXefNv7CxC3B4UPN6roqpekEhh0HU/nNzK6tr6Rn6zsLW9s7tX3D9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGV1O/dc+1EbG6w3HC/YgOlAgFo2il224iesWSV3ZnIO4v8mWVYIF6r/je7ccsjbhCJqkxHc9N0M+oRsEknxS6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqcsTGY2MGUeB7YwoDs1Pbyr+5XVSDC/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0Cssh/E+aZ2WvUq7eVEq1y0UceTiCYzgFD86hBtdQhwYwGMADPMGzI51H58V5nbfmnMXMIXyD8/YJUSCNzQ==</latexit>



Example:	
  band-­‐pass	
  filter	
  

�⇡

<latexit sha1_base64="NjPXzos+9wlAyGQdRNfyrhdQOwc=">AAAB63icdVDLSgNBEOz1GeMr6tHLYBC8GHYlot4CXjxGMA9IljA76U2GzMwuM7NCWPILXjwo4tUf8ubfuJtEiK+ChqKqm+6uIBbcWNf9cJaWV1bX1gsbxc2t7Z3d0t5+00SJZthgkYh0O6AGBVfYsNwKbMcaqQwEtoLRde637lEbHqk7O47Rl3SgeMgZtbl02o15r1T2Ku4UxP1FvqwyzFHvld67/YglEpVlghrT8dzY+inVljOBk2I3MRhTNqID7GRUUYnGT6e3TshxpvRJGOmslCVTdXEipdKYsQyyTknt0Pz0cvEvr5PY8NJPuYoTi4rNFoWJIDYi+eOkzzUyK8YZoUzz7FbChlRTZrN4iosh/E+aZxWvWjm/rZZrV/M4CnAIR3ACHlxADW6gDg1gMIQHeIJnRzqPzovzOmtdcuYzB/ANztsnusOOBA==</latexit>

⇡

<latexit sha1_base64="TVHHu7zu1FvNDstOWzSOiOOBOVI=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4CjOSoN4CXjxGNAskQ+jp9CRNenqG7hohDPkELx4U8eoXefNv7CxC3B4UPN6roqpekEhh0HU/nNzK6tr6Rn6zsLW9s7tX3D9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGV1O/dc+1EbG6w3HC/YgOlAgFo2il224iesWSV3ZnIO4v8mWVYIF6r/je7ccsjbhCJqkxHc9N0M+oRsEknxS6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqcsTGY2MGUeB7YwoDs1Pbyr+5XVSDC/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0Cssh/E+aZ2WvUq7eVEq1y0UceTiCYzgFD86hBtdQhwYwGMADPMGzI51H58V5nbfmnMXMIXyD8/YJUSCNzQ==</latexit>

|H(⌦)|

<latexit sha1_base64="1vjdNhQfewrTjFwiD7eXUNF2pyA=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiDES5hIRL0FvORmBLPAZAg9nZqkSU/30N0jhEk+w4sHRbz6Nd78GzuLELcHBY/3qqiqF8ScaeO6H05mZXVtfSO7mdva3tndy+8fNLVMFIUGlVyqdkA0cCagYZjh0I4VkCjg0AqG11O/dQ9KMynuzCgGPyJ9wUJGibGSN64VOzcR9MnpuJsvlEvuDNj9Rb6sAlqg3s2/d3qSJhEIQznR2iu7sfFTogyjHCa5TqIhJnRI+uBZKkgE2k9nJ0/wiVV6OJTKljB4pi5PpCTSehQFtjMiZqB/elPxL89LTHjpp0zEiQFB54vChGMj8fR/3GMKqOEjSwhVzN6K6YAoQo1NKbccwv+keVYqV0rnt5VC9WoRRxYdoWNURGV0gaqohuqogSiS6AE9oWfHOI/Oi/M6b804i5lD9A3O2yeGkpC+</latexit>



Example	
  again	
  low-­‐pass	
  filter	
  

H(!) =
ej⌦

ej⌦ � a

<latexit sha1_base64="ngaNOmDBCBx61ew4l5rS5lXsMOk=">AAACHnicbVDLSsNAFJ34rPUVdekmWAp1YUmkRTeFoht3KlgVklgm05t27GQSZiZCCPkSN/6KGxeKCK70b5zWLurjwIUz59zL3HuChFGpbPvTmJmdm19YLC2Vl1dW19bNjc1LGaeCQIfELBbXAZbAKIeOoorBdSIARwGDq2B4PPKv7kBIGvMLlSXgR7jPaUgJVlrqms2TmhdH0Me7LS8UmORwk996pyOlKKYfe7goVzOX+63M9btmxa7bY1h/iTMhFTTBWdd893oxSSPgijAspevYifJzLBQlDIqyl0pIMBniPriachyB9PPxeYVV1UrPCmOhiytrrE5P5DiSMosC3RlhNZC/vZH4n+emKjz0c8qTVAEn3x+FKbNUbI2ysnpUAFEs0wQTQfWuFhlgnZLSiZZ1CM7vk/+Sy/2606g3zxuV9tEkjhLaRjuohhx0gNroBJ2hDiLoHj2iZ/RiPBhPxqvx9t06Y0xmttAPGB9fLA2ihg==</latexit>

⌦

<latexit sha1_base64="YV/s0Tgz+HiqHNLOKbO6uU9DxgI=">AAACJnicbZDLSsNAFIYnXmu8VV26CZZCXVgSqeimUHTTnQpWC0ksk+lJHTuZhJmJEEKexo2v4sZFRcSdj+L0svB2YOCb/z+HmfMHCaNS2faHMTe/sLi0XFoxV9fWNzbLW9vXMk4FgQ6JWSy6AZbAKIeOoopBNxGAo4DBTTA8G/s3DyAkjfmVyhLwIzzgNKQEKy31yk3vPIIBNqvtmhePab/phQKTHG7z+6lXFN8vB7gwq5nL/Wbm+r1yxa7bk7L+gjODCprVRa888voxSSPgijAspevYifJzLBQlDArTSyUkmAzxAFyNHEcg/XyyZmFVtdK3wljow5U1Ub9P5DiSMosC3RlhdSd/e2PxP89NVXji55QnqQJOpg+FKbNUbI0zs/pUAFEs04CJoPqvFrnDOiWlkzV1CM7vlf/C9WHdadSPLhuV1uksjhLaRXuohhx0jFqojS5QBxH0iJ7RCL0aT8aL8Wa8T1vnjNnMDvpRxucXm9ClSg==</latexit>

⌦

<latexit sha1_base64="YV/s0Tgz+HiqHNLOKbO6uU9DxgI=">AAACJnicbZDLSsNAFIYnXmu8VV26CZZCXVgSqeimUHTTnQpWC0ksk+lJHTuZhJmJEEKexo2v4sZFRcSdj+L0svB2YOCb/z+HmfMHCaNS2faHMTe/sLi0XFoxV9fWNzbLW9vXMk4FgQ6JWSy6AZbAKIeOoopBNxGAo4DBTTA8G/s3DyAkjfmVyhLwIzzgNKQEKy31yk3vPIIBNqvtmhePab/phQKTHG7z+6lXFN8vB7gwq5nL/Wbm+r1yxa7bk7L+gjODCprVRa888voxSSPgijAspevYifJzLBQlDArTSyUkmAzxAFyNHEcg/XyyZmFVtdK3wljow5U1Ub9P5DiSMosC3RlhdSd/e2PxP89NVXji55QnqQJOpg+FKbNUbI0zs/pUAFEs04CJoPqvFrnDOiWlkzV1CM7vlf/C9WHdadSPLhuV1uksjhLaRXuohhx0jFqojS5QBxH0iJ7RCL0aT8aL8Wa8T1vnjNnMDvpRxucXm9ClSg==</latexit>

⌦

<latexit sha1_base64="YV/s0Tgz+HiqHNLOKbO6uU9DxgI=">AAACJnicbZDLSsNAFIYnXmu8VV26CZZCXVgSqeimUHTTnQpWC0ksk+lJHTuZhJmJEEKexo2v4sZFRcSdj+L0svB2YOCb/z+HmfMHCaNS2faHMTe/sLi0XFoxV9fWNzbLW9vXMk4FgQ6JWSy6AZbAKIeOoopBNxGAo4DBTTA8G/s3DyAkjfmVyhLwIzzgNKQEKy31yk3vPIIBNqvtmhePab/phQKTHG7z+6lXFN8vB7gwq5nL/Wbm+r1yxa7bk7L+gjODCprVRa888voxSSPgijAspevYifJzLBQlDArTSyUkmAzxAFyNHEcg/XyyZmFVtdK3wljow5U1Ub9P5DiSMosC3RlhdSd/e2PxP89NVXji55QnqQJOpg+FKbNUbI0zs/pUAFEs04CJoPqvFrnDOiWlkzV1CM7vlf/C9WHdadSPLhuV1uksjhLaRXuohhx0jFqojS5QBxH0iJ7RCL0aT8aL8Wa8T1vnjNnMDvpRxucXm9ClSg==</latexit>



Other	
  examples	
  	
  
in	
  order	
  to	
  clarify	
  more…	
  



For	
  a	
  be^er	
  understanding…	
  

Let	
  us	
  consider	
  the	
  signal	
  of	
  type:	
  

x[n] = a

�n
u[n� n0]

<latexit sha1_base64="NFXtvBWpfWqWk5YpZFJcoBdrYzA=">AAACAXicbVA9SwNBEJ2LXzF+ndoINotBsDHcSUQbIWBjYRHBfMDlDHubTbJkb+/Y3RPDERv/io2FIrb+Czv/jZvkCk18MPB4b4aZeUHMmdKO823lFhaXllfyq4W19Y3NLXt7p66iRBJaIxGPZDPAinImaE0zzWkzlhSHAaeNYHA59hv3VCoWiVs9jKkf4p5gXUawNlLb3nvwhH+B79JWQDVGYpR44li0Hb9tF52SMwGaJ25GipCh2ra/Wp2IJCEVmnCslOc6sfZTLDUjnI4KrUTRGJMB7lHPUIFDqvx08sEIHRqlg7qRNCU0mqi/J1IcKjUMA9MZYt1Xs95Y/M/zEt0991Mm4kRTQaaLuglHOkLjOFCHSUo0HxqCiWTmVkT6WGKiTWgFE4I7+/I8qZ+U3HLp9KZcrFxnceRhHw7gCFw4gwpcQRVqQOARnuEV3qwn68V6tz6mrTkrm9mFP7A+fwDaPJaK</latexit>



For	
  a	
  be^er	
  understanding…	
  
a > 1; a = 2
� < 0; � = �0.2

<latexit sha1_base64="sWwp+KB8qV2kcimIjLjm3+e13Uk="></latexit>

0

0.5
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n0 < 0; n0 = �5

<latexit sha1_base64="E3luBu4Oob5LNTIj/xdi15cs9yQ="></latexit>

x[n] = 2�0.2n
u[n + 5]

<latexit sha1_base64="PUCLl66TGv+avxwLtl3QgSvS950="></latexit>



For	
  a	
  be^er	
  understanding…	
  

0

0.5

1

1.5

2

-20 -10 0 10 20

n0 < 0; n0 = �5

<latexit sha1_base64="E3luBu4Oob5LNTIj/xdi15cs9yQ="></latexit>

0 < ↵  1; ↵ = 1/2

<latexit sha1_base64="oTz9gLEOyzPH1ob/a+Q6AuOX+Rc=">AAACCXicbVDLSgNBEJyNrxhfqx69DAbBU9wNEQUVgl48RjAPyC6hd3Y2GTL7yMysEEKuXvwVLx4U8eofePNvnCR70MSChqKqm+4uL+FMKsv6NnJLyyura/n1wsbm1vaOubvXkHEqCK2TmMei5YGknEW0rpjitJUICqHHadPr30z85gMVksXRvRom1A2hG7GAEVBa6pjYunSAJz1wOB1g+wI7gxR8PNOu7JNyxyxaJWsKvEjsjBRRhlrH/HL8mKQhjRThIGXbthLljkAoRjgdF5xU0gRIH7q0rWkEIZXuaPrJGB9pxcdBLHRFCk/V3xMjCKUchp7uDEH15Lw3Ef/z2qkKzt0Ri5JU0YjMFgUpxyrGk1iwzwQlig81ASKYvhWTHgggSodX0CHY8y8vkka5ZFdKp3eVYvU6iyOPDtAhOkY2OkNVdItqqI4IekTP6BW9GU/Gi/FufMxac0Y2s4/+wPj8AaF/mGM=</latexit>

x[n] = (1/2)0.2n
u[n + 5]

<latexit sha1_base64="yOW8XjnSvKwuYoXfpVZF5Ry1wX8="></latexit>

� > 0; � = 0.2

<latexit sha1_base64="+w6eu96YtCr64TOonB2TpOuvDaQ="></latexit>

The	
  same	
  of	
  
before	
  !	
  



For	
  a	
  be^er	
  understanding…	
  

x[n] = 20.2n
u[n + 5]

<latexit sha1_base64="7e0IFy6h/NShPoxe60BdqzJ6jD8="></latexit>

↵ > 1; ↵ = 2

<latexit sha1_base64="ipFztRG56SH0P1TuEZ2I3zvRDkM="></latexit>

� > 0; � = 0.2

<latexit sha1_base64="GgbP8GpQRugmfNC5ZTxQQf+oZAA="></latexit>

n0 < 0; n0 = �5

<latexit sha1_base64="E3luBu4Oob5LNTIj/xdi15cs9yQ="></latexit>
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For	
  a	
  be^er	
  understanding…	
  

x[n] = 20.2n
u[n + 5]

<latexit sha1_base64="7e0IFy6h/NShPoxe60BdqzJ6jD8="></latexit>
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