
TOPIC	
  between	
  5	
  and	
  6	
  	
  
Digital	
  filters	
  

PART	
  1	
  (and	
  no	
  more)	
  



Linear	
  difference	
  equa6ons	
  
with	
  constant	
  coefficients	
  	
  

LX

i=0

biy[n� i] =
RX

r=0

crx[n� r]

<latexit sha1_base64="JiV48GpuAm9O2674TdbjJhMTaHs=">AAACGHicbZC7TsMwFIYdrqXcAowsFhUSCyVBRbBUqmBhYCiIXqQ0RI7rtFYdJ7IdRBX1MVh4FRYGEGLtxtvgtBmg5Zcs/frOOTo+vx8zKpVlfRsLi0vLK6uFteL6xubWtrmz25RRIjBp4IhFou0jSRjlpKGoYqQdC4JCn5GWP7jK6q1HIiSN+L0axsQNUY/TgGKkNPLMk45MQi+lVWv0cAN9j8Khw4+pW51ykfE7iD0BnzQXrmeWrLI1EZw3dm5KIFfdM8edboSTkHCFGZLSsa1YuSkSimJGRsVOIkmM8AD1iKMtRyGRbjo5bAQPNenCIBL6cQUn9PdEikIph6GvO0Ok+nK2lsH/ak6iggs3pTxOFOF4uihIGFQRzFKCXSoIVmyoDcKC6r9C3EcCYaWzLOoQ7NmT503ztGxXyme3lVLtMo+jAPbBATgCNjgHNXAN6qABMHgGr+AdfBgvxpvxaXxNWxeMfGYP/JEx/gEjJ581</latexit>

With	
  L-­‐INITIAL	
  CONDITIONS	
  (they	
  are	
  required)	
  

y[�1], y[�2], ..., y[�L]

<latexit sha1_base64="AmGG+9JX7VDZ+/s01vjuAe6Cmfw=">AAAB/nicbZBNS8MwGMfT+TbnW1U8eQkOwcMs7ZjocejFg4cJ7gW6MtIs3cLStCSpUMrAr+LFgyJe/Rze/DamWw+6+UDCj///eciTvx8zKpVtfxulldW19Y3yZmVre2d3z9w/6MgoEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXn9zkfveRCEkj/qDSmHghGnEaUIyUlgbmUeqeO15N33WvZllWTnfewKzalj0ruAxOAVVQVGtgfvWHEU5CwhVmSErXsWPlZUgoihmZVvqJJDHCEzQirkaOQiK9bLb+FJ5qZQiDSOjDFZypvycyFEqZhr7uDJEay0UvF//z3EQFV15GeZwowvH8oSBhUEUwzwIOqSBYsVQDwoLqXSEeI4Gw0olVdAjO4peXoVO3nIZ1cd+oNq+LOMrgGJyAM+CAS9AEt6AF2gCDDDyDV/BmPBkvxrvxMW8tGcXMIfhTxucPpSqTXA==</latexit>

We	
  need	
  to	
  know	
  these	
  L	
  values	
  !	
  	
  

n = 0, 1, 2, 3...

<latexit sha1_base64="p+meeBCfLtQFILllNWwtYEZSwP8="></latexit>

n � 0

<latexit sha1_base64="3JVJQlYXQA3zQCdF9QjuPc1mEww="></latexit>



Example	
  
y[n]� 0.2y[n� 1]� 0.2y[n� 2] = x[n] + x[n� 1]

<latexit sha1_base64="UiQScvLLotu06L7v5S1A1NTbpPA="></latexit>

L = 2

<latexit sha1_base64="l1/1who4BRb6MP4JYaNbFuhRZC4="></latexit>

R = 1

<latexit sha1_base64="IeIU5rhc2t2HW1d1uSPgrb6ikk8="></latexit>

b0 = 1, b1 = �0.2, b2 = �0.2

<latexit sha1_base64="IzV0gNB+vTjIYTarzFZBt8lKPc4="></latexit>

c0 = 1, x1 = 1

<latexit sha1_base64="QseTPCvfWYvp74XgOTbmBmsMPEs="></latexit>

Addi6onally	
  consider	
  the	
  L-­‐	
  INITIAL	
  CONDITIONS:	
  

y[�1] = 8, y[�2] = �5

<latexit sha1_base64="nRFeTogd7VNdCHTQZOXUFwhUj5Q="></latexit>

	
  and	
  the	
  following	
  input	
  signal:	
  
x[�1] = 6, x[0] = �2, x[1] = �3,

the rest of values are zero for n 6= �1, 0, 1

<latexit sha1_base64="WIZ8JKqhMtwnjEErhdbX4SCuA0Y="></latexit>



Example	
  

Obtain	
  the	
  first	
  3	
  values	
  of	
  the	
  output	
  signal	
  y[n],	
  
i.e.,	
  y[0],	
  y[1]	
  and	
  y[2]:	
  

y[n]� 0.2y[n� 1]� 0.2y[n� 2] = x[n] + x[n� 1]

<latexit sha1_base64="UiQScvLLotu06L7v5S1A1NTbpPA="></latexit>

y[�1] = 8, y[�2] = �5

<latexit sha1_base64="nRFeTogd7VNdCHTQZOXUFwhUj5Q="></latexit>

x[�1] = 6, x[0] = �2, x[1] = �3,

the rest of values are zero for n 6= �1, 0, 1

<latexit sha1_base64="WIZ8JKqhMtwnjEErhdbX4SCuA0Y="></latexit>



Example	
  

n = 0

<latexit sha1_base64="H26X/9znjf8IeN8Yl6KO26UBuOc="></latexit>

y[0] = 0.2y[0� 1] + 0.2y[0� 2] + x[0] + x[0� 1]

<latexit sha1_base64="sCct4vEqcYw3ALXO7V5t8z/4U2w="></latexit>

y[n] = 0.2y[n� 1] + 0.2y[n� 2] + x[n] + x[n� 1]

<latexit sha1_base64="R443DbxbY/CDrMrHxEI0DzGPhbY="></latexit>

y[0] = 0.2 · 8 + 0.2 · (�5)� 2 + 6

<latexit sha1_base64="R9+dKpbawFqKWQC1XB4bMK6JAME="></latexit>

y[0] = 4.6

<latexit sha1_base64="FikiO1r6okQDNQgDoVVOfTHjmJg="></latexit>

n = 1

<latexit sha1_base64="pyATof1oFR472ldXIFw+EpMX9f0="></latexit>

y[1] = 0.2y[1� 1] + 0.2y[1� 2] + x[1] + x[1� 1]

<latexit sha1_base64="NhLKPr2E28sU7kuglwKUkkivqsU="></latexit>

y[1] = 0.2y[0] + 0.2y[�1] + x[1] + x[0]

<latexit sha1_base64="r550scPol/67TcmJDcDQsuHLl1s="></latexit>

y[1] = 0.2 · 4.6 + 0.2 · 8� 3� 2

<latexit sha1_base64="QrKJKx+kr/FJUAlGYgPBHis1y3k="></latexit>

y[1] = �2.48

<latexit sha1_base64="erq91ZgMRjFoVfOtGRr9bFUE//I="></latexit>



Example	
  
y[0] = 4.6

<latexit sha1_base64="FikiO1r6okQDNQgDoVVOfTHjmJg="></latexit>

y[1] = �2.48

<latexit sha1_base64="erq91ZgMRjFoVfOtGRr9bFUE//I="></latexit>

n = 2

<latexit sha1_base64="WaF0LEJaioF+WMnm5WzfG0FSK6M="></latexit>

y[2] = 0.2y[2� 1] + 0.2y[2� 2] + x[2] + x[2� 1]

<latexit sha1_base64="o9aTpzm/luwY305H+15R4fWcZiA="></latexit>

y[2] = 0.2y[1] + 0.2y[0] + x[2] + x[1]

<latexit sha1_base64="10z8LT9c2NequuPeiBk1GFJ85pk="></latexit>

y[2] = 0.2 · (�2.48) + 0.2 · 4.6 + 0� 3

<latexit sha1_base64="8DImb/bYGGPlbrYV93rmH4fGokk="></latexit>

y[2] = �2.576

<latexit sha1_base64="yPuewAyQC+zdSze97vRygH0qk3I="></latexit>



Example	
  

y[0] = 4.6

<latexit sha1_base64="FikiO1r6okQDNQgDoVVOfTHjmJg="></latexit>

y[1] = �2.48

<latexit sha1_base64="erq91ZgMRjFoVfOtGRr9bFUE//I="></latexit>

y[2] = �2.576

<latexit sha1_base64="yPuewAyQC+zdSze97vRygH0qk3I="></latexit>

Solu6on:	
  



Linear	
  difference	
  equa6ons	
  
with	
  constant	
  coefficients	
  	
  

Different	
  names:	
  
! 	
  Linear	
  difference	
  equa6ons	
  with	
  constant	
  
coefficients	
  

! ARMA	
  filters	
  (special	
  cases:	
  AR	
  filters	
  -­‐	
  MA	
  filters)	
  

! IIR	
  filters	
  (FIR	
  filters)	
  

! Digital	
  filters	
  



SOLUTION:	
  y[n]	
  
We	
  have	
  solved	
  the	
  difference	
  equa6on	
  	
  for	
  3	
  
6mes	
  steps	
  by	
  applying	
  the	
  recursion	
  3	
  6mes….	
  

For	
  linear	
  difference	
  equa6ons	
  with	
  constant	
  
coefficients	
  general	
  analy6cal	
  solu6ons	
  can	
  be	
  
obtained	
  (as	
  for	
  the	
  linear	
  differen6al	
  equa6ons	
  
	
  with	
  constant	
  coefficient).	
  



GENERAL	
  SOLUTION:	
  y[n]	
  

y[n] = y
o

[n] + y
f

[n]

<latexit sha1_base64="bcvZme9FZLf4LgK/Z6RuZX9TnIc="></latexit>

Solu6on	
  of	
  the	
  homogeneous	
  
system:	
  
With	
  x[n]=0	
  	
  and	
  generic	
  ini6al	
  
condi6ons	
  (free-­‐response;	
  
“transitory”,	
  if	
  stable…)	
  	
  

“Forced”	
  solu6on:	
  
Generic	
  x[n]	
  but	
  
null	
  ini6al	
  
condi6ons.	
  	
  



	
  Regarding	
  y_o[n]….	
  

y[n] = y
o

[n] + y
f

[n]

<latexit sha1_base64="bcvZme9FZLf4LgK/Z6RuZX9TnIc="></latexit>

Solu6on	
  of	
  the	
  homogeneous	
  system:	
  with	
  x[n]=0	
  	
  and	
  generic	
  ini6al	
  
condi6ons	
  (free-­‐response;	
  “transitory”,	
  if	
  stable…)	
  	
  

! 	
  We	
  have	
  to	
  study	
  the	
  ``characteris6c’’	
  polynomial:	
  
related	
  to	
  the	
  denominator	
  of	
  H(z)	
  and	
  the	
  poles	
  are	
  
roots	
  of	
  the	
  	
  ``characteris6c’’	
  polynomial…	
  
! 	
  There	
  are	
  courses	
  only	
  for	
  this	
  goal:	
  Dynamical	
  
systems	
  etc…	
  (as	
  with	
  the	
  differen6al	
  equa6ons)	
  



	
  Regarding	
  y_o[n]….	
  

y[n] = y
o

[n] + y
f

[n]

<latexit sha1_base64="bcvZme9FZLf4LgK/Z6RuZX9TnIc="></latexit>

! 	
  IF	
  THE	
  INITIAL	
  CONDITIONS	
  ARE	
  NULL,	
  THEN:	
  

y
o

[n] = 0

<latexit sha1_base64="IYmULTUr60MLws8DGeJGvAYf1M4="></latexit>



	
  Regarding	
  y_o[n]….	
  

! 	
  IF	
  THE	
  INITIAL	
  CONDITIONS	
  ARE	
  NULL,	
  THEN:	
  

And	
  so:	
  	
  

y
o

[n] = 0

<latexit sha1_base64="IYmULTUr60MLws8DGeJGvAYf1M4="></latexit>

y[n] = yf [n]

<latexit sha1_base64="y8IwXM1aF1b15Q5l8KWs9mMdGCI="></latexit>



	
  Regarding	
  y_f[n]….	
  

yf [n] = x[n] ⇤ h[n]

<latexit sha1_base64="0TceOXfH3xD2IZqmSkxMoPZqr4U="></latexit>

Yf (z) = X(z)H(z)

<latexit sha1_base64="hE91Ih0LYF69yfXnhCtBn8fyzBs="></latexit>



In	
  all	
  this	
  course,	
  we	
  have	
  
always	
  considered	
  	
  

null	
  ini6al	
  condi6ons:	
  

Y (z) = Yf (z) = X(z)H(z)

<latexit sha1_base64="NPPym3HylIr8FbQ05UaPB+t5rqQ="></latexit>

y[n] = yf [n] = x[n] ⇤ h[n]

<latexit sha1_base64="9NGL4/tAQhmMe+o8cpf1qxnjpM0="></latexit>



How	
  can	
  we	
  find	
  the	
  
corresponding	
  h[n]?	
  

y[�1] = ... = y[�L] = 0

<latexit sha1_base64="GR3fssNI+qkq9OVwmhQKPru8+Y4="></latexit>

x[n] = �[n]

<latexit sha1_base64="xhKaOFJZSaLvdWu/6w+/Dhw52mE="></latexit>

Recall	
  that	
  h[n]	
  is	
  the	
  “impulse	
  response”:	
  
It	
  can	
  be	
  done	
  “by	
  hand”	
  following	
  the	
  recursion…	
  

There	
  is	
  also	
  a	
  general	
  procedure	
  	
  to	
  obtain	
  the	
  
anyli6cal	
  form	
  of	
  h[n]	
  	
  
(we	
  do	
  not	
  considered	
  it	
  now…)	
  	
  	
  



Classifica6on	
  

LX

i=0

biy[n� i] =
RX

r=0

crx[n� r]

<latexit sha1_base64="JiV48GpuAm9O2674TdbjJhMTaHs=">AAACGHicbZC7TsMwFIYdrqXcAowsFhUSCyVBRbBUqmBhYCiIXqQ0RI7rtFYdJ7IdRBX1MVh4FRYGEGLtxtvgtBmg5Zcs/frOOTo+vx8zKpVlfRsLi0vLK6uFteL6xubWtrmz25RRIjBp4IhFou0jSRjlpKGoYqQdC4JCn5GWP7jK6q1HIiSN+L0axsQNUY/TgGKkNPLMk45MQi+lVWv0cAN9j8Khw4+pW51ykfE7iD0BnzQXrmeWrLI1EZw3dm5KIFfdM8edboSTkHCFGZLSsa1YuSkSimJGRsVOIkmM8AD1iKMtRyGRbjo5bAQPNenCIBL6cQUn9PdEikIph6GvO0Ok+nK2lsH/ak6iggs3pTxOFOF4uihIGFQRzFKCXSoIVmyoDcKC6r9C3EcCYaWzLOoQ7NmT503ztGxXyme3lVLtMo+jAPbBATgCNjgHNXAN6qABMHgGr+AdfBgvxpvxaXxNWxeMfGYP/JEx/gEjJ581</latexit>

Auto-­‐regressive	
  part	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (AR)	
  

Moving-­‐average	
  part	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (MA)	
  

AR+MA	
  =	
  ARMA	
  filter	
  

y[�1] = ... = y[�L] = 0

<latexit sha1_base64="GR3fssNI+qkq9OVwmhQKPru8+Y4="></latexit>



General	
  considera6on	
  

! 	
  	
  A	
  filter	
  with	
  an	
  AR	
  part	
  is	
  “more	
  powerful”	
  in	
  
general	
  (than	
  an	
  MA	
  filter,	
  without	
  an	
  AR	
  part…)	
  

! 	
  BUT	
  it	
  can	
  be	
  STABILITY	
  ISSUES	
  !	
  	
  
WE	
  HAVE	
  TO	
  BE	
  CAREFUL	
  !	
  	
  



Moving	
  average	
  (MA)	
  filter	
  

y[n] =
RX

r=0

crx[n� r]

<latexit sha1_base64="vCvy+E9cSmE8AKkKUp+ewx5ZmMs="></latexit>

y[n] = x[n]� x[n� 1] + 10x[n� 10]

<latexit sha1_base64="sXdDarnpJGgXyN8y65XKRMnKChQ="></latexit>

Examples:	
  

y[n] =
1
3
x[n] +

1
3
x[n� 1] +

1
3
x[n� 3]

<latexit sha1_base64="SoNFprITo08/N3gvoojvbUHiRXM="></latexit>

Arithme6c	
  mean	
  of	
  the	
  last	
  3	
  samples	
  of	
  x[n]	
  



MA	
  filter	
  =	
  FIR	
  filter	
  

! 	
  MA	
  	
  filters	
  are	
  also	
  called-­‐known	
  as	
  	
  
FINITE	
  IMPULSE	
  RESPONSE	
  (FIR)	
  filters.	
  

WHY?	
  Because	
  the	
  
corresponding	
  h[n]	
  has	
  finite-­‐
length	
  !	
  



MA	
  filter	
  =	
  “all-­‐zeros”	
  filter	
  

! 	
  	
  An	
  MA	
  filter	
  is	
  also	
  called	
  as	
  “all-­‐zeros”	
  filter	
  

! WHY?	
  The	
  H(z)	
  of	
  h[n]	
  correspoding	
  to	
  an	
  MA	
  filter	
  
has	
  “only”	
  zeros,	
  except	
  one	
  pole	
  (generally	
  mul6ple)	
  
at	
  |z|=r=0.	
  	
  



MA	
  filter	
  =	
  “all-­‐zeros”	
  filter	
  

y[n] =
RX

r=0

crx[n� r]

<latexit sha1_base64="vCvy+E9cSmE8AKkKUp+ewx5ZmMs="></latexit>

Y (z) =
RX

r=0

crz
�rX(z)

<latexit sha1_base64="Wcn/QgPtGFCEv5QLn7Rm0jabU7w="></latexit>

H(z) =
Y (z)
X(z)

=
RX

r=0

crz
�r

<latexit sha1_base64="lu8d46fuQXu86I8SRUADI8TTqUw="></latexit>

H(z) =
PR

r=0 crz
R�r

zR

<latexit sha1_base64="onHCVEGMnzm2jtc/pIcLSL3VS9s="></latexit>



MA	
  filter	
  =	
  FIR	
  filter	
  

H(z) =
Y (z)
X(z)

=
RX

r=0

crz
�r

<latexit sha1_base64="lu8d46fuQXu86I8SRUADI8TTqUw="></latexit>

h[n] =
RX

r=0

cr�[n� r]

<latexit sha1_base64="hnQde+QsXLmTZzpYpPl/NhSWrf4="></latexit>

! 	
  FINITE	
  IMPULSE	
  RESPONSE	
  (FIR)	
  filter	
  	
  



MA	
  filter:	
  	
  
advantanges	
  and	
  drawbacks	
  

! 	
  Good	
  point:	
  Easy	
  to	
  implement	
  

! 	
  	
  Very	
  good	
  point:	
  WE	
  HAVE	
  NOT	
  STABILITY	
  ISSUES	
  !!!	
  
If	
  x[n]	
  is	
  stable	
  (i.e.,	
  bound)	
  no	
  problem.	
  

! 	
  Drawback:	
  to	
  reach	
  the	
  performance	
  of	
  an	
  AR	
  filter	
  
(i.e.,	
  to	
  have	
  the	
  same	
  features	
  in	
  frequency)	
  we	
  need	
  
a	
  huge	
  value	
  of	
  R	
  (several	
  coefficients)….	
  We	
  will	
  see	
  
that	
  an	
  AR	
  filter	
  can	
  be	
  expressed	
  as	
  an	
  MA	
  filter	
  with	
  
R=infinity.	
  	
  	
  	
  



Auto-­‐regressive	
  (AR)	
  filter	
  

LX

i=0

biy[n� i] = x[n]

<latexit sha1_base64="XgqBrdpQgJTrZ9R6r+wT/kln2cI=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBjSWRim4KBV24cFHBPiCNYTKdtEMnkzAzEUPoxo2/4saFIm79B3f+jdM2C209cOFwzr3ce48fMyqVZX0bhYXFpeWV4mppbX1jc8vc3mnJKBGYNHHEItHxkSSMctJUVDHSiQVBoc9I2x9ejP32PRGSRvxWpTFxQ9TnNKAYKS155n5XJqGX0Zo1uruGvkdh6vBj6tYeHO56ZtmqWBPAeWLnpAxyNDzzq9uLcBISrjBDUjq2FSs3Q0JRzMio1E0kiREeoj5xNOUoJNLNJl+M4KFWejCIhC6u4ET9PZGhUMo09HVniNRAznpj8T/PSVRw7maUx4kiHE8XBQmDKoLjSGCPCoIVSzVBWFB9K8QDJBBWOriSDsGefXmetE4qdrVyelMt1y/zOIpgDxyAI2CDM1AHV6ABmgCDR/AMXsGb8WS8GO/Gx7S1YOQzu+APjM8fSWaXzw==</latexit>

y[n] = �
LX

i=1

bi

b0
y[n� i] +

1
b0

x[n]

<latexit sha1_base64="12OTRH2FeXn/GMmNdkruOcvqyRU="></latexit>



Auto-­‐regressive	
  (AR)	
  filter	
  

Examples:	
  

y[n] = y[n� 1]

<latexit sha1_base64="T9S99JH+kZI1ZckSeXbthTYJCbw="></latexit>

+x[n]

<latexit sha1_base64="lMkW1k4vMw2EbhJ5zrrqH3K1jvA="></latexit>

y[n] = 0.5y[n� 1]� 0.2y[n� 2]

<latexit sha1_base64="zoS96kOxxgYnV7bBITXyJtjqkKo="></latexit>

y[n] = 0.8y[n� 3]� 5y[n� 10]

<latexit sha1_base64="5LTpptfH9eJYXNY3x6//IzpX7pk="></latexit>

+x[n]

<latexit sha1_base64="lMkW1k4vMw2EbhJ5zrrqH3K1jvA="></latexit>

+x[n]

<latexit sha1_base64="lMkW1k4vMw2EbhJ5zrrqH3K1jvA="></latexit>



AR	
  filter	
  =	
  IIR	
  filter	
  

! 	
  AR	
  	
  filters	
  are	
  also	
  called-­‐known	
  as	
  	
  
INFINITE	
  IMPULSE	
  RESPONSE	
  (IIR)	
  filters.	
  

WHY?	
  Because	
  the	
  
corresponding	
  h[n]	
  has	
  Infinite-­‐
length	
  !	
  



AR	
  filter	
  =	
  “all-­‐poles”	
  filter	
  

! 	
  	
  An	
  AR	
  filter	
  is	
  also	
  called	
  as	
  “all-­‐poles”	
  filter	
  

! WHY?	
  The	
  H(z)	
  of	
  h[n]	
  corresponding	
  to	
  an	
  AR	
  filter	
  
has	
  “only”	
  poles,	
  except	
  one	
  zero	
  (generally	
  mul6ple)	
  
at	
  |z|=r=0.	
  	
  



AR	
  filter	
  =	
  “all-­‐poles”	
  filter	
  

y[n] = �
LX

i=1

bi

b0
y[n� i] +

1
b0

x[n]

<latexit sha1_base64="12OTRH2FeXn/GMmNdkruOcvqyRU="></latexit>

Y (z) = �
LX

i=1

bi

b0
z�iY (z) +

1
b0

X(z)

Y (z)

 
b0 +

LX

i=1

biz
�i

!
= X(z)

<latexit sha1_base64="hXdTnQuRcIATHdS9fwhkrGUh/Xo="></latexit>

H(z) =
Y (z)
X(z)

=
1

b0 +
PL

i=1 biz�i
=

1
PL

i=0 biz�i

<latexit sha1_base64="iWOlbZ3DhB/XBVFY1EHxd2I4LS8="></latexit>



AR	
  filter	
  =	
  “all-­‐poles”	
  filter	
  

H(z) =
Y (z)
X(z)

=
1

b0 +
PL

i=1 biz�i
=

1
PL

i=0 biz�i

<latexit sha1_base64="iWOlbZ3DhB/XBVFY1EHxd2I4LS8="></latexit>

H(z) =
Y (z)
X(z)

=
zL

PL
i=0 bizL�i

<latexit sha1_base64="URX1EvK2+bDTMLzMx7UxurYr5Kw="></latexit>

! The	
  H(z)	
  	
  has	
  “only”	
  poles,	
  except	
  one	
  zero	
  (generally	
  
mul6ple)	
  at	
  |z|=r=0.	
  	
  



AR	
  filter:	
  	
  
advantanges	
  and	
  drawbacks	
  

! 	
  Good	
  point:	
  we	
  can	
  obtain	
  very	
  good	
  performance.	
  

! We	
  will	
  see	
  that	
  an	
  AR	
  filter	
  can	
  be	
  expressed	
  as	
  an	
  
MA	
  filter	
  with	
  R=infinity.	
  	
  

! 	
  	
  Drawback:	
  WE	
  HAVE	
  STABILITY	
  ISSUES	
  !!!	
  

! 	
  	
  Drawback:	
  the	
  implementa6on	
  is	
  not	
  	
  “easy”	
  also	
  
for	
  the	
  problem	
  of	
  the	
  stability.	
  	
  



AR	
  filter:	
  STABILITY	
  

! 	
  ALL	
  POLES	
  WITH	
  MODULE	
  LESS	
  THAN	
  1,	
  i.e.,	
  ALL	
  
POLES	
  WITHIN	
  THE	
  CIRCLE	
  WITH	
  RADIUS	
  1.	
  

1

<latexit sha1_base64="fpuaeADNsV97+eC3h/QwALquGcU=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CZZC3ZQZqehGKLjpsoJ9SDuUTJppQzOZIckU6tA/ceNCEbf+iTv/xrSdhbYeuOFwzr3cm+PHnCntON9WbmNza3snv1vY2z84PLKPT1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sd3c789oVKxSDzoaUy9EA8FCxjB2kh92y49lp8ubuvm6ZgquH276FScBdA6cTNShAyNvv3VG0QkCanQhGOluq4Tay/FUjPC6azQSxSNMRnjIe0aKnBIlZcuLp+hklEGKIikKaHRQv09keJQqWnom84Q65Fa9ebif1430cGNlzIRJ5oKslwUJBzpCM1jQAMmKdF8aggmkplbERlhiYk2YRVMCO7ql9dJ67LiVitX99VirZrFkYczOIcyuHANNahDA5pAYALP8ApvVmq9WO/Wx7I1Z2Uzp/AH1ucP8rWRPA==</latexit>

Poles	
  with	
  module	
  less	
  than	
  1!	
  	
  



AR+MA	
  =	
  ARMA	
  filter	
  
=	
  linear	
  difference	
  equa6on	
  
with	
  constant	
  coefficients	
  
and	
  null	
  ini6al	
  condi6ons	
  

=	
  LTI	
  system	
  	
  



AR+MA	
  =	
  ARMA	
  filter	
  

LX

i=0

biy[n� i] =
RX

r=0

crx[n� r]

<latexit sha1_base64="JiV48GpuAm9O2674TdbjJhMTaHs=">AAACGHicbZC7TsMwFIYdrqXcAowsFhUSCyVBRbBUqmBhYCiIXqQ0RI7rtFYdJ7IdRBX1MVh4FRYGEGLtxtvgtBmg5Zcs/frOOTo+vx8zKpVlfRsLi0vLK6uFteL6xubWtrmz25RRIjBp4IhFou0jSRjlpKGoYqQdC4JCn5GWP7jK6q1HIiSN+L0axsQNUY/TgGKkNPLMk45MQi+lVWv0cAN9j8Khw4+pW51ykfE7iD0BnzQXrmeWrLI1EZw3dm5KIFfdM8edboSTkHCFGZLSsa1YuSkSimJGRsVOIkmM8AD1iKMtRyGRbjo5bAQPNenCIBL6cQUn9PdEikIph6GvO0Ok+nK2lsH/ak6iggs3pTxOFOF4uihIGFQRzFKCXSoIVmyoDcKC6r9C3EcCYaWzLOoQ7NmT503ztGxXyme3lVLtMo+jAPbBATgCNjgHNXAN6qABMHgGr+AdfBgvxpvxaXxNWxeMfGYP/JEx/gEjJ581</latexit>

Auto-­‐regressive	
  part	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (AR)	
  

Moving-­‐average	
  part	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (MA)	
  

AR+MA	
  =	
  ARMA	
  filter	
  

y[�1] = ... = y[�L] = 0

<latexit sha1_base64="GR3fssNI+qkq9OVwmhQKPru8+Y4="></latexit>



Z
(

LX

i=0

biy[n� i]

)
= Z

(
RX

r=0

crx[n� r]

)

<latexit sha1_base64="9JIXHu1D8BUCQAJWCwJlL2r2rxM="></latexit>

LX

i=0

biZ {y[n� i]} =
RX

r=0

crZ {x[n� r]}

<latexit sha1_base64="/RLSHsjA2sSXXVykx+yZFAfqOBo="></latexit>

LX

i=0

biz
�iY (z) =

RX

r=0

crz
�rX(z)

<latexit sha1_base64="Hju46oFl8nLqDDBW03OvIc/57zc="></latexit>

ARMA	
  filter	
  -­‐	
  Zeta	
  Transform	
  



LX

i=0

biz
�iY (z) =

RX

r=0

crz
�rX(z)

<latexit sha1_base64="Hju46oFl8nLqDDBW03OvIc/57zc="></latexit>

ARMA	
  filter	
  -­‐Zeta	
  transform	
  

H(z) =
Y (z)
X(z)

=
PR

r=0 crz
�r

PL
i=0 biz�i

<latexit sha1_base64="uRVixUnmzkeFyjODFPHZHODWxZU="></latexit>



ARMA	
  filter	
  -­‐	
  Zeta	
  Transform	
  of	
  the	
  
impulse	
  response	
  of	
  a	
  LTI	
  system	
  

H(z) =
Y (z)
X(z)

=
PR

r=0 crz
�r

PL
i=0 biz�i

<latexit sha1_base64="uRVixUnmzkeFyjODFPHZHODWxZU="></latexit>

H(z) =
Y (z)
X(z)

= zL�R

PR
r=0 crz

R�r

PL
i=0 bizL�i

<latexit sha1_base64="NOsO/0E5o9p7hAIQXod4394B3fw="></latexit>



Clearly	
  
	
  ARMA	
  filter	
  =	
  IIR	
  filter,	
  
Since	
  it	
  has	
  an	
  AR	
  part.	
  



ARMA	
  filter	
  	
  

! 	
  MORE	
  flexibility	
  than	
  AR	
  and	
  MA	
  filters.	
  

! 	
  ARMA	
  is	
  an	
  IIR	
  filter	
  due	
  to	
  its	
  AR	
  part.	
  



ARMA	
  filter:	
  STABILITY	
  

! 	
  ALL	
  POLES	
  WITH	
  MODULE	
  LESS	
  THAN	
  1,	
  i.e.,	
  ALL	
  
POLES	
  WITHIN	
  THE	
  CIRCLE	
  WITH	
  RADIUS	
  1.	
  

1

<latexit sha1_base64="fpuaeADNsV97+eC3h/QwALquGcU=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CZZC3ZQZqehGKLjpsoJ9SDuUTJppQzOZIckU6tA/ceNCEbf+iTv/xrSdhbYeuOFwzr3cm+PHnCntON9WbmNza3snv1vY2z84PLKPT1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sd3c789oVKxSDzoaUy9EA8FCxjB2kh92y49lp8ubuvm6ZgquH276FScBdA6cTNShAyNvv3VG0QkCanQhGOluq4Tay/FUjPC6azQSxSNMRnjIe0aKnBIlZcuLp+hklEGKIikKaHRQv09keJQqWnom84Q65Fa9ebif1430cGNlzIRJ5oKslwUJBzpCM1jQAMmKdF8aggmkplbERlhiYk2YRVMCO7ql9dJ67LiVitX99VirZrFkYczOIcyuHANNahDA5pAYALP8ApvVmq9WO/Wx7I1Z2Uzp/AH1ucP8rWRPA==</latexit>

Poles	
  with	
  module	
  less	
  than	
  1!	
  	
  



	
  	
  Expressing	
  an	
  AR	
  filter	
  as	
  a	
  MA	
  filter	
  of	
  
“order	
  Infinity”	
  

We	
  are	
  going	
  to	
  show	
  it,	
  star6ng	
  with	
  
the	
  simplest	
  AR	
  filter:	
  AR(1),	
  of	
  order	
  1	
  



AR(1)
<latexit sha1_base64="n+2FD9XGW4wjBDvkgmmpdc/Gsvc=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApVMSSVEE3QtWNyyr2AWkok+nEDp1MwsxELKFu/BU3LhRx61+482+ctllo64F7OZxzLzP3+DGjUtn2t5Gbm19YXMovmyura+sb1uZWQ0aJwKSOIxaJlo8kYZSTuqKKkVYsCAp9Rpp+/3LkN++JkDTit2oQEy9Ed5wGFCOlpY61c35TcvbN4sDl3hnS/dDxDh5c5XWsgl22x4CzxMlIAWSodayvdjfCSUi4wgxJ6Tp2rLwUCUUxI0OznUgSI9xHd8TVlKOQSC8dXzCERa10YRAJXVzBsfp7I0WhlIPQ15MhUj057Y3E/zw3UcGpl1IeJ4pwPHkoSBhUERzFAbtUEKzYQBOEBdV/hbiHBMJKh2bqEJzpk2dJo1J2jsqV6+NC9SKLIw92wR4oAQecgCq4AjVQBxg8gmfwCt6MJ+PFeDc+JqM5I9vZBn9gfP4AWieU7A==</latexit>

y[n] = ↵y[n� 1] + x[n]
<latexit sha1_base64="UQ4B9GxY581prxLNXBGzyMBFvao=">AAACJXicbZDLSgMxFIYz9VbHW9Wlm2ApVMQyUwVdKFTduKxiLzAdSibNtKGZzJBkxKH0Zdz4Km5cWERw5auYtrOorQcCf77/HJLzexGjUlnWt5FZWl5ZXcuumxubW9s7ud29ugxjgUkNhywUTQ9JwignNUUVI81IEBR4jDS8/u3YbzwRIWnIH1USETdAXU59ipHSqJ27LFw/FO0jM3G4e9VCLOohqPWJ7R4/a2QWppdZqzyxNDTbubxVsiYFF4WdijxIq9rOjVqdEMcB4QozJKVjW5FyB0goihkZmq1YkgjhPuoSR0uOAiLdwWTLISxo0oF+KPThCk7o7MQABVImgac7A6R6ct4bw/88J1b+hTugPIoV4Xj6kB8zqEI4jgx2qCBYsUQLhAXVf4W4hwTCSgc7DsGeX3lR1Msl+7RUvj/LV27SOLLgAByCIrDBOaiAO1AFNYDBC3gDH2BkvBrvxqfxNW3NGOnMPvhTxs8vaTuhiQ==</latexit>

y[n� 1] = ↵y[n� 2] + x[n� 1]
<latexit sha1_base64="LtzlLB0uXnKI+4aoW1cYEUYNI/o=">AAACJXicbZDLSsNAFIYn9VbjLerSzWApVMSS1IIuFCpuXFaxF2hDmUwn7dDJJMxMxBL6Mm58FTcuLCK48lWctF3U1gMDH/9/DmfO70WMSmXb30ZmZXVtfSO7aW5t7+zuWfsHdRnGApMaDlkomh6ShFFOaooqRpqRICjwGGl4g9vUbzwRIWnIH9UwIm6Aepz6FCOlpY51lb95KDgnZn7Y4u51G7Goj6DmM8c9fdaSOeV5pzRxtGh2rJxdtCcFl8GZQQ7Mqtqxxu1uiOOAcIUZkrLl2JFyEyQUxYyMzHYsSYTwAPVISyNHAZFuMrlyBPNa6UI/FPpxBSfq/ESCAimHgac7A6T6ctFLxf+8Vqz8SzehPIoV4Xi6yI8ZVCFMI4NdKghWbKgBYUH1XyHuI4Gw0sGmITiLJy9DvVR0zoul+3KuUp7FkQVH4BgUgAMuQAXcgSqoAQxewBv4AGPj1Xg3Po2vaWvGmM0cgj9l/PwCYE+hew==</latexit>

y[n] = ↵(↵y[n� 2] + x[n� 1]) + x[n]
<latexit sha1_base64="IYXZ4LkMRB/y3cYNgZ2JZVFPv38="></latexit>

y[n] = ↵

2
y[n� 2] + ↵x[n� 1] + x[n]

<latexit sha1_base64="5FrsQQCQj/Aca6i7441aBUhzGEE="></latexit>

y[n] = ↵

m
y[n�m] +

m�1X

k=0

↵

k
x[n� k],

<latexit sha1_base64="3gc6gB9g1rpT0z2yomCqrR1E0ys="></latexit>

|↵| < 1
<latexit sha1_base64="JwMB9GuXTX8rkADdPjdQvGM3P+M="></latexit>

Si:	
  

y[n] =
1X

k=0

↵

k
x[n� k],

<latexit sha1_base64="EuM3AYg1JFNbUtKs3GXZ76u8eis="></latexit>

m!1
<latexit sha1_base64="CxlFKyHTjxp+Ozscc77bCd5p1WE="></latexit>

y	
  

MA(1)
<latexit sha1_base64="Y5GpPsmuGOILcsOb/46I+Ry0kBc="></latexit>

In	
  that	
  case	
  
the	
  AR(1)	
  
Is	
  stable	
  !	
  



MA	
  filtering	
  	
  
(an	
  example)	
  



Input	
  signal	
  x[n]	
  (to	
  be	
  filtered)	
  

x[n] = sin(WnT ) + Gaussian noise

<latexit sha1_base64="HzGtJ+2CuMWkAfr75BMJ0xNudtA="></latexit>

ts

<latexit sha1_base64="YzbwTIQ67oAmCqQ8Tm0OUlweEx8="></latexit>



ARITHMETIC	
  MEAN	
  OF	
  10	
  CONSECUTIVE	
  VALUES:	
  
Which	
  kind	
  of	
  filter	
  can	
  be?	
  
…it	
  is	
  doing	
  a	
  smoothing…	
  making	
  the	
  average…	
  

MA	
  filter	
  of	
  order	
  9	
  –	
  MA(9)	
  

y[n] =
1
10

9X

r=0

x[n� r]

<latexit sha1_base64="qyxOlXPJnfRb+EAruQuSvUl9QuM="></latexit>



MA	
  filter	
  of	
  order	
  9	
  –	
  MA(9)	
  
impulse	
  response	
  

h[n] =
1
10

9X

r=0

�[n� r]

<latexit sha1_base64="HodonQZatjBL0b3hAbuGBTGxD2o="></latexit>



f(t)

<latexit sha1_base64="iHque0qVoASTJdtSGqs7BINGDIg="></latexit>

x[n]

<latexit sha1_base64="I3zZlYJ2bXK2OCXMJw7Ph5SNG+0="></latexit>

with Matlab linear interpolation

<latexit sha1_base64="tdPKaUXCOGiMUEVHlzX2cAAyGeY="></latexit>

y[n]

<latexit sha1_base64="L+8PMz8PcSszsjvb2yqErgG/9NI="></latexit>

with Matlab linear interpolation

<latexit sha1_base64="tdPKaUXCOGiMUEVHlzX2cAAyGeY="></latexit>

basically, we are doing a first-order interpolation/reconstruction

<latexit sha1_base64="obnNnYk1GHzt1Mtjv0Q0cKBuz+Y="></latexit>

as in Topic 3...

<latexit sha1_base64="TJ27zlMxEgDctrqKUbjSk3vc1HY="></latexit>



with Matlab linear interpolation

<latexit sha1_base64="tdPKaUXCOGiMUEVHlzX2cAAyGeY="></latexit>

f(t)

<latexit sha1_base64="iHque0qVoASTJdtSGqs7BINGDIg="></latexit>

x[n]

<latexit sha1_base64="I3zZlYJ2bXK2OCXMJw7Ph5SNG+0="></latexit>

y[n]

<latexit sha1_base64="L+8PMz8PcSszsjvb2yqErgG/9NI="></latexit>

We	
  are	
  removing	
  “high	
  frequencies”	
  keeping	
  the	
  local	
  trends...	
  	
  



|H(⌦)|

<latexit sha1_base64="7HLob2MjONV8LbwuOqQi4y36UAY="></latexit>

�⇡

<latexit sha1_base64="qNtlZNk12UQ/eTbE6AclFBTghzs="></latexit>

⇡

<latexit sha1_base64="sJqSP1yhjj6GuD5pjSYCLRBPHyY="></latexit>

Indeed,	
  this	
  MA(9)	
  is	
  a	
  low-­‐pass	
  filter,	
  as	
  expected	
  !!!	
  


