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LTI systems and complex exponentials
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LTI systems and complex exponentials Introduction

LTI systems response to sinusoidals

Motivation
@ In the previous topic, the LTI systems were characterized by means of their impulse
response: the time domain.

@ Now we will see how to characterize the LTI systems by means of their response to sinusoids:
the frequency domain.

@ Usage of complex exponential functions as a mathematical tool simplifies calculations.

@ The frequency domain representation is the foundation of current telecommunications
systems.

Outline of this topic
@ We start seeing that the response of LTI systems to complex exponentials depends on the
frequency.
@ We represent periodic signals as the sum of exponential functions: Fourier Series.

© We represent any type of signals as the sum (by means of integration operation) of
exponential functions: the Fourier Transform.

© We study to basic applications: filtering and modulation.
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Frequency response of LTI systems

The response of LTI systems to complex exponentials
@ Consider a continuous time LTI system, characterized by A(z).
@ Suppose that the LTI system input is a complex exponential x(7) = €%, being so = o + jw.
@ The LTI system output is calculated by means of the convolution method:

oo

(1) = x(t) % h(t) = € % h(s) = /

— o0

x(T)h(t — T)dT = /OO x(t — 1)h(7)dT =

— o0

= / U= p(r)dr = ' h(T)e™*07 dr |= x()H(so)

—o0

@ H(sp) is a (complex) constant, that depends on the impulse response and on the exponent of
the system input (the exponential function).

@ Complex exponential signals are known as eigenfunctions of the LTI systems, as the system
output to these inputs equals the input multiplied by a constant factor. Both amplitude and
phase may change, but the frequency does not change.
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LTI systems and complex exponentials

Frequency response of LTI systems

of LTI sy

Response to real exponential functions and to sinusoids

x(t=e

o os 1 15 2 25
t

vt e

X =sin(sx t)

System function

@ If we represent the factor scales for any s,, we obtain the system function:

LAPLACE transform

@ Note that this function includes the system response to any complex exponential function.
@ Also note that this function depends on the impulse response, that includes all the information

H(s) = /00 h(T)e *"dr

related to the LTI system.

v
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LTI systems and complex exponentials F P of LTI sy

Frequency response of LTI systems

response to a combination of exponentials...

Example: output calculation using the system function

@ Consider a LTI system characterized by h(r) = u(z). Calculate the output when the input is:
x(t) = A’V + Be®™' + Ce*!

@ We start calculating the system function:

H(s) = / h(T)e Tdr = / u(t)e*Tdr = / € TdT =Reai(s)>0
—o00 0

—o0
1 1 1
=—[eF=—0b-1]=-
—S5 —S A
@ Using the linearity property:
A B
y(t) = H(s1)Ae*" + H(sy)Be®' + H(s3)Ce®' = —e'I' + —eSZ’EeW
51 083

where we assume that Real(s;), Real(s>), Real(s3) > 0.

6/60



lucamartino
Highlight

lucamartino
Highlight

lucamartino
Highlight

lucamartino
Highlight

lucamartino
Highlight

lucamartino
Text Box
response to a combination of exponentials...


LTI systems and complex exponentials F P of LTI sy

Frequency response of LTI systems

System function anc(EENENESRENED

@ Complex exponentials with an exponent that is an imaginary number, x(¢) = &', are always
periodic signals.

@ Moreover, we will see that any periodic signal can be represented as a weighted sum of this
kind of signals.

@ What is the LTI system response to these complex exponentials? We can perform
convolution. Or we can use the system function H(s) in the special case s = jw.

see previous
slides..

@ The LTI system response to H(jw)is called frequency response or transfer function. This
function depends on the frequency of the input and it will affect (modify) different frequencies
differently (amplitude and phase).

y(1) = H(s = jw)x(r) = &' /00 h(T)e ™ Tdr = H(jw)e*!

— 00
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LTI systems and complex exponentials F P

Frequency response of LTI systems

of LTI sy

the integral does not

Example: calculation of the frequency response

converge if h(t) is periodic...

@ Given a LTI system characterized by i(r) = e~'u(t), calculate/and plot its frequency response.

Calculate the output when the input is x(r) = 2¢/> + 3™,

@ We calculate the frequency response:

H(jw) = / ﬁWTdT = /

)e T dr = /oo e )T g7 =
0

_ -1 [e*(lJrjw)T]OO — 1 - 1 —jw
1+ jw 0 1+jw 14+ w?
Y1)
@ Its modulus and phase are: o
. 1 . 0:4
|H(jw)| = m; /H(jw) = arctan (—w) M . T
' —aanio
@ The requested output is: ,
y(0) = 2 g o X
1+2f I+ mj T T S
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Fourier Series

Index

o Fourier Series
@ Fourier series representation for periodic signals
@ Properties of the Fourier series representation
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Fourier Series Fourier series representation for periodic signals

Fourier series representation for periodic signals

Fourier series representation

@ Jean Baptiste J Fourier (advisor and soldier with Napoleon, mathematician and politician)
proved in 1807 that any periodic signal with fundamental period T, can be represented as a
linear combination (weighted sum) of complex exponential functions.

@ The set of harmonically related complex exponentials
is defined as:

ik 27
o) =T, conk =0, 1,42, ...

e With fundamental periods: Tp, 2,10 ..

@ And frequencies: fy, 2fo, 3fo, - - - ' :

@ Then, if x(r) = x(t + Tp), it may be represented using Fourier series as:

oo

x(r) = Z agel* o’

k=—o00

@ Examples: demo for ECG, speech and square wave.
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Fourier Series Fourier series representation for periodic signals

Fourier series representation for periodic signals

think to a periodic "rectangular” signal ....

Convergence example

xnit) Xt
N N\
N=3
Figure 3.9  Convergence of the Fourier series representation of a square
wave: an illustration of the Gibbs phenomenon. Here, we have depicted the
finite series approximation xy(t) = Ni , ace”v' for several values of N.
R T
® @
N=79
xy(0) Xnlt)
A\ Iy
A WA~ A
N=7 N=19
=Ty T
fe)
[N
T, T V-t 0 ™w
© @
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Fourier Series Fourier series representation for periodic signals

Fourier series representation for periodic signals

Coefficient calculation

@ In order to calculate coefficients a;, we multiply both sides by e /%0’ and integrate over a T,
period:

To ; o X ) . i Ty . )
/ x(l‘)e_/l‘“[)ldt = / E ake/kwote—jlwoldt — 2 ax / e/kwote—jlwotdt
0 0 0

k=—o0 k=—o0

0, sik#l

. then:
To, Sik=1

Considering that ;0 ¢/(*—D«otdr = {

To " 1 To "
/ x()e™ 0t = aiTy = |a = x(t)e™ "0 dy
0

T ToJo

@ Summary for the Fourier series representation for continuous-time periodic signals:

Analysis equation: x(t) = » a0’

k=—0o0

. : 1 [T -
Synthesis equation: a; = o / x(r)e kol gy
0Jo
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Fourier Series Fourier series representation for periodic signals

Fourier series representation for periodic signals

Relation with the freguency response

@ By means of this relation we can easily characterize the output of a
that is a periodic signal®

@ Recall that a LTI system ha

@ Recall that when the input of a
y(1) = H(jwo)x(t) = H (juwo)e".

system to an input

frequency response H(jw).

e}

Y1) = > axH(jkwo)e* !

k=—o00

Questions:

1 Run thescript demoDSF.m and compare the Fourier series representation of theNgput and
output'signals of the given LTI system.
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Fourier Series Fourier series representation for periodic signals

Fourier series representation for periodic signals

Example: calculation of Fourier series representation coefficients

@ Calculate the coefficients of the Fourier series representation of x(r), periodic with
fundamental period T, defined by:

1, sijf<T
x(1) = .
0, siT|<|]|<T/2

EVIEA T t

@ As x(¢) is periodic it can be represented using Fourier series: x(f) = >°0° _ _ age*eor.

@ Coefficient calculation:

1 T " 1 T/2 " 1 Ty "
ay = 7/ x(t)e ol = 7/ x(t)e w0l dr = 7/ Le™0ldr =, 4
T Jo TJ-1)2 T J-1,

L by o =L ety _ gty . SntkeoTh)
T]kwo JjkwoT o

@ For k = 0, we calculate the coefficient independently: /
T, Tl

ay = 1 /x(t)e’”“’o’dt = l/ ldr = i k=0
T T T

T 1,

We can see that in this case, it corresponds with the general case of ; for k = 0 by solving

the indeterminate form (this is not the general case).
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CTFS. Ejemplo (1)

- Representamos T, a, para ver la CTFS de un tren de pulsos de
distinto periodo:

akTO
4N
1
o
! \
/ \
/ \
T1ITO=1I4 // |
\
_2“)0/ \2(1)0
/ ™
SRS RN Faan
e R O P
/ N/
T,/T,=1/16

Que pasa cuando
To va a infinito?

k'o
T
T
/ \
/ \
/ \
T/T,=1/8 1T
_4CU0 ! \ 46()0
I
“To 1 RN 1Y 1l |
\|1|/ \lJl/ 0 \l |/ \II/I
/ w

Conforme aumenta TO,
aumenta el numero
de componentes

espectrales
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CTFS. Ejempilo (I)

v

x(t>={1 #1< }; W+ T,) = x()
0 T <t|<T,/2

Los coeficientes del desarrollo en serie de Fourier son:

a, =— | x@)e "™ dt=— | x(t)e " dt=— | e dt =
3| ) i
1 ( ok " 2 ( ekt _ g-skant
ak = - = : —
Iy \ —Jjka, 7 ka1, —2j
T
1 2T
. _1 j 1ar = 20, 0. - sen(ka,T)) N
1y = 1, km

S =
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Fourier Series Fourier series representation for periodic signals

Fourier series representation for periodic signals

Example: calculation of Fourier series representation coefficients by inspection

@ Calculate the coefficients of the Fourier series representation of x(r) = sin(wot).

@ As x(7) is periodic (fundamental period Ty = 27/wy) it can be represented using Fourier
series: x(t) = S°02 _  agelor,
@ But in this case we don’t need to integrate, as:

1. 1.
x(t) = sin(wot) = 27_9""0[ — zfjeffwor

@ Therefore, comparing both equations:

1 —1
k=1=a =—; k=—-1=a_| = —; ak:0Vk;£:|:1
2j 2j

Questions:

2 Calculate the Fourier series representation of x(¢) = cos(57t + 7/3) + sin(1077), without
solving the analysis equation.

3 Is it possible to calculate the Fourier series representation of
x(t) = cos(57t + 7/3) + sin(107)?

15/60
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CTFS de las funciones seno y coseno

1 o) 1 —Jjwy,
x(t)zcos(a)ot)zze’ 0t+56 g =

ML A L
RS |

| 1 1 —1

x(f)=sen(@t)=—e"¥ —e 7™ =—; a,=—
(t) (@)) 2 2 a4 2 = 2
Ala]

hAAA Lo
VYUY & S




Fourier Series Properties of the Fourier series representation

Properties of the Fourier series representation

Average value
@ Coefficient ap of any Fourier series representation is the average value of the signal, as:

ap

1 b 1
= — [ x(r)*0ldr = —/ x(1)dt
To Jr, To Jr,

Notation

@ We consider periodic signals, x(t) = x(¢ + T) and y(r) = y(¢t + T), with identical fundamental
period T.

@ The coefficients will be x(¢) ELNP® ¥(t) ELN

Linearity
@ If z(r) = Ax(r) + By(t) = z(t + T), then:

Z(t) —)DSF cx = Aay + Bby

@ Proof: z(r) = Ax(t) + By(t) = A2 ape*ot 1 BIX  pretent =
=T (Ao Bby) Rt = S ke,
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Fourier Series Properties of the Fourier series representation

Properties of the Fourier series representation

Time shifting
@ Consider y(t) = x(t — 1), then y(¢r) = y(t + T), and moreover:

(o) = x(t — 19) 25 by = qe 00

@ Proof: We know that

oo
. 1 /T .
x(t) = Z ™' con a = —/ x(r)e kot gy
k=—oc0 TO 0
@ As y(¢) is also periodic, it can be represented using Fourier series y(t) = S°2°2 __ byelk«or,

given by:

1 /T > 1 [T >
by = f/ y(t)e K0ldr = — / x(t — tg)e K0l gy
T Jo T Jo

Variable change: t — 1y =1; dt=dl; t=0=1=—1y; t=T = 1=T — 1y. Therefore:

1 —to+T ; . 1 . .
by = — / x(l)e=Holltio) g — g=ikwoto /‘x(l)eﬂk“’oldl = ekl g,
T .J_4 T Jr
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Fourier Series Properties of the Fourier series representation

Properties of the Fourier series representation

Time reversal

@ Consider y(r) = x(—t). Then y(r) is periodic and:

Woy=x(=1) LS b =a_,

@ Proof: homework (similar to the time shifting case).

Time scaling |With positive "a"
@ Consider y(r) = x(at). Then y(z) is periodic, but the fundamental period is T; = T//a and:

(1) = x(at) ZZ5 by =

@ Note that this Fourier series representation considers different period, w; = awy, and:

oo

W= 3w

k=—o0

e Proof: homework. [direct...from the definition | |

18/60
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Fourier Series Properties of the Fourier series representation

Properties of the Fourier series representation

discrete convolution of the

ry to recall it... Fourier Coefficients

Multiplication
@ Consider z(r) = x(¢)y(¢) that has a fundamental period of 7 and: /
7S =
2(t) = x(Oy()) =Slex = > abi
I=—o0

@ Proof: see Oppenheim.

Conjugation and conjugate symmetry

@ Consider y(r) = x*(r) that has a fundamental period of T and:

yry=x(0) 2 b = a¥,

@ Proof: homework.

@ This property is fundamental for the understanding of the utility of complex exponential
functions.
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Fourier Series Properties of the Fourier series representation

Properties of the Fourier series representation
Recall the condition of
Parseval’s relation convergence that | gave you

@ The average power of a periodic signal x(7) equals the sum of the squared module of all its

Fourier series representation coefficients.

1 oo
Pu=|7 [ WOPaE > (P

k=—o0

@ Proof: homework, consider that [, |x(¢)|?dr = [, x(£)x* (1)dr.

Differentiation and integration |IMP. for the differential equation

@ We have the following:

¥(1) = d);(t) = by = jkwoay

a,
ke

z(1) = /_t x(r)dr 255 ¢ =

@ Proofs: homework.

@ Note: for the integration property, it is necessary that ap = 0 so z(¢) is periodic. In this case, it

is easy to see that ¢y = 0.
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Propiedad

Supongamos que x(f) es real > x(f)=x"(t) Recordar

que esw_k
*
()= a4, ¢ - [z . ej L =Ya e =Y, e
k k k k

Luego, si la senal es real, los coeficientes de la serie de Fourier
verifican:

d, =d_;

Los coeficientes poseen antisimetria conjugada, o lo que es lo
mismo, son hermiticos

S =
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Text Box
Recordar que es w_k


Properties of the Fourier series representation

Tabla de propiedades del DSF

v

TABLE 3.1 PROPERTIES OF CONTINUOUS-TIME FOURIER SERIES

Property Section  Periodic Signal Fourier Series Coefficients
x(1)] Periodic with period T and a
3()] fundamental frequency wo = 2a/T b
Linearity 35.1 Ax(r) + By(n) Aa; + Bby
Time Shifting 352 (- 10) aye e = g e~ Hen T
Frequency Shifting elMont = MG x() Gin
Conjugation 356 0 a,
Time Reversal 353 X(-1) a
Time Scaling 354 X(ar), @ >0 (periodic with period T/a) @
Periodic Convolution f Xt - e Taib, I
z
Multiplication 355 X(Oy(0) > abiy
=1
S d. . 2
Differentiation ;(:” jhwoay = jkFau
Integration I' x(r) dy e valoed and (Al )a - (7' )
o . periodic only if g, = 0) ke, ) = \Gk@am) |
a =a,
Refas} = Refai}
Conjugate Symmetry for 356 () real Imia) = ~9mia_i}
Real Signals ad = ladl
Say = ~4a-s
Real and Even Signals 356 (1) real and even a real and even
Real and Odd Signals 356 (1) real and 0dd ay purely imaginary and odd

Even-Odd Decomposition
of Real Signals

{x,u) = &{x(n} [x(r) real]
x,(1) = Od{x(} [x(r) real]

Refa,}
Jjomlai}

Parseval's Relation for Periodic Signals

L[ obdi = S
7 | wopas - S
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Interpretacion del CTFS (l1)

Cualquier funcion periddica puede ser representada por la suma
de senos y cosenos de diferentes amplitudes y frecuencias




Interpretacion del CTFS (I)

£=100 Hz /\/\/\/
1

e VAVAVAVAVAVA
BT VAVAVAVAVAVAVAVAVA

1l
o o
PP

100 200 300 400 500

— 1
0.8
L =
- 2 06
f =500 bz | VVVV VWV g
K £ 04l
- 0.2- ‘ ‘
1 _

100 200 300 400 500
Frecuencia (Hz)

0 -
-1
-2

S =
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Fourier Transform

Index

° Fourier Transform
@ Fourier Transform for aperiodic signals
@ Properties of the Fourier Transform
@ Basic Fourier Transform pairs
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Fourier Transform Fourier Transform for aperiodic signals

Fourier Transform for aperiodic signals

Fourier series representation for periodic square wave (1)

@ Fourier also proposed a representation for aperiodic signals using complex exponentials. This
representation uses the limit and integral concepts (instead of sums).

o We begin with a square wave, where a = (170 and g = 211 with wy = 2%

@ For fixed T} and for increasing T, we can see how the Fourier series representation
coefficients vary. For that, we can express these coefficients as:

2 sin(wTh)

w |w=kwy

Ta, =

@ We plot for T = 4T, T = 8T, and T = 16T}.

<1 [l 1, f oo [ [

-27 l - Ty T T t
2

Figure 4.1 A continuous-time periodic square wave.
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Fourier Transform Fourier Transform for aperiodic signals

Fourier Transform for aperiodic signals

Fourier series representation for periodic square wave (Il)

increasing T
(the period)

Figure 4.2 The Fourier series co-
efficients and their envelope for the
periodic square wave in Figure 4.1 for
several values of T (with T, fixed)

@) T =4 () T = 8T (e) T
167,

ln-socr(t) =11 (1)
1

the Fourier series representation coefficients become more and more closely spaced
samples of the envelope, that is a sinc function.

@ In this case,
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4. Transformada de Fourier (CTFT) de senales no

periodicas.

Dada una sefal x(t) se define su transformada de Fourier como:

Es una particularizacion de la TL en el eje s=jw
Para que exista, S=jw tiene que estar dentro de la ROC,,

X(w)=TL{x(1)}

s=jw
La CTFT de la sefnal x(f) existira siempre que se cumplan unas
condiciones similares a las de existencia de la CTFS:

x(t) debe ser absolutamente integrable

x(f) debe tener un n° finito de oscilaciones en cualquier intervalo finito
x(t) debe tener un n° finito de discontinuidades en cualquier intervalo finito

S =




Relacion de la CTFT con los coeficientes del CTFS (1)

Dada una sefnal de duracion finita x(¢), realizamos una extension
periddica x(t)

[longitud finita

x(?)

het - |/\/\ T/\ AN M

T, T, t

Expresamos la sefial periddica X(¢) mediante su CTFS

()= a. e con

k=—0

1 - 21
a, =— | X()e ™ dt W, = —
, Tgl() y oo=3

S =
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Relacion de la CTFT con los coeficientes del CTFS (II)

. Enelintervalo T, <t<T,, se cumple Xx(¢#) =x(¢) de modo que

T/2
1 —ikw " - jka @
ap=—-|, %(0)e I O’dt—— j i(t)e " ofdt_—jx(t)e kot gy

T, ° Ty 2
Como
a =iTx(t)e_jkw°t dt
LT
——

X(o)=[ x(t)ye’dt=

2 Los coeficientes a, de la extension periddica son muestras
equiespaciadas de la funcién X(w)
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Transformada inversa de Fouriler

o0 o0

)= a e =) iX(ka)O)ejk“’O’ = % Y X(kay)e™™ a,
k=—o0

k=—o0 k=—o0 T(v)

Si hacemos T,—x, w, - 0, =
la suma tiende a una integral
W, = dw, kw, = w,
y la extension periodica tiende a la sefal original:

F(t) = x(1) = i j“; X(w)e’dw

1 - 1
x(t) = ELO M@ Ec. de sintesis, CTFT-

X(w)= j: x(t)e_j(”’dt Ec. de analisis, CTFT




Fourier Transform Fourier Transform for aperiodic signals

Fourier Transform for aperiodic signals

Fourier series representation for aperiodic signals (I)

@ In general, any finite-i
the
reverse...
@ Signal x(z) is periodic with fun a Fourier series
representation:
oo ) 1 )
= > @™ cong = /Sc(t)e_f"
T Jr
k=—o0

/ N
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Fourier Transform Fourier Transform for aperiodic signals

Fourier Transform for aperiodic signals

@ We define the Fourier Transforq of x(t) as the %Iope of Tay:
oo .
X(j / x(t)e/¥'dt

Area = X(kwge™ ' wy

Figure 4.4  Graphical
of eq. (4.7)
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Fourier Transform Fourier Transform for aperiodic signals

Fourier Transform for aperiodic signals

Fourier series representation for aperiodic signals (lll)

@ Calculating the limit limr—, o in the previous equation, we obtain:

x(r) = x(t);  kwy — w (it is @ continuous variable)

> /; wo — dw (infinitesimally close)

and the obtained equation is the Inverse Fourier Transform:

x(1) ! /00 X(jw)e! dw

:E_oo

@ Even if this demo is performed for finite-time signals, it is also suitable for all energy-defined
signals (more precisely when the Dirichlet boundary conditions are fulfilled).

@ Summary for the Fourier Transform:

oo

Analysis equation: x(r) = %/ X (jw)e dw
T J—oo

Synthesis equation: X(jw) =/ x(t)e ' dr
— o0
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T

t

0 = A sen(kw,T) oy sen(kaw,T)
krx ka,T,
= iX (w) =
T, 0 = ko,
X(@) =24 sen(a)T) /

4,
x(t) = {0

X(o)

Silf|<T
Silf|>T

cuidado T
no es un
periodo!

Si realizamos una extension periodica de periodo T,, los coeficientes
del desarrollo en serie de Fourier de la extension periddica son los
calculados anteriormente para una onda cuadrada:

»

2AT

BVAVA

2n/T /T
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e
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Interpretacion grafica de la relacion CTFS-CTFT

T s AT
continuacion de x(1)

otra transparencia
anterior...

v

v

' X(t)

Ty—>0

v
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Frecuencias negativas

Una sinusoide puede describirse matematicamente de varias
formas:

[
X‘()

A
x(t)=Acos(—awyt) \// \A\/ > 1
«

@yt —jayt
x(t):AeJO_;eJO T

x(t)=A cos(wyt)+ A4, cos(—apt) , A +A4,=4

x(1)= Acos(@] = Acos(w,)

1

Y se puede representar de otras formas distintas ...
Asi pues, podriamos considerar que la frecuencia sea positiva o negativa.
Desde el punto de vista del analisis de sefial, no importa

S =




Fourier Transform Fourier Transform for aperiodic signals

Fourier Transform for aperiodic signals

Example: Calculation of the Fourier Transform of a positive exponential function

@ Calculate the Fourier Transform of|x(t) = e~“u(t), being a > 0.

1
a—+ jw

oo . oo .
X(jw) = / x()e™“'dt = /0 e YVt = ... =

@ Higher values are localized at low frequencies.

Example: Calculation of the Fourier Transform of the unit impulse
@ Calculate the Fourier Transform of x(r) = 6(z).

X(jw) = /_o:o S(r)e i = /_o:o 8(r)dt = 1

@ The unit impulse has a Fourier Transform consisting of equal contributions at all frequencies.
v

Questions:

4 Calculate the Fourier Transform of x(r) = e=4ll.
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Fourier Transform Fourier Transform for aperiodic signals

Fourier Transform for aperiodic signals

Example: Calculation of the Fourier Transform of the rectangular pulse signal

@ Calculate the Fourier Transform of

x(r) =11 (Til) (rectangular pulse between —T; y Ty),

xG) = [~ xto

ﬂmdt = / e Iwidr =
Ty

2T1 s1n(wT1)

= 2T sinc(wTy)
le

@ The Fourier Transform of a rectangular pulse is the sing function. Their width are inversely

proportional.

Flgure 48 (3 The recangur s s of ampe 44 0 () 15 Figure

re 49 Foutr o pa of banple 450 Fute arstom for
Exampl 4.5 nd () the corresponding tie

1 sinc (#)
1
W .
M
mr
A - paN
g ' ~ A o \/7' ~
o

Figure 4.10  The sinc function.
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Fourier Transform Fourier Transform for aperiodic signals

Fourier Transform for aperiodic signals

Example: rectangular pulse and sinc

X0
Wy
xlt)
W/
X0
"W, )
Wy/w
t t
e e = wWsy W t
Xyl Xaljw) Xyje)
1 1 1
W, w, . wy wy . Wy W, -
@ ® ©

Fiqure 4.11  Fourier transform pair of Figure 4.9 for several different values of W.
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Properties of the Fourier Transform

Properties of the Fourier Transform (1)
@ We use the notation x(r) T, X(jw).
@ Linearity: z(t) = ax(t) + by(r) EAUN Z(jw) = aX(jw) + bY (jw).
@ Time shifting: y(1) = x(t — 1o) EAUN Y(jw) = e /@0 X (jw).

@ Conjugation and Conjugate Symmetry: y(¢) = x* () 7, Y(jw) = X*(—jw).
@ Differentiation and Integration:

(1) = de(zt) IT, Y(jw) = jwX(jw)

y(t) = /_t x(m)dr L1 y(jw) = jiwx(iw) + 7X(0)8(w)

Questions:

5 Prove these properties.
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Properties of the Fourier Transform

Properties of the Fourier Transform (ll)
o Time scaling: y(r) = x(ar) T1» ¥(jw) = (L X(2).

@ Time reversing: y(r) = x(—1) EAUN Y(jw) = X(—jw).
@ Duality:
) Th fw)

70 L 2mg(—w)

Xlt)

Win

w

'
=R
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Properties of the Fourier Transform

Questions:
6 Prove the previous properties.

7 Show that the property holds by using that the Fourier Transform of a sinc is a rectangular
pulse and viceversa.

Example: Duality property

@ We know that x(r) = =2l 27, X(jw) = rzwz-
2
142"

@ We want to calculate the Fourier Transform of y(r) =

@ By using the duality property, ¥ (jw) = 2me~2l«l,
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Properties of the Fourier Transform

Properties of the Fourier Transform (llI)
@ It also worth mention that:
dX (jw)

y(0) = —jix(t) L5 ¥(jw) = =

(1) = 0'x(t) L5 y(juw) = X(j(w — wp))

1 FT .
0) = = x(0) + 7x0)3(0) T ¥Go) = /

w

X(jm)dn

Parseval’s Relation
@ The energy of signal x(r) can be calculated in the frequency domain as:

o0 1 oo
Eoo = / () Pt = — / 1X (joo) Pl
27 J oo

—o0

Questions:
8 Prove the previous properties.
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Properties of the Fourier Transform

The convolution property
@ For a LTI system, characterized in the time domain by 4(z) and in the frequency domain by

H(jw):

() = x(6)  h(r) ZLs Y(jw) = X (jw)H (jw)

Y (jw) :/ Ve I@ldr = / / x(7)h(t — T)dre ' dr =
:/ X(T)/ h(t —T)e ™ dtdr =,y =
oo o

= /70:O x(T) (/j:o h(u)e*jwudu) e T dr = H(jw) /j:o X(F)eTdr =

= H(jw)X(jw)

@ Proof:

@ It also worth mention that:

) = x(0y(6) T Z(jw) = %X(jw) )
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Properties of the Fourier Transform

Questions:
9 Consider the Fourier Transform of a rectangular pulse. Calculate the Fourier Transform of:

y(t) =u(t— 1)+ 0.5u(t — 2) — 0.5u(t — 3) — u(t — 4)

36/60



Fourier Transform Basic Fourier Transform pairs

Basic Fourier Transform pairs

NOQOO! this is periodic...
GENERALIZED FOURIER TRANSFOM

Fourier Trangform of a pure imaginary exponential function

@ The Fourier fansform of a pure imaginary exponential function is an impulse.

x(t) = ewot T X(jw) = 2m6(w — wp)

@ Proof: as X(jw) = 2mé(w — W), then:

/ XN dw = / j(w — wp))e* dw =
o

= / 5(j(w — wo) X0 duw = efwo!

@ However, this proof is only valid for energy-defined signal:

@ Note that the Fourier Transform can be also calculated for powex:defined signals. In this case
we obtain impulse functions in the transformed signal.
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Fourier Transform Basic Fourier Transform pairs

Basic Fourier Transfarmnaive
NOOO! this is periodic...

GENERALIZED FOURIER TRANSFOM

Fourier Transform for periodic signals

@ Using previous transform pair, we can obtain the Fourier Transform for any periodic signal
x(t) = x(t + T), using the linearity property:

oo

x(t) = Z agelfwor 2y 7T X (jw) = Z 2mard(w — kwp)

k=—o0 k=—o0

Fourier Transform of a cosine signal

@ We can express x(r) = cos(wot) as x(r) = e""O’ + le—fwof Therefore, its coefficients are
ay=a_; = 1/2 yak—OfOI’k;éO

@ lts Fourier Transform is:
> 1 1
X(jw) = Z 2mapd(w — kwg) = 27 (7§(w—w0)+ 76(w+w0))
k=—o0 2 2

@ Therefore:
x(t) = cos(wot) T0 X(jw) = 7 (8(w — wo) + 6(w + wp))
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Fourier Transform Basic Fourier Transform pairs

Basic Fourier Transform pairs

NOOO! this is periodic...
GENERALIZED FOURIER TRANSFOM

Fourier Transform of a sine signal

@ For x(¢) = sin(wot) we can obtain the Fourier Transform in a similar way:

x(t) = sin(wot) il X(jw) = ; (6(w — wp) — 8(w + wp))

Fourier Transform of a constant

@ The Fourier Transform of signal x(r) = 1 can be calculated considering x(¢) as a periodic
signal with fundamental period 7', where ay = 1y a; = 0 for k # 0. Then:

X(jw) = Z 2mapd(w — kwp) = 2w (w)

k=—o0
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Fourier Transform Basic Fourier Transform pairs

Basic Fourier Transform pairs
GENERALIZED FOURIER TRANSFOM

Fourier Transforms considering train of impulses

i SETEEREERE
o = ¥ v

®

Figure 4.14 (2) Periodic impulse train; (b) its Fourier transform.

Figure 4.12  Fourier transform of a symmetric periodic square wave. Figure 4.13  Fourier transforms of (2) x(t) = sin axf; (b) X({) = CoS axt. )
Questions
10 Calculate the Fourier Transform of the train of impulses x(r) = >-2 _  6(t — kT).
11 Calculate the Fourier Transform of x(r) = 2(%)
12 Calculate the Fourier Transform of y(r) = u(r).
13 Calculate the Fourier Transform of x(r) = 6(¢r — to).
14 Calculate the Fourier Transform of x(¢) = te~“u(r), with a > 0.
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Summary of the Fourier Transform

Properties of the Fourier Transform

TABLE 4.1  PROPERTIES OF THE FOURIER TRANSFORM

Section Property Aperiodic signal Fourier transform
X0 X(jw)
30 ¥(jo)
431 Linearity ax(t) + by(r) aX(jw) + bY(jw)
432 Time Shifting Xt~ to) & o X(jw)
436  Frequency Shifting & x(t) X(j(@ - wo)
433 Conjugation X0 X'~ jo)
435 Time Reversal x(=1) X(-jw)
435 Timeand Frequency  x(a) ‘l‘x (L'")
Scaling a\a
44 Convolution X0+ ¥ X(jw)Y(jw)
45 Multiplication X0y ,‘;I"xu‘a)rotw - 0)do
434 DiffereniaioninTime % x() jwX(jw)
434 Integration J x(nydt f;X( Jjw) + wX(0)5(w)
436 Differentiation in 1x(0) J di X(jw)
Frequency @
X(jw) = X*(~ jw)
ReX(jw)} = Re{X(~ jw)}
433 Conjugate Symmetry (1) real In{X(jw)) ImiX(~ jw)}
for Real Signals X(w)| = (X jw)]
4X(jw) = - EX(~ jw)
433 SymmetryforRealand  x(1) real and even X(jw) real and even
Even Signals
433 SymmetryforRealand  x(r) real and odd X(jw) purely imaginary and odd
0dd Signals
433 EvenOdd mpo. 0 = O} (xOreal)  RelX ()}
sition for Real Sig-  *() = Od{x(n} [x(n)real]  jImX(jw)}
nals
437 Parseval's Relation for Aperiodic Signals

[ |x(0)Rdt = 2%[ X(jw)dw
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Summary of the Fourier Transform

Basic Fourier Transform pairs

\ TABLE 4.2 BASIC FOURIER TRANSFORM PAIRS

Signal Fourier transform

Fourier series coefficients
(if periodic)

N 27 > bl - ko)

almost always

Generalized FT | ~ N

a=1
@ =0, otherwise

coswnt \ (@ ~ @) + 3@ + w0))

@ =0, otherwise

sinaot \‘Qm ~ o) = 8(@ + wo)]

@ =-ay =L

@ =0, otherwise

X0 =1 2 a;\

=1 a=0kr0
ths is the Fourier series representation for
any choice of T > 0

)

LoH<T

0= [q LRUERE oL L Ny
s G
and

X+ T) = x(0)

00Ty o (kooTy | _ sinkeoT,
™ ™ ke

= 2 & 2k 1
See-m £ .‘2‘.3(.. T) N forallk

1L M<T, 2sinwT;
wofs Bsm o zmen - \
sinWr [ el<w
o LR PR N \
50 1 — \
) "“ + wbw) - \
8-t e - \
«“ut),Gela) > 0 5 - \
e utt, Rela) >0 e -
e un, _
Gelal >0 @+ jor
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Symmetries

Cuestiones

15 The Fourier Transform of any real signal is a Hermitian function (the magnitude is an even
function of frequency and the phase is an odd function of frequency or equivalently the real
part is an even function of frequency and the imaginary part is an odd function of frequency).
Prove this symmetry property graphically using the signal x(7) = e~%u(z), with a > 0.

16 The Fourier Transform for any real and even signal is also a real and even function with the
frequency. Prove this symmetry property graphically using the signal x(r) = eI, with a > 0.

17 The Fourier Transform of the real part of a real signal x(¢) is the real part of X(jw). Calculate,
using the symmetry property, the Fourier Transform of x(r) = el with a > 0.

18 Prove the Conjugation property. Using this property, prove that if x(z) is a real signal, its

Fourier Transform is a Hermitian Function. Moreover, prove that is spectrum |X(jw)| is an
even function of frequency.
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Problems

Problem 1 (*)

Let be x(r) a periodic real signal with fundamental period T = 8 s. The non-zero coefficientes of
the Fourier Series of x(t) are a; = a_1 = 2, a3 = a* ; = 4j. Express x(t) in the following way:

x(t) = ZAk cos (wit + ¢r)

k=0

Problem 2 (*)

Compute the Fourier Series coefficients a; of the following periodic signal with wy = 27.

x(r) =

05, 0<t<05
—05, 05<t<]1
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Problems

Problem 3

Consider the each of the following signals:

x(t) = cos(4mt); y(t) = sin(4nt); z(r) = x(2)y(2).
@ Determine the FS coefficients of x(r).
@ Determine the FS coefficients of y(r).

© Determine the coefficients of z(r) using the
direct expression of the multiplication of
both signals (without using properties).

Problem 4 (*)

Determine FS for each of the following signals.

x(1)
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Problems

Problem 5 (*)

Let be X(jw) the Fourier Transform of the signal x(¢). Use FT properties to obtain the following
transforms:

Q xi()=x(1—=1)+x(—=1—1)
Q x(t) =x(3t—6)
0 X3(l‘) dx(l 1)

Problem 6
Considere the following signal:

o [t > 1
x(’){ (t+1)/2, <1

@ Determine the expression of X(jw).
@ Considering the real part of X(jw), show that is the FT of the even part of x(z).
© Which is the FT of the odd part of x(¢)?
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Problems

Problem 7 (*)
Let’s suppose we know a given signal and its FT:

2

e <~
1+ w?

@ Use FT properties to compute the FT of te*"‘

@ Apply duality property to obtain the FT of (1+X2)2

Problem 8

Let be a signal with FT X(jw) = §(w) 4+ 6(w — 7) 4+ 6(w — 5) and let be h(t) = u(r) — u(t — 2).
@ Is x(¢) periodic?
Q@ Is x(¢) * h(z) periodic?
@ Can be periodic the convolution of two periodic signals?
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Problems

Problem 10

Given the following signal:
Problem 9 (*)

Let (z) the impulse response of a causal LTIS, xo(f) = e, 0=<r<l
with FT: 0, resto
H(jw) = —
(w) = jw+3 Determine the FT for each of the following

signals. (Note: begin by determining the FT of
xo(¢) and use properties).
x(t) x(ty

For a given input x(¢), the systems produces the
output y(r) = e~3u(t) —e~*u(t). Determine x(¢).

ofd) i Xoft)

Problemat1 (*)

Compute the convolution of the signals x(¢) and
h(t), by first computing their FT, and applying
then the convolution property of the FT and _w_g B
FT-1: ‘
Q x(r) = te=?u(r) with h(r) = e~ *u(r)
Q x(1) = te™?u(r) with h(r) = te™*u(r)
©Q x(¢) = e~ "u(r) with h(r) = e'u(—t)

xfty
Lrﬂlm
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Problems

Problem 12

Let be x(r) = e~ —Du(r — 2) and h(r) = u(t + 1) — u(r — 3). Verify that the FT of the convolution is
then same as the product of each FT.

v

Problema 13

Let be H(jw) the FT of the impulse response for a particual LTIS, compute %(z) in the following
cases:

Q H(jw)=20(w—1)—§(w+1)) +3(§(w —27) — §(w + 27)).

Q H(jw) = |H(jw)|d“H0w) | con |H(jw)| = 2 (u(w 4 3) — u(w — 3)) y ZH(jw) = f%w + .

o H(]UJ) sin’ (3w)zcos(w)
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Problems

Problema 14 (*)

Problems

Compute the FT of the following signals.

x()

figura a)

Problem 15 (*)

Considere a LTIS with a FT of the impulse
respones given by the figure (a). Considere also
the periodic signal in figure (b)

@ Find the impulse response A(z).

@ Compute the FT of x(¢).

© Compute the FS coefficients for x(z).

@ What is the power of the signalx(r)? What
percentage of this power is in the output?

© Compute the expression of the output signal
in the time domain.

v
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Problems
[ x
...... 1 .
Problem 16 _\/ \/
Considere the periodic signal, with period 7-0 -To/2 -To/4 To/4 To/2 o
sketched in the figure.
@ Find the FS coefficients.

Problem 17 (*
@ Compute its FT and sketch it (signal )
spectrum) Let be x(r) the input of a LTIS with the following

© This signal is the input for a system with a impulse response:

FT of the impulse response 2W, Wy Wit Wot
H(jw) = u(w + 47 /Ty) — u(w — 47 /Tp). h(t) = 7sinc( )SinC(f)
What percentage of the input signal power
is findiing in the output of the system? where W, > W,. Compute the output y(r), when
© Compute and sketch the output signal in the the input is:

time domain. 5
W, — W, —
x(t) = (Wi — Ws) sinc? ! Wzt
2 27
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Problems

Problema 18 (*)

Let be X(jw) the FT of x(¢), according to the
figure..

@ Find ZX(jw).

@ Find X(j0).

Q Find [ X(jw)dw.

Q Evaluate [*°_ ||X(jw)||*dw

© Sketch the inverse FT of Real{X(jw)}.

sV
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