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Why a transformed domain? 

• Why do we “pass” to another domain different from the time 
domain? 

• the answer in the next slides (at least the first main reason)…  
for signal in continuous time (CT)



Why a transformed domain? 

• HERE FIRST MAIN EXPLANATION/MOTIVATION: system point 
of view, eigenfunctions and eigenvalues… 

• The second main reason (in other slides): signal point of view, 
spectral analysis, signal decomposition…



Recall eigenvalues/eigenvectors

• eigenvector

<latexit sha1_base64="YYY7mgGw6Tce0kkFPsCSRp+xIj8=">AAACCHicbVC7TsMwFL3hWcorwMiARYXEVCWoAhakAgtjkehDaqLKcZzWqvOQ7SCqqCMLv8LCAEKsfAIbf4ObZoCWI1k+PvceXd/jJZxJZVnfxsLi0vLKammtvL6xubVt7uy2ZJwKQpsk5rHoeFhSziLaVExx2kkExaHHadsbXk/q7XsqJIujOzVKqBvifsQCRrDSUs88yBwvQJfj/HoYXzhce32MijfqmRWrauVA88QuSAUKNHrml+PHJA1ppAjHUnZtK1FuhoVihNNx2UklTTAZ4j7tahrhkEo3yxcZoyOt+CiIhT6RQrn625HhUMpR6OnOEKuBnK1NxP9q3VQF527GoiRVNCLTQUHKkYrRJBXkM0GJ4iNNMBFM/xWRARaYKJ1dWYdgz648T1onVfu0WrutVepXRRwl2IdDOAYbzqAON9CAJhB4hGd4hTfjyXgx3o2PaeuCUXj24A+Mzx+JhZkJ</latexit>

Ax = �x

• eigenvalue



Why a transformed domain?

• Many signals in nature and communications can be expressed as 
linear combinations of real/complex exponentials.  

• For periodic signals, this will be completely clear after looking 
the Fourier series. 

<latexit sha1_base64="edDjUG55Kc9EfwCZp/FBuOXsSK4=">AAACGHicbVC7TsMwFHXKq4RXgZHFokIqQ0uCQDBWYmEsEn2gJlSOc9tadR6yHUQV5TNY+BUWBhBi7cbf4D6G0nKkKx2dc6+v7/FizqSyrB8jt7K6tr6R3zS3tnd29wr7Bw0ZJYJCnUY8Ei2PSOAshLpiikMrFkACj0PTG9yM/eYTCMmi8F4NY3AD0gtZl1GitNQpnKXO5JFUgJ/BYyqxyjJcLpfNecOB57ikrdOsUyhaFWsCvEzsGSmiGWqdwsjxI5oEECrKiZRt24qVmxKhGOWQmU4iISZ0QHrQ1jQkAUg3nazO8IlWfNyNhK5Q4Yk6P5GSQMph4OnOgKi+XPTG4n9eO1HdazdlYZwoCOl0UTfhWEV4nBL2mQCq+FATQgXTf8W0TwShSmdp6hDsxZOXSeO8Yl9WrLuLYvVhFkceHaFjVEI2ukJVdItqqI4oekFv6AN9Gq/Gu/FlfE9bc8Zs5hD9gTH6Beo8oFw=</latexit>

est ��� exp(st)



Brief recall and explanation….

• Note the position of “s” and “t” can be switched:
<latexit sha1_base64="/X3eDYYXyRitPIiccQdQkeKmx0o=">AAACGXicbVDLTgIxFO3gC/GFunTTSEhwAZkxGl2SuHGJiTwSQNIpd6Ch05m0HSOZzG+48Vdc6EJjXOrKv7EMLBA8SZOTc27v47ghZ0rb9o+VWVldW9/Ibua2tnd29/L7Bw0VRJJCnQY8kC2XKOBMQF0zzaEVSiC+y6Hpjq4mfvMepGKBuNXjELo+GQjmMUq0kXp5O+6kTWIJ/QTuYoV1kuBcsVwuzzsdeAhLxjtJevmCXbFT4GXizEgBzVDr5b86/YBGPghNOVGq7dih7sZEakY5JLlOpCAkdEQG0DZUEB9UN05HJ7holD72Amme0DhV53/ExFdq7Lum0id6qBa9ifif1460d9mNmQgjDYJOB3kRxzrAk5hwn0mgmo8NIVQysyumQyIJ1SbMnAnBWTx5mTROK855xb45K1TlyzSOLDpCx6iEHHSBquga1VAdUfSIntEbereerFfrw/qclmasWYSH6A+s71+UCaFk</latexit>

est
<latexit sha1_base64="qBhfxvow2kdOwva8XFUTQGaEKbk="></latexit>

t 2 R��s 2?



Brief recall and explanation….

• “s” is a complex number:
<latexit sha1_base64="mD0CrdNK2LEePzFPkohAWVxLvXw=">AAACK3icbVC7TsMwFHXKO7wKjCwWVaUytEoQCEYECyNItBQ1oXLc29aq40S2g6ii/A8Lv8IAAw+x8h+4bQZoOZKlo3Puw/cEMWdKO86HVZibX1hcWl6xV9fWNzaLW9sNFSWSQp1GPJLNgCjgTEBdM82hGUsgYcDhJhicj/ybe5CKReJaD2PwQ9ITrMso0UZqF8+w8pjAXkh0PwjS88wup954bCqhk8FdqrDOMmyXq9Xqb8eDh7hivP2sXSw5NWcMPEvcnJRQjst28cXrRDQJQWjKiVIt14m1nxKpGeWQ2V6iICZ0QHrQMlSQEJSfjldnuGyUDu5G0jyh8Vj93ZGSUKlhGJjK0U1q2huJ/3mtRHdP/JSJONEg6GRRN+FYR3gUHO4wCVTzoSGESmb+immfSEK1idc2IbjTJ8+SxkHNPao5V4el09s8jmW0i/ZQBbnoGJ2iC3SJ6oiiR/SM3tC79WS9Wp/W16S0YOU9O+gPrO8fkCGnWQ==</latexit>

s 2 C
<latexit sha1_base64="WgqrjoVkT39Aoa6c8qNCqwuDfZU="></latexit>

s = � + j!



Brief recall and explanation….
<latexit sha1_base64="WgqrjoVkT39Aoa6c8qNCqwuDfZU="></latexit>

s = � + j!

• This “physical” interpretation is the 
reason for the second main reason 
that we will see in other slides…

• Frequency 



Brief recall and explanation….
<latexit sha1_base64="OSkwQNeeG2uzGT89aWVVweh5zHY="></latexit>

est = e(�+j!)t

= e�t+j!t

= e�tej!t

• Periodic part
<latexit sha1_base64="RX51tlbUTemTJhu21DlLENlVT3I="></latexit>

T =
2⇡

!• envelope (real 
exponential)



Brief recall and explanation….

• From Laura Martínez’s slides:



Brief recall and explanation….
• From Laura Martínez’s slides:



Brief recall and explanation….

• Recall the Euler’s formula:
<latexit sha1_base64="OrY+XfR39vD7bVK99VbFGbfMAas="></latexit>

ej!t = cos(!t) + j sin(!t)
<latexit sha1_base64="jaSCUt5Iuzk8jUGsOYy9Z04Pqvs="></latexit>

cos(!t) =
ej!t + e�j!t

2

<latexit sha1_base64="3MmtbpiszmMCd5LQl7RjXEGRCnU="></latexit>

sin(!t) =
ej!t � e�j!t

2j

• Already linear combination of 
exponentials…



Brief recall and explanation….
• From Laura Martínez’s slides:

<latexit sha1_base64="vtmgNy8ev+4nIE2V3b1nUa7ON80="></latexit>

est = e�tej!t



Why a transformed domain?

<latexit sha1_base64="0eE31ifBFHaxV1186WKIZgSFXlQ=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpeyKoheh4MVjBfsh27Vk02wbmk2WZFYsS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyaCG3Ddb2dpeWV1bb2wUdzc2t7ZLe3tN41KNWUNqoTS7ZAYJrhkDeAgWDvRjMShYK1weD3xW49MG67kHYwSFsSkL3nEKQEr+U8VOLliD5mBcbdUdqvuFHiReDkpoxz1bumr01M0jZkEKogxvucmEGREA6eCjYud1LCE0CHpM99SSWJmgmx68hgfW6WHI6VtScBT9fdERmJjRnFoO2MCAzPvTcT/PD+F6DLIuExSYJLOFkWpwKDw5H/c45pRECNLCNXc3orpgGhCwaZUtCF48y8vkuZp1Tuvurdn5dp9HkcBHaIjVEEeukA1dIPqqIEoUugZvaI3B5wX5935mLUuOfnMAfoD5/MH9zKRHw==</latexit>

x(t) = est
<latexit sha1_base64="Eaho9VxXSL+xB3babpP39ba5BTU="></latexit>

y(t) = x(t) ⇤ h(t) = h(t) ⇤ x(t) =
Z +1

�1
h(⌧)x(t� ⌧)d⌧

<latexit sha1_base64="uXx16jUUvTwIQacE1t510ZWQjbc="></latexit>

=

Z +1

�1
h(⌧)es(t�⌧)d⌧

<latexit sha1_base64="WfkpQkjS9YvfSRzqazZIiZzm2rU="></latexit>

= est
Z +1

�1
h(⌧)e�s⌧d⌧

• Let us consider an exponential as input of an LTI system:



Why a transformed domain?
• Let us consider an exponential as input of an LTI system:

<latexit sha1_base64="8tagSaJOsSuYMn+lhINmyk6ki4o="></latexit>

y(t) = H(s)est
<latexit sha1_base64="tt5DzdoOlGxa0c3EalbSz3xQSzA="></latexit>

y(t) = H(s)x(t)

<latexit sha1_base64="SkKZt9Hy2pADK6oDR+t88iAYZGc="></latexit>

y(t) = est
Z +1

�1
h(⌧)e�s⌧d⌧



Laplace Transform
• Laplace Transform of the impulse response:

<latexit sha1_base64="tt5DzdoOlGxa0c3EalbSz3xQSzA="></latexit>

y(t) = H(s)x(t)
<latexit sha1_base64="0eE31ifBFHaxV1186WKIZgSFXlQ=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpeyKoheh4MVjBfsh27Vk02wbmk2WZFYsS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyaCG3Ddb2dpeWV1bb2wUdzc2t7ZLe3tN41KNWUNqoTS7ZAYJrhkDeAgWDvRjMShYK1weD3xW49MG67kHYwSFsSkL3nEKQEr+U8VOLliD5mBcbdUdqvuFHiReDkpoxz1bumr01M0jZkEKogxvucmEGREA6eCjYud1LCE0CHpM99SSWJmgmx68hgfW6WHI6VtScBT9fdERmJjRnFoO2MCAzPvTcT/PD+F6DLIuExSYJLOFkWpwKDw5H/c45pRECNLCNXc3orpgGhCwaZUtCF48y8vkuZp1Tuvurdn5dp9HkcBHaIjVEEeukA1dIPqqIEoUugZvaI3B5wX5935mLUuOfnMAfoD5/MH9zKRHw==</latexit>

x(t) = est

<latexit sha1_base64="sijAcuLYCE94N2qCTUsPsED4ErE="></latexit>

H(s) =

Z +1

�1
h(⌧)e�s⌧

d⌧





Laplace Transform
• Laplace transformation of the impulse response:

<latexit sha1_base64="sijAcuLYCE94N2qCTUsPsED4ErE="></latexit>

H(s) =

Z +1

�1
h(⌧)e�s⌧

d⌧

• Note that this integral does not always exist….it 
depends on: 

•  the function h(t) inside  

• and the value of “s” (recall that is a complex number)



Laplace Transform
• Laplace transformation of the a generic function/signal:

<latexit sha1_base64="cRWS379Q2F32N8FeBvzTmb9NryE="></latexit>

X(s) =

Z +1

�1
x(t)e�stdt

<latexit sha1_base64="V9zX43u9/yWQnnWGJ7qL7lT/jDU="></latexit>

X(s) =

Z +1

�1
x(⌧)e�s⌧d⌧



Laplace Transform

• Laplace transformation is defined in the complex 
domain and takes complex values:


then usually the people plot and study:


<latexit sha1_base64="SHvNCdV/LKZMunt9fAP/EpqEUzE="></latexit>

X(s) 2 C<latexit sha1_base64="kPSpf7OAd4uE5kgKpWKZca7VH+4="></latexit>

s 2 C

<latexit sha1_base64="Ea0d3jXX+ctz0F3HNRsfOTV7wG4="></latexit>

phase[X(s)]

<latexit sha1_base64="IZfgKExqqxVA4t8tpYDDNxGMyoI="></latexit>

Real[X(s)]
<latexit sha1_base64="+ZCtDPuCAOjjuoLXA15RbGmQVss="></latexit>

Imag[X(s)]

<latexit sha1_base64="GalhTcWcckGzhd3h6AdapMKN7GY="></latexit>

|X(s)|



Why a transformed domain?
• Let us consider an exponential as input of an LTI system:


• then the output is:

<latexit sha1_base64="0eE31ifBFHaxV1186WKIZgSFXlQ=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpeyKoheh4MVjBfsh27Vk02wbmk2WZFYsS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyaCG3Ddb2dpeWV1bb2wUdzc2t7ZLe3tN41KNWUNqoTS7ZAYJrhkDeAgWDvRjMShYK1weD3xW49MG67kHYwSFsSkL3nEKQEr+U8VOLliD5mBcbdUdqvuFHiReDkpoxz1bumr01M0jZkEKogxvucmEGREA6eCjYud1LCE0CHpM99SSWJmgmx68hgfW6WHI6VtScBT9fdERmJjRnFoO2MCAzPvTcT/PD+F6DLIuExSYJLOFkWpwKDw5H/c45pRECNLCNXc3orpgGhCwaZUtCF48y8vkuZp1Tuvurdn5dp9HkcBHaIjVEEeukA1dIPqqIEoUugZvaI3B5wX5935mLUuOfnMAfoD5/MH9zKRHw==</latexit>

x(t) = est

<latexit sha1_base64="tt5DzdoOlGxa0c3EalbSz3xQSzA="></latexit>

y(t) = H(s)x(t)
<latexit sha1_base64="X6GK113q272VWhhUhrKlrmyqAnQ="></latexit>

|y(t)| = |H(s)||x(t)|



Why a transformed domain?

• Then, when:

<latexit sha1_base64="X6GK113q272VWhhUhrKlrmyqAnQ="></latexit>

|y(t)| = |H(s)||x(t)|

<latexit sha1_base64="JcrPRWYbSnVsFvSJaaHy67RuHz8="></latexit>

|H(s)| ! 0 |y(t)| = 0
<latexit sha1_base64="mJXS7PxW4DMF/CRHQgyfIIrUgvs="></latexit>

|H(s)| ! 1 |y(t)| ! 1



Why a transformed domain?

• The Laplace transform can destroy the output signal, 


• or makes it to diverge…. (explosion - instability)
<latexit sha1_base64="JcrPRWYbSnVsFvSJaaHy67RuHz8="></latexit>

|H(s)| ! 0 |y(t)| = 0
<latexit sha1_base64="mJXS7PxW4DMF/CRHQgyfIIrUgvs="></latexit>

|H(s)| ! 1 |y(t)| ! 1



Why a transformed domain?

• The Laplace transform of the impulse response h(t) 
says almost everything regarding the LTI system:


We want to study then


as function of s.

<latexit sha1_base64="8yc1r0a3blSy27EucMehZAG96lk="></latexit>

H(s)



Example: linear combination of real exponentials and h(t)=u(t) 



Examples - questions

<latexit sha1_base64="M5kutjqGyg8pz0oQB/nFt3mRIBw=">AAACEnicbZDLSgMxFIYzXmu9VV26CRahRVpmiqLLghuXFewF2mnJpJk2NJMZkjNCGQZ8Aze+ihsXirh15c63Mb0stPVAyMf/n0Nyfi8SXINtf1srq2vrG5uZrez2zu7efu7gsKHDWFFWp6EIVcsjmgkuWR04CNaKFCOBJ1jTG11P/OY9U5qH8g7GEXMDMpDc55SAkXq5YodL6CUlc/kwTrvJ2ZzwsABFzLpJqYIhxX3o5fJ22Z4WXgZnDnk0r1ov99XphzQOmAQqiNZtx47ATYgCTgVLs51Ys4jQERmwtkFJAqbdZLpSik+N0sd+qMyRgKfq74mEBFqPA890BgSGetGbiP957Rj8KzfhMoqBSTp7yI8FhhBP8sF9rhgFMTZAqOLmr5gOiSIUTIpZE4KzuPIyNCpl56Js357nq42HWRwZdIxOUAE56BJV0Q2qoTqi6BE9o1f0Zj1ZL9a79TFrXbHmER6hP2V9/gBH652o</latexit>Z +1

�1
h(t)e�2tdt

• Consider:

• what is it: H(….) ?



Examples - questions

<latexit sha1_base64="OV/sM0KB28uh95GhET1IZe1nTEU="></latexit>

H(2) =

Z +1

�1
h(t)e�2t

dt



Examples - questions

• Consider:

• what is it: H(….) ?

<latexit sha1_base64="pEOQxClx8UzVIvf7toIuNhxw9Jo="></latexit>Z +1

�1
h(t)e�jtdt =?



Examples - questions

<latexit sha1_base64="mCgyCMXG47W1niM11pBi9uWqJCA="></latexit>

H(j) =

Z +1

�1
h(t)e�jt

dt



Examples - questions

• Consider:

• what is it: H(….) ?

<latexit sha1_base64="BZfN85Ry3saNRQFF9v0oyADvq6U="></latexit>Z +1

�1
h(t)e�(2+j)tdt =?



Examples - questions

<latexit sha1_base64="tSkvFMw5wICrPChSBHLjBu4+68I="></latexit>

H(2 + j) =

Z +1

�1
h(t)e�(2+j)t

dt

<latexit sha1_base64="IXrB+ICHFOFqyvwHO7ZiprNk6J8="></latexit>

� = 2
<latexit sha1_base64="7O4nkE0A9xy/jMGZbhiXDFInlII="></latexit>

! = 1



STANDARD Fourier transform
• Recall: 

• Frequency 

<latexit sha1_base64="WgqrjoVkT39Aoa6c8qNCqwuDfZU="></latexit>

s = � + j!

• From Laplace Transform to Fourier Transform:
<latexit sha1_base64="FEi3r8hm+IQUDguCK8CEjQz37HU="></latexit>

� = 0



STANDARD Fourier transform
<latexit sha1_base64="j7FJizbw3BI9cqQRdT3KvTiJbDU="></latexit>

s = 0 + j!
• The FOURIER TRASFORM IS A SPECIAL CASE OF THE 

LAPLACE TRANSFORM WITH:  
<latexit sha1_base64="FEi3r8hm+IQUDguCK8CEjQz37HU="></latexit>

� = 0



STANDARD Fourier transform

<latexit sha1_base64="qg9gBg2SESyGPCe6Gj/CVcPjqtU="></latexit>

X(!) =

Z +1

�1
x(t)e�j!tdt



Laplace and STANDARD Fourier transforms

<latexit sha1_base64="qg9gBg2SESyGPCe6Gj/CVcPjqtU="></latexit>

X(!) =

Z +1

�1
x(t)e�j!tdt

<latexit sha1_base64="cRWS379Q2F32N8FeBvzTmb9NryE="></latexit>

X(s) =

Z +1

�1
x(t)e�stdt



Laplace and STANDARD Fourier transforms

• Some signals/functions do not have Laplace Transform. 

• And even less signals/functions have STANDARD Fourier Transform… 

Signals with Laplace Transform

Signals with STANDARD Fourier Transform



Laplace and STANDARD Fourier transforms

• PERIODIC SIGNALS HAVE NOT LAPLACE/FOURIER 

Signals with Laplace Transform

PERIODIC SIGNALS

Signals with STANDARD Fourier Transform



Periodic signals in transformed domains

• PERIODIC SIGNALS HAVE NOT LAPLACE/STANDARD FOURIER. 

• We will also see how to deal with periodic signals.


• For them we have the FOURIER SERIES and 


• the Generalized Fourier Transform.



Questions?


