
Luca Martino — luca.martino@urjc.es —  http://www.lucamartino.altervista.org 

Based also on Professor Óscar Barquero Perez, Andrés Martínez and José Luis Rojo’s slides

Topic 2.2 - Part 2:  
Properties of the Fourier Series
Linear systems and circuit applications  
and Señales y Sistemas

mailto:luca.martino@urjc.es
http://www.lucamartino.altervista.org


Real signal: property of a_k 

• If x(t) is a real signal, we have:

<latexit sha1_base64="VAXoR2eVeKd4bfPsQFJJirORX4k="></latexit>

ak = a⇤�k
<latexit sha1_base64="fjZDN5JbON5BJOUvpmX6F12YQPc="></latexit>

a⇤k = a�k

We have already seen:

<latexit sha1_base64="EAMN2M+sQ0IdFZzpTHntpLDry+Y=">AAACDnicbZDLSsNAFIYn9VbjrerSTbAUWiElEVE3haIblxXsBdoYJtNpO2RyYeZEWkKfwI2v4saFIm5du/NtnF4W2npgho//P4eZ83sxZxIs61vLrKyurW9kN/Wt7Z3dvdz+QUNGiSC0TiIeiZaHJeUspHVgwGkrFhQHHqdNz7+e+M0HKiSLwjsYxdQJcD9kPUYwKMnNFQrY9SsmdlPTH+uFYRFKFXNYNKGkT3ly3Z+4ubxVtqZlLIM9hzyaV83NfXW6EUkCGgLhWMq2bcXgpFgAI5yO9U4iaYyJj/u0rTDEAZVOOl1nbBSU0jV6kVAnBGOq/p5IcSDlKPBUZ4BhIBe9ifif106gd+mkLIwToCGZPdRLuAGRMcnG6DJBCfCRAkwEU381yAALTEAlqKsQ7MWVl6FxWrbPy9btWb56NY8ji47QMSoiG12gKrpBNVRHBD2iZ/SK3rQn7UV71z5mrRltPnOI/pT2+QOt3Ji1</latexit>

x(t) = x(t)⇤



Real signal: property of a_k 

• This also implies that:

<latexit sha1_base64="91LgSbe2znduRTufH7aJjIF1kQw="></latexit>

|ak| = |a�k|

<latexit sha1_base64="9OtUK2vBubPNyYBchAg7PNIMQWk="></latexit>

a0 is real



Linearity (Linealidad)



Shift in time domain



Shift in time domain



Shift in time domain: summary



Time inversion



Time inversion



Time inversion: consequences



Even signal x(t) ——> x(t)=x(-t)

<latexit sha1_base64="ENPUcaH49b4fVMoERJ2ajob872E=">AAAB/3icbVBNS8NAEN3Urxq/ooIXL8FSaA8tiYh6KRS9eKxgW6ENYbPdtEs3H+xOpCX24F/x4kERr/4Nb/4bt20O2vpg4PHeDDPzvJgzCZb1reVWVtfWN/Kb+tb2zu6esX/QklEiCG2SiEfi3sOSchbSJjDg9D4WFAcep21veD312w9USBaFdzCOqRPgfsh8RjAoyTWOitgd1rCbVoYTfVSCcm1UqkDZNQpW1ZrBXCZ2RgooQ8M1vrq9iCQBDYFwLGXHtmJwUiyAEU4nejeRNMZkiPu0o2iIAyqddHb/xCwqpWf6kVAVgjlTf0+kOJByHHiqM8AwkIveVPzP6yTgXzopC+MEaEjmi/yEmxCZ0zDMHhOUAB8rgolg6laTDLDABFRkugrBXnx5mbROq/Z51bo9K9Svsjjy6BidoBKy0QWqoxvUQE1E0CN6Rq/oTXvSXrR37WPemtOymUP0B9rnD0n8lFc=</latexit>

x(t) = x(�t)
<latexit sha1_base64="MP6cSWUJIh+tHkGT3hNuMmhg2mg=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBG8WBIR9SIUvXisYD+wDWGy3bRLNpuwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgpQzpR3n21paXlldWy9tlDe3tnd2K3v7LZVkktAmSXgiOwEqypmgTc00p51UUowDTttBdDvx209UKpaIBz1KqRfjQLCQEdRGekQ/ukY/P43GfqXq1Jwp7EXiFqQKBRp+5avXT0gWU6EJR6W6rpNqL0epGeF0XO5liqZIIhzQrqECY6q8fHrx2D42St8OE2lKaHuq/p7IMVZqFAemM0Y9VPPeRPzP62Y6vPJyJtJMU0Fmi8KM2zqxJ+/bfSYp0XxkCBLJzK02GaJEok1IZROCO//yImmd1dyLmnN/Xq3fFHGU4BCO4ARcuIQ63EEDmkBAwDO8wpulrBfr3fqYtS5ZxcwB/IH1+QMx55Cb</latexit>ak = a�k



Odd signal x(t) ——> x(t)=-x(-t)

<latexit sha1_base64="zo84oMJaPAOSG7lkDeliRIC5w1M=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8FSaA8piYh6KRS9eKxgW6ENYbPdtEs2H+xOpCXUi3/FiwdFvPovvPlv3LY5aOuDgcd7M8zMc2POJJjmt5ZbWV1b38hvFra2d3b3ivsHbRklgtAWiXgk7l0sKWchbQEDTu9jQXHgctpx/eup33mgQrIovINxTO0AD0LmMYJBSU7xCDt+3cBOaviTQnlUgWrdGFUMqDrFklkzZ9CXiZWREsrQdIpfvX5EkoCGQDiWsmuZMdgpFsAIp5NCL5E0xsTHA9pVNMQBlXY6+2Cil5XS171IqApBn6m/J1IcSDkOXNUZYBjKRW8q/ud1E/Au7ZSFcQI0JPNFXsJ1iPRpHHqfCUqAjxXBRDB1q06GWGACKrSCCsFafHmZtE9r1nnNvD0rNa6yOPLoGJ2gCrLQBWqgG9RELUTQI3pGr+hNe9JetHftY96a07KZQ/QH2ucPKfuUxQ==</latexit>ak = �a�k
<latexit sha1_base64="c4iW7WrF4T5ITpapFeJptfNFC2c=">AAACAHicbVDLSsNAFJ3UV42vqAsXboKl0C5aEhF1Uyi6cVnBPqANYTKdtEMnD2ZupCV046+4caGIWz/DnX/jtM1CWw9cOJxzL/fe48WcSbCsby23tr6xuZXf1nd29/YPjMOjlowSQWiTRDwSHQ9LyllIm8CA004sKA48Ttve6Hbmtx+pkCwKH2ASUyfAg5D5jGBQkmucFLE7qmE3rYym+rgE5VplXKpA2TUKVtWaw1wldkYKKEPDNb56/YgkAQ2BcCxl17ZicFIsgBFOp3ovkTTGZIQHtKtoiAMqnXT+wNQsKqVv+pFQFYI5V39PpDiQchJ4qjPAMJTL3kz8z+sm4F87KQvjBGhIFov8hJsQmbM0zD4TlACfKIKJYOpWkwyxwARUZroKwV5+eZW0zqv2ZdW6vyjUb7I48ugUnaESstEVqqM71EBNRNAUPaNX9KY9aS/au/axaM1p2cwx+gPt8we5n5SO</latexit>

x(t) = �x(�t)



Real and Even signal x(t)

<latexit sha1_base64="ENPUcaH49b4fVMoERJ2ajob872E=">AAAB/3icbVBNS8NAEN3Urxq/ooIXL8FSaA8tiYh6KRS9eKxgW6ENYbPdtEs3H+xOpCX24F/x4kERr/4Nb/4bt20O2vpg4PHeDDPzvJgzCZb1reVWVtfWN/Kb+tb2zu6esX/QklEiCG2SiEfi3sOSchbSJjDg9D4WFAcep21veD312w9USBaFdzCOqRPgfsh8RjAoyTWOitgd1rCbVoYTfVSCcm1UqkDZNQpW1ZrBXCZ2RgooQ8M1vrq9iCQBDYFwLGXHtmJwUiyAEU4nejeRNMZkiPu0o2iIAyqddHb/xCwqpWf6kVAVgjlTf0+kOJByHHiqM8AwkIveVPzP6yTgXzopC+MEaEjmi/yEmxCZ0zDMHhOUAB8rgolg6laTDLDABFRkugrBXnx5mbROq/Z51bo9K9Svsjjy6BidoBKy0QWqoxvUQE1E0CN6Rq/oTXvSXrR37WPemtOymUP0B9rnD0n8lFc=</latexit>

x(t) = x(�t)
<latexit sha1_base64="MP6cSWUJIh+tHkGT3hNuMmhg2mg=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBG8WBIR9SIUvXisYD+wDWGy3bRLNpuwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgpQzpR3n21paXlldWy9tlDe3tnd2K3v7LZVkktAmSXgiOwEqypmgTc00p51UUowDTttBdDvx209UKpaIBz1KqRfjQLCQEdRGekQ/ukY/P43GfqXq1Jwp7EXiFqQKBRp+5avXT0gWU6EJR6W6rpNqL0epGeF0XO5liqZIIhzQrqECY6q8fHrx2D42St8OE2lKaHuq/p7IMVZqFAemM0Y9VPPeRPzP62Y6vPJyJtJMU0Fmi8KM2zqxJ+/bfSYp0XxkCBLJzK02GaJEok1IZROCO//yImmd1dyLmnN/Xq3fFHGU4BCO4ARcuIQ63EEDmkBAwDO8wpulrBfr3fqYtS5ZxcwB/IH1+QMx55Cb</latexit>ak = a�k

<latexit sha1_base64="EAMN2M+sQ0IdFZzpTHntpLDry+Y=">AAACDnicbZDLSsNAFIYn9VbjrerSTbAUWiElEVE3haIblxXsBdoYJtNpO2RyYeZEWkKfwI2v4saFIm5du/NtnF4W2npgho//P4eZ83sxZxIs61vLrKyurW9kN/Wt7Z3dvdz+QUNGiSC0TiIeiZaHJeUspHVgwGkrFhQHHqdNz7+e+M0HKiSLwjsYxdQJcD9kPUYwKMnNFQrY9SsmdlPTH+uFYRFKFXNYNKGkT3ly3Z+4ubxVtqZlLIM9hzyaV83NfXW6EUkCGgLhWMq2bcXgpFgAI5yO9U4iaYyJj/u0rTDEAZVOOl1nbBSU0jV6kVAnBGOq/p5IcSDlKPBUZ4BhIBe9ifif106gd+mkLIwToCGZPdRLuAGRMcnG6DJBCfCRAkwEU381yAALTEAlqKsQ7MWVl6FxWrbPy9btWb56NY8ji47QMSoiG12gKrpBNVRHBD2iZ/SK3rQn7UV71z5mrRltPnOI/pT2+QOt3Ji1</latexit>

x(t) = x(t)⇤
<latexit sha1_base64="VAXoR2eVeKd4bfPsQFJJirORX4k="></latexit>

ak = a⇤�k

<latexit sha1_base64="+CC1DHY+hiTptKMvmlYrcHzNkNo="></latexit>

ak = a⇤k
<latexit sha1_base64="JsQLAdf3cxPppZ/lkFQBHMNN/tI="></latexit>

i.e., ak are real !
<latexit sha1_base64="gGQmH6UaeE56gSKuv78UuAFw/1A="></latexit>

they are also even (ak = a�k)



Real and Even signal x(t)

<latexit sha1_base64="+CC1DHY+hiTptKMvmlYrcHzNkNo="></latexit>

ak = a⇤k
<latexit sha1_base64="JsQLAdf3cxPppZ/lkFQBHMNN/tI="></latexit>

i.e., ak are real !
<latexit sha1_base64="gGQmH6UaeE56gSKuv78UuAFw/1A="></latexit>

they are also even (ak = a�k)

<latexit sha1_base64="YlLV6Nq9qPibfC3NjGy4laKGuW8="></latexit>

x(t) real and even signal ==> ak real and even signal



Real and Odd signal x(t)
<latexit sha1_base64="EAMN2M+sQ0IdFZzpTHntpLDry+Y=">AAACDnicbZDLSsNAFIYn9VbjrerSTbAUWiElEVE3haIblxXsBdoYJtNpO2RyYeZEWkKfwI2v4saFIm5du/NtnF4W2npgho//P4eZ83sxZxIs61vLrKyurW9kN/Wt7Z3dvdz+QUNGiSC0TiIeiZaHJeUspHVgwGkrFhQHHqdNz7+e+M0HKiSLwjsYxdQJcD9kPUYwKMnNFQrY9SsmdlPTH+uFYRFKFXNYNKGkT3ly3Z+4ubxVtqZlLIM9hzyaV83NfXW6EUkCGgLhWMq2bcXgpFgAI5yO9U4iaYyJj/u0rTDEAZVOOl1nbBSU0jV6kVAnBGOq/p5IcSDlKPBUZ4BhIBe9ifif106gd+mkLIwToCGZPdRLuAGRMcnG6DJBCfCRAkwEU381yAALTEAlqKsQ7MWVl6FxWrbPy9btWb56NY8ji47QMSoiG12gKrpBNVRHBD2iZ/SK3rQn7UV71z5mrRltPnOI/pT2+QOt3Ji1</latexit>

x(t) = x(t)⇤
<latexit sha1_base64="VAXoR2eVeKd4bfPsQFJJirORX4k="></latexit>

ak = a⇤�k
<latexit sha1_base64="zo84oMJaPAOSG7lkDeliRIC5w1M=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8FSaA8piYh6KRS9eKxgW6ENYbPdtEs2H+xOpCXUi3/FiwdFvPovvPlv3LY5aOuDgcd7M8zMc2POJJjmt5ZbWV1b38hvFra2d3b3ivsHbRklgtAWiXgk7l0sKWchbQEDTu9jQXHgctpx/eup33mgQrIovINxTO0AD0LmMYJBSU7xCDt+3cBOaviTQnlUgWrdGFUMqDrFklkzZ9CXiZWREsrQdIpfvX5EkoCGQDiWsmuZMdgpFsAIp5NCL5E0xsTHA9pVNMQBlXY6+2Cil5XS171IqApBn6m/J1IcSDkOXNUZYBjKRW8q/ud1E/Au7ZSFcQI0JPNFXsJ1iPRpHHqfCUqAjxXBRDB1q06GWGACKrSCCsFafHmZtE9r1nnNvD0rNa6yOPLoGJ2gCrLQBWqgG9RELUTQI3pGr+hNe9JetHftY96a07KZQ/QH2ucPKfuUxQ==</latexit>ak = �a�k

<latexit sha1_base64="c4iW7WrF4T5ITpapFeJptfNFC2c=">AAACAHicbVDLSsNAFJ3UV42vqAsXboKl0C5aEhF1Uyi6cVnBPqANYTKdtEMnD2ZupCV046+4caGIWz/DnX/jtM1CWw9cOJxzL/fe48WcSbCsby23tr6xuZXf1nd29/YPjMOjlowSQWiTRDwSHQ9LyllIm8CA004sKA48Ttve6Hbmtx+pkCwKH2ASUyfAg5D5jGBQkmucFLE7qmE3rYym+rgE5VplXKpA2TUKVtWaw1wldkYKKEPDNb56/YgkAQ2BcCxl17ZicFIsgBFOp3ovkTTGZIQHtKtoiAMqnXT+wNQsKqVv+pFQFYI5V39PpDiQchJ4qjPAMJTL3kz8z+sm4F87KQvjBGhIFov8hJsQmbM0zD4TlACfKIKJYOpWkwyxwARUZroKwV5+eZW0zqv2ZdW6vyjUb7I48ugUnaESstEVqqM71EBNRNAUPaNX9KY9aS/au/axaM1p2cwx+gPt8we5n5SO</latexit>

x(t) = �x(�t)

<latexit sha1_base64="7DRkqVhHbfUiETMAPeMFgJxRrGA="></latexit>

x(t) real and odd signal ==> ak pure imaginary and odd



Time scaling



Multiplication in time domain

Convolution in the transformed domain!!



Parseval’s relationship





Questions?


